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 !"#$%& '%()*&"
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A?B>C 6!$&*D E$!4F'

 !"#$%#&'%()*#"+!,-)&'"

 !"#$%&# 9 -.&* 1!1'$ ('!2* G&%. %.' +,!4%&H!%&#4 1$#"2'I #J

! $!4(#I 5!$&!"2' X %!K&4L 5!2,'* &4 ! *'1!$!"2' !4( $'M'N&5' <!O

4!F. *1!F'D !4( G&%. %.' $'2!%'( +,'*%&#4 #J F2,*%'$&4L &4('1'4('4%

$!4(#I #"*'$5!%&#4* (&*%$&",%'( !* XP -# %.&* !&ID G' ,*' ! +,!4O

%&H!%&#4 *F.'I' G&%. ! F2!** #J (&*%#$%&#4 I'!*,$'* F!22'( <$'LI!4

(&5'$L'4F'*D !4( 1$#5&(' F#4(&%&#4* '4*,$&4L %.' 'N&*%'4F' #J !4

#1%&I!2 +,!4%&H'$ !4( !4 'I1&$&F!22Q #1%&I!2 +,!4%&H'$P R!%'* #J

F#45'$L'4F' !$' !2*# (&*F,**'(P

 !"#$ %#&'( 9 <$'LI!4 (&5'$L'4F'*D S,!4%&H!%&#4D kOI'!4* F2,*O
%'$&4LD <!4!F. *1!F'*D R!%'* #J F#45'$L'4F'P

 !"#$%&'(#)%"

<$'LI!4 (&5'$L'4F'* !$' ! "$#!( F2!** #J (&**&I&2!$&%Q I'!*,$'* &4('N'( "Q

*%$&F%2Q F#45'N J,4F%&#4*P ;4%$#(,F'( &4 >TUA "Q <$'LI!4 VTWD %.'*' 1$#N&I&%Q

J,4F%&#4* !$' ,*'J,2 &4 ! G&(' $!4L' #J !$'!*D !I#4L G.&F. *%!%&*%&F!2 2'!$4&4L

!4( (!%! I&4&4L X<!4'$Y''D 7'$,L,D Z.&22#4 !4( [.#*. V\WD 8'*!O<&!4F.& !4(

 ,L#*& V>>W]D F#I1,%!%&#4!2 L'#I'%$Q X^&'2*'4D <#&**#44!% !4( ^#FK V_AW]D

4!%,$!2 *F&'4F'*D *1''F. 1$#F'**&4L !4( &4J#$I!%&#4 %.'#$Q X[$!QD <,H#D [$!Q

>



 !" # $%&' ( )*+,-. / 01$ 12 340056!13! 7819:(:$' (4 %&84% %&;<  % %=& 84"

>&;0:"4 !? # < 0 !1@:%? A&00@ ;65B4:@048  !" L2
":%$ !;4%  84 7 8$:;&0 8 ; %4%

12 C84D( ! ":E48D4!;4%. F! R
d
?  C84D( ! ":E48D4!;4 dφ < % $<4 218(

dφ(x, y) = φ(x) − φ(y) − 〈x − y,∇φ(y)〉,

3<484 〈·, ·〉 "4!1$4% $<4 %$ !" 8" :!!48 781"&;$?  !" ∇φ(y) $<4 D8 ":4!$ 12

φ  $ y. G18 49 (704? $ 6:!D φ(x) = ‖x‖2
2 D:E4% @ ;6 $<4 %=& 84" >&;0:"4 !

":%$ !;4. H<4 % (4 "4I!:$:1! :% E 0:" :! J:0@48$ %7 ;4%?  !" :$ 4E4! D4!48 0:K4%

$1 C ! ;< %7 ;4% @' %4$$:!D

dφ(x, y) = φ(x) − φ(y) − Dyφ(x − y),

3:$< Dyφ $<4 G8L;<4$ "48:E $:E4 12 φ  $ y M/0@48  !" C&$! 8:& )*,? G8:D':6? N8:5

E %$ E  !" O&7$ )*P,Q %44  0%1 R1!4%  !" C'8!4 )ST,  !" U%:%KV8 )*S,-. W1$4

$< $  C84D( ! ":E48D4!;4 :% !1$ !4;4%% 8'  $8&4 (4$8:;? %:!;4 :$ ( ' @4  %'(5

(4$8:; 18 2 :0 $1 % $:%2' $<4 $8: !D04 :!4=& 0:$'. J134E48? C84D( ! ":E48D4!;4%

2&0I00  ! :!$484%$:!D 781X4;$:1! 781748$' 3<:;< D4!48 0:K4% $<4 J:0@48$ 781X4;5

$:1! 1!  ;01%4" ;1!E49 %4$?  % %<13! :! C84D( ! )+, 218 $<4 I!:$45":(4!%:1! 0

%4$$:!D  !" /0@48  !" C&$! 8:& )*, 218 $<4 2&!;$:1! 0 ; %4. Y4;4!$0'? C !48X44?

#48&D&? Z<:001!  !" O<1%< )[, < E4 4%$ @0:%<4"  @:X4;$:1! @4$344! I!:$45

":(4!%:1! 0 C84D( ! ":E48D4!;4%  !" 4971!4!$: 0 2 (:0:4%?  !" %<13! $< $

$<4 %$ !" 8" k5(4 !% ;0&%$48:!D  0D18:$<( MB01'" )S\,- D4!48 0:K4% $1 $<4%4

":E48D4!;4%.

G10013:!D $<4  7781 ;< 12 C !48X44 4$  0. )[,? 34 78171%4 :! $<4 784%4!$ 7 748 $1

&%4 $<:% ;0 %% 12 7819:(:$' (4 %&84% 218 =& !$:K $:1!  !" ;0&%$48:!D 7&871%4%.

]& !$:K $:1!?  0%1 ; 004" 01%%' " $ ;1(784%%:1! :! :!218( $:1! $<418'? :% $<4

781@04( 12 8470 ;:!D " $ @'  ! 4^;:4!$  !" ;1(7 ;$ 84784%4!$ $:1! 3<:;<

 0013% 1!4 $1 84;1!%$8&;$ $<4 18:D:! 0 1@%48E $:1!% 3:$<  ;48$ :!  ;;&8 ;'.

#184 218( 00'? 218  I94" :!$4D48 k ≥ 1?  8 !"1( E 8: @04 X 3:$< ":%$8:@&$:1!

µ? $ 6:!D E 0&4% :!  %4$ X ? 3:00 @4 84784%4!$4" @'  %15; 004" k5=& !$:K48 q(X).
J484 q :%  C1840 (4 %&8 @04 ( 77:!D 281( X $1  I!:$4 %&@%4$ 12 X 3:$<  $

(1%$ k 404(4!$%. H<4 48818 ;1((:$$4" 3<4! 84784%4!$:!D X @' q(X) :% D:E4!

@' $<4 ":%$18$:1!

W (µ, q) = Ed(X, q(X)),

3<484 E "4!1$4% 4974;$ $:1! 3:$< 84%74;$ $1 $<4 ":%$8:@&$:1! µ  !" d(·, ·) :%

; 004" $<4 ":%$18$:1! (4 %&84. G18 (184 :!218( $:1! 1! =& !$:K $:1!? 34 84248

$<4 84 "48 $1 O48%<1  !" O8 ' )*_,? O8 2  !" B&%;<D' )*`,  !" B:!"48 )S[,.

F! 78 ;$:;4? $<4 ":%$8:@&$:1! µ :% &!6!13!?  !" W (µ, q) :% 8470 ;4" @' $<4

4(7:8:; 0 ;8:$48:1!

W (µn, q) =
1

n

n
∑

i=1

d(Xi, q(Xi)),

S



 !"#" X1, . . . , Xn $#" %&'"("&'"&) #$&'*+ *,-"#.$)%*&-  %)! '%-)#%,/)%*& µ0
$&' µn '"&*)"- )!" "+(%#%1$2 +"$-/#" $--*1%$)"'  %)! X1, . . . , Xn0 %3"30

µn(A) =
1

n

n
∑

i=1

1{Xi∈A}

4*# $&5 6*#"2 -/,-") A *4 X 3 7& )!%- 1*&)"8)0 )!" (#*,2"+ %- 1$22"' 12/-)"#%&9

$&' %) 1*&-%-)- %& 9#*/(%&9 '$)$ %)"+- %& +"$&%&94/2 12$--"- ,5 +%&%+%:%&9

W (µn, q) *."# $22 (*--%,2" k;</$&)%:"#-3 7& -!*#)0 )!" 9*$2 %- )* =&' $ '$)$;
,$-"' </$&)%:"# qn -/1! )!$) )!" 12/-)"#%&9 #%-> W (µ, qn) %- ?12*-"@ )* )!"
*()%+$2 #%-> infq W (µ, q) $- )!" -%:" *4 )!" '$)$ -") 9#* -3

A* '$)"0 +*-) *4 )!" #"-/2)- ("#)$%&%&9 )* )!" 12/-)"#%&9 (#*,2"+ !$." ,""&

#"(*#)"' %& )!" =&%)" '%+"&-%*&$2 1$-"0 )!$) %-  !"& X = R
d (d ≥ 1) "&'* "'

 %)! )!" B/12%'"$& +")#%13 C* "."#0 %& +$&5 $((2%"' (#*,2"+-0 )!" '$)$ %)"+-

$#" %& )!" 4*#+ *4 #$&'*+ 4/&1)%*&- #$)!"# )!$& -)$&'$#' ."1)*#-0 $&' )!%-

1$-)- )!" (#*,2"+ %&)* )!" 9"&"#$2 12$-- *4 4/&1)%*&$2 '$)$ 12/-)"#%&93 6"-%'"-0

6#"9+$& '%."#9"&1"- #"(#"-"&) $ &$)/#$2 )**2 )* +"$-/#" (#*8%+%)5 ,") ""&

%&=&%)";'%+"&-%*&$2 *,D"1)-0 -/1! $- 1/#."- *# "."& (#*,$,%2%)5 +"$-/#"-3 E*#

$ 1*+(#"!"&-%." %&)#*'/1)%*& )* )!" )*(%1 *4 4/&1)%*&$2 '$)$ $&$25-%-0 -"" )!"

,**> *4 F$+-$5 $&' G%2."#+$& HIJK3 7& )!%- 4/&1)%*&$2 -)$)%-)%1- 1*&)"8)0 6%$/0

L".#*5" $&' M/9*-% HNK %&."-)%9$)" 12/-)"#%&9  %)! C%2,"#) &*#+- $&' M$2*O

"8(2*#"- %& HIIK </$&)%:$)%*& $&' 12/-)"#%&9  %)! L1
&*#+- %& 6$&$1! -($1"-3

7& )!" (#"-"&) 1*&)#%,/)%*&0  " 9* *&" -)"( 4/#)!"# $&' 1*&-%'"# )!" (#*,2"+

*4 </$&)%:$)%*& $&' 12/-)"#%&9  !"& d(·, ·) %- $ 9"&"#$2 6#"9+$& '%."#9"&1"
dφ(·, ·) '"=&"' *& $ #"P"8%." $&' -"($#$,2" 6$&$1! -($1" E3 Q/# $((#*$1!
"8)"&'- $&' 1*+(2")"- )!" #"-/2)- (#"-"&)"' %& HRK0  !%1! 4*1/-"- *& )!" =&%)";

'%+"&-%*&$2 -"))%&9 $&' $'*()- $ +*#" $29*#%)!+%1;*#%"&)"' (*%&) *4 .%" 3 A!"

($("# %- *#9$&%:"' $- 4*22* -3 7& G"1)%*& I0  " -") /( &*)$)%*& $&' $--/+(;

)%*&-0 $&' #"1$22 )!" #"2".$&) '"=&%)%*&-3 7& G"1)%*& S0  " (#*.%'" 1*&'%)%*&-

"&-/#%&9 )!" "8%-)"&1" *4 $ +%&%+%:"# q∗ *4 )!" '%-)*#)%*& W (µ, q) $&' %)- "+;
(%#%1$2 1*/&)"#($#) q∗n3 A!"&0 %& G"1)%*& R0  " 4*1/- *& )!" 1*&."#9"&1" *4
)!" '%-)*#)%*& $&' (#*." $2+*-) -/#" $&' L1

1*&."#9"&1" *4 W (µ, q∗n) )* $#'-
W (µ, q∗)3 F$)"- *4 1*&."#9"&1"  !%1! '* &*) '"("&' *& )!" '%+"&-%*& *4 E
$#" $2-* *,)$%&"'0 /-%&9 F$'"+$1!"# $."#$9"- $- 1*+(2"8%)5 +"$-/#"-3 E*#

)!" -$>" *4 12$#%)50 (#**4- $#" (*-)(*&"' )* G"1)%*& 53

 !"#$%&$ '#( '))*+,$-"#)

7& )!%- -"1)%*&0  " 4*#+$225 '"=&" 6#"9+$& '%."#9"&1"-0 </$&)%:$)%*& $&' k;
+"$&- 12/-)"#%&93 T" =#-) &""' -*+" &*)$)%*& $&' $--/+()%*&-3 A!#*/9!*/)

)!" ($("#0 (E, ‖ · ‖)  %22 '"&*)" $ -"($#$,2" $&' #"P"8%." 6$&$1! -($1"0 $&' C
 %22 ," $ +"$-/#$,2" 1*&."8 -/,-") *4 E3 T!"&"."# E %- $ C%2,"#) -($1"0 〈·, ·〉
 %22 -)$&' 4*# %)- %&&"# (#*'/1)3 F"1$22 )!$) )!" #"2$)%." %&)"#%*# *4 $ 1*&."8

S



 !" C# $!%&"!$ '!(!)*"!( +, ri(C)# - -" -%"!(-&( .-"' (! /!0" "& "'! )1%! '2334

5-%)33,# .! .-33 .(-"! ∂C *&( "'! 0&6/3!6!%" &* ri(C) -% -" 03& 2(! C4

7! )(! %&. -% ) /& -"-&% "&  ")"! "'! 8!%!()3 $!9%-"-&% &* ) :(!86)% $-;!(8!%0!

-% E <=3+!( )%$ :2"%)(-2 >?@# 5(-8,-A# B(-;) ");) )%$ C2/") >?D@E4

 !"#$%$&# '()(  !" C #! $ %&'(!) *+#*!" &, E- $'. /!" φ : C → R #! *"01%"/2

%&'(!) $'. "31%! %&'"1'+&+*/2 .14!0!'"1$#/! &' ri(C)5 67! 80!9:$' .1(!09!'%!
$**&%1$"!. 31"7 φ 1* .!;'!. #2

dφ(x, y) = φ(x) − φ(y) − Dyφ(x − y),

37!0! Dyφ .!'&"!* "7! <0=%7!" .!01($"1(! &, φ $" y5

F% /)("-023)(# .'!% E - ) G-3+!("  /)0!# -" (!$20! "&

dφ(x, y) = φ(x) − φ(y) − 〈x − y,∇φ(y)〉.

=3"'&28' :(!86)% $-;!(8!%0! )(! %&" "(2! 6!"(-0 # "'!,  )"- *,  &6! -%"!(H

! "-%8 /(&/!("-! #  20' ) %&%H%!8)"-;-", )%$  !/)()"-&%# 0&%;!I-", -% "'! 9( "

)(826!%" )%$ 3-%!)(-",4 5&( ) 0&6/3!"! $! 0(-/"-&% )%$ /(&&* &* "'! ! +) -0

/(&/!("-! # "'! (!)$!( - (!*!((!$ "& :(!86)% >J@# K-!3 !%# :&-  &%%)" )%$ K&0A

>LM@ )%$ 5(-8,-A# B(-;) ");) )%$ C2/") >?N@4 O)+3! ? 0&33!0" "'! 6& " 0&66&%

!I)6/3! &* :(!86)% $-;!(8!%0! 4

K&.# 3!" X +! ) ()%$&6 ;)(-)+3! .-"' $- "(-+2"-&% µ# ")A-%8 ;)32! -% C4
O'(&28'&2" "'! /)/!(# .! 6)A! "'! *&33&.-%8 )  26/"-&% P

?4 E‖X‖ < +∞4

L4 EX ∈ ri(C)4

Q4 E|φ(X)| < +∞ )%$# *&( )33 c ∈ ri(C)# E|Dcφ(X)| < +∞4 O'- -6/3-! 

-% /)("-023)( "')" Edφ(X, c) < +∞ *&( )33 c4

R!" k ≥ 14 = )3(!)$, 6!%"-&%!$ -% "'! -%"(&$20"-&%# ) kHS2)%"-T!( - ) :&(!3

6!) 2()+3! 6)//-%8 q : C ⊂ E → c, .'!(! c = {c1, . . . , cℓ}# ℓ ≤ k# - )

 2+ !" &* ri(C) 0)33!$ -" 0&$!+&&A4 F% "'!  !S2!3# "'! !3!6!%" &* c .-33 )3 &

+! %)6!$ "'! 0!%"!( )  &0-)"!$ "& q4 U;!(, x ∈ C - (!/(! !%"!$ +, ) 2%-S2!

x̂ = q(x) ∈ c )%$ q -%$20! ) /)("-"-&% &* C -% 0!33 S1, . . . , Sℓ4 U)0' 0!33

Sj - 6)$! &* "'! !3!6!%" &* C .'& ! -6)8! +, q - cj4 U;!(, kHS2)%"-T!( - 

0')()0"!(-T!$ +, -" 0&$!+&&A c = {c1, . . . , cℓ} )%$ -" /)("-"-&% 0!33 S1, . . . , Sℓ4

O'! !((&( 0&66-""!$ .'!% (!/(! !%"-%8 X +, q(X) - )  !  !$ +, "'! $- "&("-&%

W (µ, q) = Edφ(X, q(X)) =

∫

C

dφ(x, q(x))dµ(x). <?E

V



 !"#$%& '()"!#"&*" E C
 !"#$%& '()) R R

*+,(-%-./#' '()) R R

0($12'/3% R R
+

42&/5%$6%-7% 8&/1 9: R R
+

;(6/)./7 '()) R [0, 1]

4.#3"$#2 #/.( 8&/1 9: R (0, +∞)

 !"#$%& *"7'/&%#- &/).#-7% R
d

R
d

<#=#'#-(>/) &/).#-7% R
d

R
d

?"''>#732;%/>'%$ 8&/)7$%.%: R
d (d − 1)−)/1,'%+

42&/5%$6%-7% 8&/)7$%.%: R
d (R+)d

 !"#$%& L2
-($1 L2(I, m) L2(I,m)

?"''>#732;%/>'%$ 87(-./-"("): L2([0, 1], dt) {x ∈ C0([0, 1]),
∫ 1

0
x(t)dt = 1 }

42&/5%$6%-7% 87(-./-"("): L2([0, 1], dt) {x ∈ C0([0, 1]), x ≥ 0}
4.#3"$#2 #/.( 87(-./-"("): L2

2π(dt) {x ∈ C0
2π, x > 0}

∣

∣

∣
 !"#$%& '()"!#"&*" φ(x) dφ(x, y)

 !"#$%& '()) x2 (x − y)2

*+,(-%-./#' '()) ex ex − ey − (x − y)ey

0($12'/3% xα xα + (α − 1)yα − αxyα−1

42&/5%$6%-7% 8&/1 9: x lnx x ln x
y
− (x − y)

;(6/)./7 '()) x lnx + (1 − x) ln(1 − x) x ln x
y

+ (1 − x) ln
(

1−x
1−y

)

4.#3"$#2 #/.( 8&/1 9: − lnx x
y
− ln x

y
− 1

 !"#$%& *"7'/&%#- &/).#-7% ‖x‖2
2 ‖x − y‖2

2

<#=#'#-(>/) &/).#-7%

txAx
t
(x − y)A(x − y)

?"''>#732;%/>'%$ 8&/)7$%.%:

∑d

ℓ=1 xℓ lnxℓ

∑d

ℓ=1 xℓ ln xℓ

yℓ

42&/5%$6%-7% 8&/)7$%.%:

∑d

ℓ=1 xℓ lnxℓ

∑d

ℓ=1 xℓ ln xℓ

yℓ

− ∑d

ℓ=1(xℓ − yℓ)

 !"#$%& L2
-($1

∫

I
x2(t)dm(t) ‖x − y‖2

L2

?"''>#732;%/>'%$ 87(-./-"("):

∫ 1

0
x(t) lnx(t)dt

∫ 1

0
x(t) ln x(t)

y(t)dt

42&/5%$6%-7% 87(-./-"("):

∫ 1

0
x(t) lnx(t)dt

∫ 1

0
x(t) ln x(t)

y(t) + y(t) − x(t)dt

4.#3"$#2 #/.( 87(-./-"("): − 1
2π

∫ π

−π
ln(x(θ))dθ − 1

2π

∫ π

−π

(

ln x(θ)
y(θ) −

x(θ)
y(θ) + 1

)

dθ

 !"#$ %&  !"# #$%"&'#( !) *+#,"%- ./0#+,#-1#(2 34# "%5+/$ A /( (6&&!(#. 5!

7# &!(/5/0# .#8-/5#2 34# -!5%5/!- L2(I, m) (5%-.( )!+ 54# (#5 !) (96%+#

/-5#,+%7'# )6-15/!-( !- %- /-5#+0%' I ⊂ R: ;/54 +#(&#15 5! 54# &!(/5/0#

"#%(6+# m: L2
2π(dt) )!+ 54# (#5 !) 2π<&#+/!./1 (96%+# /-5#,+%7'# )6-15/!-(:

C0([0, 1]) .#-!5#( 54# (#5 !) 1!-5/-6!6( )6-15/!-( !- [0, 1]: %-. C0
2π 54# (#5

!) 2π<&#+/!./1 1!-5/-6!6( )6-15/!-(2

'



 !"

W ∗(µ) = inf
q∈Qk

W (µ, q),

#$!%! Qk &' "$! '!" () *++ k,-.*/"&0!%'1 2( 3!" * %!4%!'!/"*"&(/ "$*" &' *'

*55.%*"! *' 4(''&6+!7 #! +((8 )(% */ (4"&9*+ -.*/"&0!%7 &1!17 * -.*/"&0!% q∗

'*"&'):&/3

W (µ, q∗) = W ∗(µ).

;/ * '"*"&'"&5*+ 5(/"!<"7 #! (/+: $*=! *" $*/> &/>!4!/>!/" %*/>(9 (6'!%=*,

"&(/' X1, . . . , Xn #&"$ >&'"%&6."&(/ µ1 2$! !94&%&5*+ >&'"(%"&(/ *''(5&*"!> #&"$
X1, · · · , Xn &' 3&=!/ 6:

W (µn, q) =
1

n

n
∑

i=1

dφ(Xi, q(Xi)), ?@A

#$!%! µn &' "$! !94&%&5*+ 9!*'.%!1 B6'!%=! "$*" "$&' &' C.'" "$! >&'"(%"&(/ ?DA

5*+5.+*"!> #&"$ µn &/'"!*> () µ1 E+.'"!%&/3 >*"* &/"( k 3%(.4' 9!*/' +((8&/3

)(% */ (4"&9*+ -.*/"&0!% q∗n #&"$ %!'4!5" "( "$! !94&%&5*+ >&'"(%"&(/ ?@A1

E(>!6((8 */> 4*%"&"&(/ 5$*%*5"!%&0! * -.*/"&0!%1 F' &/ "$! G.5+&>!*/ 5*'!7

&" &' !*': "( '$(# "$*" *9(/3 *++ -.*/"&0!%' #&"$ '*9! 5(>!6((87 "$! 6!'"

(/! ?#&"$ %!'4!5" "( "$! >&'"(%"&(/A &' "$! /!*%!'" /!&3$6(% -.*/"&0!%7 #$('!

4*%"&"&(/ S1, . . . , Sℓ &' "$! H(%(/(& 4*%"&"&(/7 &1!17

S1 = {x ∈ C, dφ(x, c1) ≤ dφ(x, cp), p = 1, . . . , ℓ}

*/> )(% j = 2, . . . , ℓ7

Sj = {x ∈ C, dφ(x, cj) ≤ dφ(x, cp), p = 1, . . . , ℓ}\
j−1
⋃

m=1

Sm

?'!!  &/>!% I@JKA1 ;) */ (4"&9*+ -.*/"&0!% !<&'"'7 &" &' /!5!''*%&+: * /!*%!'"

/!&3$6(% -.*/"&0!%1 L!/5!7 &/ "$! '!-.!+7 #! #&++ *+#*:' 5(/'&>!% /!*%!'"

/!&3$6(% -.*/"&0!%'1 E(/=!%'!+:7 3&=!/ * 4*%"&"&(/ {Sj}ℓ
j=17 #&"$ µ(Sj) > 0

*/> E[X|X ∈ Sj] ∈ ri(C) )(% j = 1, . . . , ℓ7 "$! 6!'" -.*/"&0!% &' (6"*&/!> 6:

'!""&/3

cj ∈ arg min
c∈ri(C)

E[dφ(X, c)|X ∈ Sj] )(% j = 1, . . . , ℓ.

2$! /!<" 4%(4('&"&(/7 4%(=!> &/ M!5"&(/ N7 !<"!/>' * %!'.+" () O*/!%C!!7 P.(

*/> Q*/3 IRK "( "$! 5*'! () )./5"&(/*+ O%!39*/ >&=!%3!/5!'1

 !"#"$%&%"' ()*)  !" dφ #! $ %&!'($) *+,!&'!)-!. /0 S +1 $ %2&!3 14#1!" 20

C 5+"6 µ(S) > 0 $)* E[X|X ∈ S] ∈ ri(C)7 "6! 04)-"+2)

c 7→ E[dφ(X, c)|X ∈ S]

&!$-6!1 +"1 +)8(4( $" $ 4)+94! !3!(!)" 20 ri(C)7 )$(!3: E[X|X ∈ S].

S



 !"#$ %&' ()('* +'(,-./ 01)(',(/2($ 3!( -1/1-14(' 1# 3!( 2&/0131&/.5 (67(28

3.31&/$ 9"#3 51:( %&' 3!( #;".'(0 <"2510(./ 01#3./2(= >?#(')( 3!.3 13 1# 3!(

-(01./ 1/#3(.0 &% 3!( (67(23.31&/ @!(/ 3!( 01#3&'31&/ -(.#"'( 1# ./ L1
/&'-=

>?#(')( 3!.3 3!( 2&-?1/.31&/ &% A'&7&#131&/ B=C ./0 3!( &731-.513* &% 3!(

D&'&/&1 7.'3131&/ 1# &% 2&-7"3.31&/.5 1/3('(#3= E/0((0$ ()(/ %&' #;".'(0 <"8

2510(./ 01#3./2($ -1/1-141/, 3!( (-71'12.5 01#3&'31&/ 1# ,(/('.55* . 2&-7"3.8

31&/.55* !.'0 7'&?5(-$ 3!( 2&-75(613* &% ./ (6.23 .5,&'13!- ?(1/, (67&/(/31.5

1/ 3!( 01-(/#1&/ &% 3!( #7.2(= E/ 7'.2312($ . k8-(./# 3*7( .5,&'13!- 2&/)(',8

1/, 3& 5&2.5 -1/1-. *1(50# .77'&61-.3( #&5"31&/#$ ./0 3!1# .0.73# 3& ,(/('.5

+'(,-./ 01)(',(/2(#= F&'( 7'(21#(5*$ ,1)(/ ./ 1/131.5 2&0(?&&:$ @!12! 1# -.0(

%&' 1/#3./2( &% 0.3. 13(-# 2!&#(/ .3 './0&-$ 3!( .5,&'13!- 7'&2((0# ?* .53('8

/.31/, ?(3@((/ 3@& #3(7#=  !( G'#3 &/( 2&/#1#3# 1/ 2&-7"31/, 3!( D&'&/&1

7.'3131&/ 2&''(#7&/01/, 3& 3!( 2"''(/3 2(/3('#=  !(/$ 0"'1/, 3!( #(2&/0 #3(7$

3!( /(@ 2&0(?&&: 1# &?3.1/(0 ?* 2&-7"31/, 3!( -(./ &% 3!( 0.3. 7&1/3# %.551/,

1/ (.2! 25"#3('$ .22&'01/, 3& A'&7&#131&/ B=C= H&' %"'3!(' 1/%&'-.31&/ &/ k8
-(./# .5,&'13!-# @13! +'(,-./ 01)(',(/2(#$ #(( +./('9(( (3 .5= IJK=

 !"#$%&'(& )* +' ),%#-+. /0+'%#1&2

E/ 3!1# #(231&/$ @( 5&&: %&' 2&/0131&/# (/#"'1/, 3!( (61#3(/2( &% ./ &731-.5

;"./314(' q∗$ 1=(=$ . q∗ #"2! 3!.3 W (µ, q∗) = W ∗(µ)= L1/2( . /(.'(#3 /(1,!?&'
;"./314(' 1# 2!.'.23('14(0 ?* 13# 2&0(?&&: c = (c1, . . . , ck)$ @( -.* '(@'13( 3!(
01#3&'31&/

W (µ, c) = E min
j=1,...,k

dφ(X, cj)

./0 5&&: %&' ./ &731-.5 2&0(?&&: c
∗
=

 !( (61#3(/2( &% . -1/1-"- '(#3# "7&/ . 2&-7.23/(## .',"-(/3= M( 01#31/8

,"1#! 3!( G/13( 01-(/#1&/.5 2.#( N !(&'(- O=CP %'&- 3!( ,(/('.5 2.#( N !(&'(-

O=BP= E/ G/13( 01-(/#1&/$ @( 7'&)( 3!( '(#"53 ?* (675&131/, ./ 10(. &% L.?1/ ./0

Q'.* IOCK ?.#(0 &/ R5(6./0'&S &/(87&1/382&-7.231G2.31&/ N#(($ (=,=$ T"05(*

ICJKP=

 !"#$"% &'( N)*+*,"-.*%"+/*#+01 20/"P'  !!"#$ %&'% %&$ ()*+$, !$% C -.$!
.* ' /*.%$01.#$*!.)*'- '2*$ !3'($ '*1 %&'% %&$ 4)--)5.*6 !%'%$#$*%! &)-17

89 :); '-- x ∈ C< %&$ 4"*(%.)* y 7→ dφ(x, y) .! -)5$; !$#.0()*%.*")"! )*
ri(C)9

=9 :); '-- (x, y) ∈ C×ri(C)< dφ(x, y) ≤ lim infz→z̃∈∂C dφ(x, z) 4); '-- z̃ ∈ ∂C9

>9 :); '-- (x, y) ∈ C × ri(C)< dφ(x, y) ≤ lim inf‖z‖→+∞ dφ(x, z)9

?&$*< %&$;$ $,.!%! '* )3%.#'- ()1$@))A c
∗
< .9$9<

W (µ, c∗) = W ∗(µ).

U



 !"#$%!&!'( ) $* '+( %!*(%$,($-! *$',! y 7→ dφ(x, y) $* ,+'($'#+#* .+% &+*( /!001
2'+/' 3%!4&5' 6$-!%4!',!*7 89*!%-! (:5( φ 5'6 y 7→ Dyφ 5%! ,+'($'#+#*

+' ri(C); *+ (:5( ,+'6$($+' ) ,+#06 9! %!<05,!6 9= 0+/!% *!&$1,+'($'#$(= +.
y 7→ Dyφ(y)7  +#4:0= *<!52$'4; %!"#$%!&!'(* > 5'6 ? <%!-!'( 5 <+**$90!

&$'$&$@!% .%+& %#''$'4 (+ $'A'$(=7 B+(! (:5( ,+'6$($+' ? $* -+$6 /:!'!-!% C
$* 9+#'6!67 C' (:$* ,5*!; C $* ,+&<5,( 5'6 (:! !D$*(!',! +. 5' +<($&50 ,+6!9++2
,5' !5*$0= 9! *:+/' /$(:+#( %!*+%($'4 (+ E0!D5'6%+F ,+&<5,($A,5($+'7

G:!' E $* <+(!'($500= $'A'$(!16$&!'*$+'50 5'6 C $* 5'= ,+'-!D *#9*!( +. E;
(:$'4* 5%! '+( *+ *$&<0!; *$',! E0!D5'6%+F ,+&<5,($A,5($+' +'0= 5<<0$!* (+

0+,500= ,+&<5,( *<5,!*7 E* /! 2'+/ (:5( E $* 0+,500= ,+&<5,( $. 5'6 +'0= $. $(

$* A'$(!16$&!'*$+'50 H*!! .+% $'*(5',! I#60!= J)KLM; (:$* (++0 $* '+( *#$(!6 (+ (:!

$'A'$(!16$&!'*$+'50 ,5*!7 N+/!-!%; *$',! E $* %!O!D$-!; 5 ,0+*!6 5'6 9+#'6!6

,+'-!D *#9*!( +. E $* ,+&<5,( .+% (:! /!52 (+<+0+4= σ(E, E ′); (:5( $* (:!
,+5%*!*( (+<+0+4= +' E &52$'4 500 ,+'($'#+#* 0$'!5% .+%&* +' E ,+'($'#+#*7

P+%!+-!%; !-!%= /!520= 0+/!% *!&$1,+'($'#+#* .#',($+' %!5,:!* $(* &$'$&#& +'

5 /!520= ,+&<5,( *!(7 Q:#*; $. /! 2'+/ $' 56-5',! (:5( c
∗
$* (+ 9! *!5%,:!6 .+%

$' 5 ,0+*!6 5'6 9+#'6!6 ,+'-!D *!(; 5' 5%4#&!'( +. ,+'($'#$(= *#R,!* (+ *:+/

(:! !D$*(!',! +. c
∗
7 C' (:! *!"#!0; CR ⊂ ri(C) /$00 6!'+(! 5 ,0+*!6 5'6 9+#'6!6

,+'-!D *!( +. 6$5&!(!% 2R7 S+% !D5&<0!; CR = B(0, R) = {x ∈ E, ‖x‖ ≤ R}
(:! ,0+*!6 9500 +. ,!'(!% 0 5'6 %56$#* R7 E 2!= .5,( $* (:5( X ∈ CR $&<0$!*

(:5( c
∗ ∈ CR $. $( !D$*(*; 9= 3%!4&5' <%+T!,($+' HE09!% 5'6 3#('5%$# J)LM7

S+% .#%(:!% 6!(5$0* 59+#( /!52 ,+'-!%4!',! 5'6 0+/!% *!&$1,+'($'#+#* 5'6

,+'-!D .#',($+'*; (:! %!56!% $* %!.!%%!6 (+ 3%!@$* J)UL 5'6  +,25.!005% J?UL7

 !"#$"% &'( H)"*"$+, -+."M'  !""#$% &'(& &'%)% %*+$&$ R > 0 $!,' &'(&

P {X ∈ CR} = 1- (./ &'(& 0#) (11 x ∈ C- y 7→ dφ(x, y) +$ 2%(314 1#2%) $%5+6

,#.&+.!#!$ #. CR7 8'%.- &'%)% %*+$&$ (. #"&+5(1 9!(.&+:%)7

 !"#$%& '() V+'-!D .#',($+'* /:$,: 5%! 0+/!% *!&$1,+'($'#+#* .+% (:! '+%&

5%! !D5&<0!* +. /!520= 0+/!% *!&$1,+'($'#+#* .#',($+'* H*!!; !747; J)ULM7

89*!%-! (:5( *$',! (:! /!52 (+<+0+4= ,+$',$6!* /$(: (:! '+%& (+<+0+4= $'

A'$(! 6$&!'*$+'; (:! (!%& W/!520=X $' Q:!+%!& ?7> ,5' 9! 6%+<<!6 /:!'!-!%

E $* A'$(!16$&!'*$+'507

C' .5,(; $. /! +'0= :5-! CR ∩ ri(C) 6= ∅ $'*(!56 +. CR ⊂ ri(C); 9#( φ $* +.

Y!4!'6%! (=<! H*!!  +,25.!005% J?UL; 5'6 .+% (:! $'A'$(!16$&!'*$+'50 6!A'$($+';

35#*,:2!; 3+%/!$' 5'6 V+&9!((!* JZLM; $( %!&5$'* <+**$90! (+ #*! 3%!4&5'

<%+T!,($+' (+ +9(5$' (:! *5&! %!*#0(7

C' (:! <5%($,#05% ,5*! /:!%! dφ(·, ·) $* (:! *"#5%!6 6$*(5',! $'6#,!6 9= (:! $''!%
<%+6#,( +. 5 N$09!%( *<5,!; $( ,5' 9! *:+/' H*!! [!,($+' \M (:5( $( $* *#R,$!'(

(+ 0++2 .+% 5' +<($&50 "#5'($@!% +' 5 95007 N!',!; Q:!+%!& ?7> 56&$(* (:!

.+00+/$'4 ,+%+005%=7

]



 !"!##$"% &'('  !" E #! $ %&'#!(" )*$+!, -. φ(·) = ‖ · ‖2
/ "0!(! !1&)") $2

3*"&4$' 56$2"&7!( +3((!)*328&29 "3 "0! :(!94$2 8&;!(9!2+! dφ(·, ·),

 ! "#$ %&'" (&)" *+ "#,' '$-",*!. /$ "0)! "* "#$ $1,'"$!-$ *+ &! $2(,),-&%%3

*(",2&% 40&!",5$)6  ! *"#$) /*)7'. /$ /,%% %**8 +*) & 2,!,2,5$) c
∗
n *+ "#$

$2(,),-&% 7,'"*)",*!

W (µn, c) =
1

n

n
∑

i=1

min
j=1,...,k

dφ(Xi, cj).

9,!-$ "#$ '0((*)" *+ "#$ $2(,),-&% 2$&'0)$ µn -*!"&,!' &" 2*'" n (*,!"'. ," ,'

,!-%07$7 ,! & -%*'$7 :&%% BR6 ;#0'. ;#$*)$2 <6= ,2(%,$' "#$ +*%%*/,!> )$'0%"6

 !"!##$"% &')' <))64! "0$" .3( $'' x ∈ C/ y 7→ dφ(x, y) &) =!$>'? '3=!(

)!4&@+32"&2636), A0!2/ "0!(! !1&)") $2 !4*&(&+$''? 3*"&4$' 56$2"&7!(,

?' &:*@$. "#$ "$)2 A/$&8%3B 2&3 :$ *2,""$7 /#$! E ,' C!,"$D7,2$!',*!&%6

 !"#$%&'%#(%

 !" #$%&'()'%*' $+ ,-' ./0,$(,/$%

90((*'$ "#&" "#$)$ $1,'"' &! *(",2&% -*7$:**8 c
∗
n "#&" &-#,$@$' "#$ 2,!,202

*+ "#$ $2(,),-&% 7,'"*)",*! W (µn, c)6 E$ "0)! *0) &""$!",*! "* "#$ A")0$B

7,'"*)",*! W (µ, c) +*) c = c
∗
n &!7 /*0%7 %,8$ "* 8!*/ ,+ "#,' 40&!","3 >$"' -%*'$

"* "#$ 2,!,2&% 7,'"*)",*! W ∗(µ) &' "#$ !02:$) n *+ *:'$)@&",*!' :$-*2$'

%&)>$6

?''02,!> "#&" c
∗

$1,'"'.

W (µ, c∗n) − W ∗(µ) = W (µ, c∗n) − W (µ, c∗)

= W (µ, c∗n) − W (µn, c∗n) + W (µn, c∗n) − W (µ, c∗)

≤ W (µ, c∗n) − W (µn, c
∗
n) + W (µn, c

∗) − W (µ, c∗)

≤ 2 sup
c∈ri(C)k

|W (µn, c) − W (µ, c)|.

;#0'. ,+ /$ ,!"$!7 "* '#*/ "#&" W (µ, c∗n) -*!@$)>$' "* W ∗(µ) &' n "$!7' "*

,!C!,"3. ," /,%% :$ $!*0># "* ()*@$ "#&" sup
c∈ri(C)k |W (µn, c)−W (µ, c)| @&!,'#$'

&' n "$!7' "* ,!C!,"36

?' ,! "#$ ()$@,*0' '$-",*!. /$ 7,'",!>0,'# "#$ C!,"$D7,2$!',*!&% -&'$ F;#$*)$2

G6HI +)*2 "#$ >$!$)&% -&'$ F;#$*)$2 G6=I6

J



 !"#$"% &'(  )*+*,"-.*%"+/*#+01 20/"!'  !!"#$ %&'% C ()$! )* ' +*)%$,
-)#$*!).*'( '/*$ !0'1$ '*- %&'% %&$ 2.((.3)*4 !%'%$#$*%! &.(-5

67 8&$ 9:$4#'* -);$:4$*1$ dφ(·, ·) )! 1.*%)*"."!7

<7 =.: '(( x ∈ C> z̃ ∈ ∂C> limz→z̃∈∂C dφ(x, z) = +∞ 7

?7 =.: '(( x ∈ C> lim‖z‖→+∞ dφ(x, z) = +∞7

@7 =.: '(( x ∈ C> %&$ 2"*1%).* y 7→ dφ(x, y) )! 1.*;$A .* ri(C)7

8&$*> )2 c
∗
n )! ' #)*)#)B$: .2 %&$ $#0):)1'( -)!%.:%).*>

lim
n→+∞

W (µ, c∗n) = W ∗(µ) a.s.

"#$% $&'$ $&% %()*$%+,% #- c
∗
n  '+. c

∗
! )* /0'1'+$%%. 0+.%1 $&%*% '**023$)#+*4

5+ 6)%7 #- $&% .%8+)$)#+ #- φ9 $&% 1%:0)1%2%+$ ; ,#0<. =% 1%3<',%. => $&%

,#+$)+0)$> #- (x, y) 7→ Dyφ(x − y)4 ?#+.)$)#+ @ )* +#$ +%,%**'1)<> *'$)*A

8%. -#1 %',& B1%/2'+ .)6%1/%+,%4 C#1 )+*$'+,%9 $&% 5$'D01'AE')$# .)6%1/%+,%

dφ(x, y) = x
y
− ln x

y
− 1 )* +#$ ,#+6%( )+ $&% *%,#+. '1/02%+$4

F* -#1 $&% %()*$%+,% #- '+ #3$)2'< :0'+$)G%19 $&% )+8+)$%A.)2%+*)#+'< *%$$)+/

1%:0)1%* -01$&%1 &>3#$&%*%*9 '* %(31%**%. )+ $&% -#<<#7)+/ $&%#1%2H

 !"#$"% &'3  4"+"$01 20/"!'  !!"#$ %&'% 2.: '(( x ∈ C> y 7→ dφ(x, y)
)! 3$'C(D (.3$: !$#),1.*%)*"."!> !. %&'% %&$:$ $A)!%! ' #)*)#)B$: c

∗
n .2 %&$

$#0):)1'( -)!%.:%).*7 E2 %&$:$ $A)!%! R > 0 !"1& %&'% P {X ∈ CR} = 1> '*-
M = M(φ,R) ≥ 0 !"1& %&'%> 2.: '(( c ∈ CR> ‖Dcφ‖ ≤ M > %&$*

lim
n→+∞

W (µ, c∗n) = W ∗(µ) a.s.

'*-

lim
n→+∞

EW (µ, c∗n) = W ∗(µ).

I%$ 0* 3#)+$ #0$ $&'$ $&% ,#+6%1/%+,% 1%*0<$* limn→+∞ W (µ, c∗n) = W ∗(µ) a.s.
'+. limn→+∞ EW (µ, c∗n) = W ∗(µ) '<7'>* &#<. 7&%+ φ(·) = ‖ · ‖2

 B)'09 J%A

61#>% '+. I0/#*) KLM!4

I%$ 0* +#7 .)*,0** *#2% %('23<%*4

 !"#$%& '() *+,-./&01&23& .2 -.#&24.52 )6(  !"! E = R# C = R
+
$%& dφ(x, y) =

x ln x
y
− (x − y)' (!) x ∈ C' *+! ,$- y 7→ x ln x

y
− (x − y) ./ 01%).%212/

$%& 01%3!4 1% ri(C) = (0, +∞) 5.)/ /!01%& &!".3$).3! ./ x
y2 ≥ 06 $%& )!%&/ )1

+∞ $/ y )!%&/ )1 0 1" +∞' *+2/ )+!"! !4./)/ $ 72$%).8!" 9+1/! 01&!:11;
$0+.!3!/ )+! ,.%.,2, 1< )+! &./)1").1% W (µ, c) 5*+!1"!, ='>6 $/ 9!?? $/ $%

!,-.".0$??@ 1-).,$? 72$%).8!" 5A1"1??$"@ ='B6' C1"!13!"# .< c
∗
n ./ $ ,.%.,.8!"

1< )+! !,-.".0$? &./)1").1%# $?,1/) /2"! 01%3!"D!%0! 1< W (µ, c∗n) )1 W ∗(µ) ./
!%/2"!& 5*+!1"!, E'>6'

>F



 !"#$%& '() * !$+,&,-."% %+//0(  !" E = C = R #$% φ(x) = ex
& '()*( +)!,%-

dφ(x, y) = ex−ey−(x−y)ey
. /(! 01$*")2$ y 7→ ex−ey−(x−y)ey

)- *2$")$121-

2$ R. 30 P {|X| ≤ R} = 1& "(!4! !5)-"- #$ 26")7#, 81#$")9!4 :/(!24!7 ;.<=&

#$% -)$*! φ′(x) = ex ≤ eR
2$ [−R, R]& W (µ, c∗n) *2$>!4?!- #,72-" -14!,+ #$%

)$ L1
"2 W ∗(µ) :/(!24!7 @.<=.

 !"#$%& '(1 *234"5&6  47%.6&", 6./-",7&0( A(!$ dφ(·, ·) )- "(! -81#4!% B1C

*,)%!#$ %)-"#$*!& !5)-"!$*! 20 #$ 26")7#, 81#$")9!4& #,72-" -14! #$% L1
*2$C

>!4?!$*! 20 "(! %)-"24")2$ #4! ?1#4#$"!!%.

 !"#$%& '(' *84%%9"7:;<&.9%&5 6.=&5>&,7& 9&-?&&, 6./75&-& $5+9"9.%.-@ #&"/45&/0(

D!4!& E = R
d
& C )- "(! (d − 1)C-)76,!5 #$% dφ(p, q) =

∑d
ℓ=1 pℓ ln pℓ

qℓ
. /(!

01$*")2$ q = (q1, . . . , qd) 7→
∑d

ℓ=1 pℓ ln pℓ

qℓ
)- *2$")$121- #$% *2$>!5 2$ ri(C) =

{(p1, . . . , pd) ∈ (0, +∞)d,
∑d

ℓ=1 pℓ = 1} #$% "!$%- "2 +∞ #- 2$! 20 "(! qℓE-

"!$%- "2 0. /(1-& "(!4! !5)-"- #$ 26")7#, 81#$")9!4 #$% '! (#>! #,72-" -14!
*2$>!4?!$*! 20 "(! %)-"24")2$.

 !"#$%& '(A *234"5&6 L2
6./-",7&0(  !" E = C = L2([0, 1], dt)& #$% dφ(x, y) =

∫ 1

0
(x(t) − y(t))2dt. /()- )- # D),F!4" $247& "(1- "(! !5)-"!$*! 20 # 7)$)7)9!4

20 "(! %)-"24")2$ #- '!,, #- *2$>!4?!$*! #4! ?1#4#$"!!%.

 !"#$%& '(B *C;6.=&5>&,7&0(  !" E = L2([0, 1], dt) #$% ,!" C F! "(! -!" 20 #,,

*2$")$121- $2$C$!?#")>! !,!7!$"- 20 E. D!4! dφ(p, q) =
∫ 1

0
[p(t) ln p(t)

q(t)
+ q(t) −

p(t)]dt. /(! 7#6 q 7→ dφ(p, q) )- *2$")$121- #$% *2$>!5 #$% "(!4!024! '!#G,+
-!7)C*2$")$121-. H--17! "(#" P {r ≤ ‖X‖ ≤ R} = 1 (r > 0). /(!$& "(!4!

!5)-"- #$ 26")7#, 81#$")9!4. I24!2>!4& '! (#>! #,72-" -14! #$% L1
*2$>!4?!$*!

20 "(! %)-"24")2$.

 !" #$%&' () *(+,&-.&+*&

/(! 64!>)21- -!*")2$ )$%)*#"!- "(#" W (µ, c∗n) ?!"- *,2-! "2 "(! 7)$)7#, %)-C
"24")2$ '(!$ "(! -#76,! -)9! ?42'-. D2'!>!4& )" ?)>!- $2 )$0247#")2$ #F21"

"(! 4#"!- 20 *2$>!4?!$*!. /2 #%%4!-- "()- 81!-")2$& ,!" 1- J4-" 2F-!4>! "(#"

7)$)7)9)$?

W (µ, c) = E min
j=1,...,k

dφ(X, cj) = E min
j=1,...,k

(

φ(X) − φ(cj) − Dcj
φ(X − cj)

)

)- !81)>#,!$" "2 7)$)7)9)$? "(! 81#$")"+

W (µ, c) = E min
j=1,...,k

(

−φ(cj) − Dcj
φ(X − cj)

)

.

K)7),#4,+& "2 W (µn, c)& '! #--2*)#"!

W (µn, c) =
1

n

n
∑

i=1

min
j=1,...,k

(

−φ(cj) − Dcj
φ(Xi − cj)

)

.

LL



 !"#$

W (µ, c∗n) − inf
c∈ri(C)k

W (µ, c) = W (µ, c∗n) − inf
c∈ri(C)k

W (µ, c)

%"&

EW (µ, c∗n) − inf
c∈ri(C)k

W (µ, c)

≤ E sup
c∈ri(C)k

(

W (µn, c) − W (µ, c)
)

+ E sup
c∈ri(C)k

(

W (µ, c) − W (µn, c)
)

'()

'*$$ +$,,% -./ !" 0$1234$5 64728 %"& +9:3*! ;<(=)5 >$ %2$ &3"$ !? >$ #%" 8"&

9@@$2 A39"&* ?32 BC$ 9"!?32, &$1!%B!3"

E sup
c∈ri(C)k

(

W (µn, c) − W (µ, c)
)

.

'DC$ *$#3"& B$2, 3? BC$ 2!:CBEC%"& *!&$ 3? '() #%" !"&$$& A$ A39"&$& A4 %"

9@@$2 A39"& 3? BC$ 82*B B$2,.) DC$ "$FB BC$32$, ,%4 A$ @231$& A4 2$*32B!":

B3 BC$ G%&$,%#C$2 %1$2%:$* %* % #3,@H$F!B4 ,$%*92$ ?32 % ?9"#B!3" #H%** '*$$5

$.:.5 I%2BH$BB5 I39#C$23"5 %"& +9:3*! ;J=).

 !"#$"% &'('  !" CR ⊂ ri(C)# $%& '!((!)*+, *+&-./(*$0 %!(123

E sup
c∈Ck

R

(

W (µn, c) − W (µ, c)
)

≤ 2k√
n

(

sup
c∈CR

| − φ(c) + Dcφ(c)| + sup
c∈CR

‖Dcφ‖(E‖X‖2)1/2
)

.

)#$#**+$, &'-' 4.55!2& $%/$ '!" /(( x ∈ C# y 7→ dφ(x, y) *2 )&/6(0 (!)&" 2&7*8
9!+$*+.!.2# )%*9% &+2."&2 $%& &:*2$&+9& !' /+ !5$*7/( 9!1&;!!6 c

∗
n< =22.7&

$%/$ $%&"& &:*2$2 R > 0 2.9% $%/$ P {X ∈ CR} = 1< >' | − φ(c) + Dcφ(c)|
/+1 ‖Dcφ‖ /"& .+*'!"7(0 ;!.+1&1 !+ CR ;0 M1 = M1(φ,R) ≥ 0 /+1 M2 =
M2(φ,R) ≥ 0 "&25&9$*?&(0# $%&+

EW (µ, c∗n) − W ∗(µ) ≤ 4k√
n

(

M1 + M2(E‖X‖2)1/2
)

,

/+1 $%.2

EW (µ, c∗n) − W ∗(µ) ≤ 4k√
n

(M1 + M2R) .

K3B$ BC%B L323HH%24 M.< 4!$H&* &!,$"*!3"E?2$$ 9@@$2 A39"&*. DC!* !* >32BC

@3!"B!": 39B *!"#$ E !* %HH3>$& B3 A$ C!:C '32 $1$" !"8"!B$)E&!,$"*!3"%H.

 !"#$%& '() N" BC!* $F%,@H$5 >$ :!1$ BC$ A39"&* 3AB%!"$& ?32 *3,$ 9*9%H

I2$:,%" &!1$2:$"#$*. O$ %**9,$ BC239:C39B BC%B BC$2$ $F!*B* R > 0 *9#C

BC%B P {‖X‖ ≤ R} = 1.

</



 !  !"#$%& '())* "#$ φ(x) = x2
%

EW (µ, c∗n) − W ∗(µ) ≤ 4k√
n

(

R2 + 2R(E|X|2)1/2
)

,

&'( )*+'

EW (µ, c∗n) − W ∗(µ) ≤ 12kR2

√
n

.

,! +,-(.%./0#' '())* "#$ φ(x) = ex
%

EW (µ, c∗n) − W ∗(µ) ≤ 4k(2R − 1)eR

√
n

.

-!  !"#$%& +"1'0&%#. &0)/#.1%* "#$ )*+ ./0&$+( 10234(+&' '#$5 φ(x) = ‖x‖2
%

EW (µ, c∗n) − W ∗(µ) ≤ 12kR2

√
n

.

6! 2#3#'#.(40) &0)/#.1%* "#$ φ(x) = txAx 74)* A 8#.4)49+ (+:'4)+%

EW (µ, c∗n) − W ∗(µ) ≤ 12k‖A‖R2

√
n

.

;!  !"#$%& L2
&0)/#.1%* <*+' φ 4. & ./0&$+( L2

'#$5%

EW (µ, c∗n) − W ∗(µ) ≤ 12kR2

√
n

.

5%6#$7 8*9 =#5+ >$+?5&' (49+$?+'2+.% )@842&33@ A033B&2CDE+4B3+$% 4'9#39+ &

3#?&$4)*5% 7*42* 8$+9+'). ||Dcφ|| F$#5 B+4'? 0'4F#$53@ B#0'(+( #' & B&33 BR!

G' #$(+$ )# 24$2059+') )*4. (4H203)@% & 8#..4B3+ .#30)4#' 4. )# 2#'.4(+$ & 23&..

#F +3+5+'). #F E .&)4.F@4'? )*+ F#33#74'? &..058)4#'I

• G' (45+'.4#'  % 0 < r ≤ X ≤ R < +∞ a.s.

• G' (45+'.4#' d (2 ≤ d ≤ +∞)% 7*+' )*+ 3#?&$4)*5 &88+&$. 4' & .05 #$

&' 4')+?$&3%

∑d
ℓ=1 ln2(xℓ) ≤ M(R) #$

∫

ln2(x(t))dt ≤ M(R).

=+9+$&3 2#'(4)4#'. #F )*4. )@8+ 2&' B+ F#0'( 4' )*+ 34)+$&)0$+ #' A033B&2CD

E+4B3+$ (49+$?+'2+! "#$ 4'.)&'2+% J#$(&'% K?0@+' &'( <&4'7$4?*) L, M% 7*#

(+9+3#8 &' +.)45&)4#' 5+)*#( F#$ )*+ A033B&2CDE+4B3+$ (49+$?+'2+% $+/04$+ &'

+'9+3#8+ 2#'(4)4#' #$ B#0'(+('+.. F$#5 &B#9+ &'( B+3#7!

N. &' 4330.)$&)4#'% 3+) dφ(x, y) =
∫ 1

0
x(t) ln x(t)

y(t)
dt! =088#.+ )*&) P {‖X‖ ≤ R} =

1 F#$ .#5+ R > 0 &'( )*&)

∫ 1

0
ln2(X(t))dt ≤ R2

! N..054'? )*&) )*+ 2#(+B##C.

B+3#'? )# )*+ .&5+ F0'2)4#' 23&.. &. X% 7+ #B)&4'

EW (µ, c∗n) − W ∗(µ) ≤ 2kR√
n

(1 + R).

 -



 !"##$%

 !" #$%%& %& #$%'%()*)%+ ,!"

 !" #$%%& %& '()"$*""+ ,-% (). /()0 123 4(5 6" (.(#7". 7% 7!" 8)9)87":

.84");8%)(< =(;"> /" ?8<< =!"=@ 7!(7 E[X|X ∈ S]48)848A"; E[dφ(X, c)|X ∈ S]
(). 7!(7 87 8; 7!" %)<5 "<"4")7 %& ri(C) ?87! 7!8; #$%#"$75> B%$ c ∈ ri(C)+

E[dφ(X, c)|X ∈ S] − E[dφ(X, E[X|X ∈ S])|X ∈ S]

= E[φ(X) − φ(c) − Dcφ(X − c) − φ(X) + φ(E[X|X ∈ S])

+ DE[X|X∈S]φ(X − E[X|X ∈ S])|X ∈ S]

= φ(E[X|X ∈ S]) − φ(c) − Dcφ(E[X|X ∈ S] − c)

= dφ(E[X|X ∈ S], c).

C)."".+ "D#"=7(78%) (). ."$8E(78%) 8)7"$7?8)"+ ;8)=" 7!" ."$8E(78E" 8; ( =%):

78)-%-; <8)"($ &%$4 F;""+ ">0>+ G$%#%;878%) H>H>I 8) J$").7+ '(775+ K8"6"$ ().

L"-6$()."$ 1M3N> K%?"E"$+

dφ(E[X|X ∈ S], c) ≥ 0

(). dφ(E[X|X ∈ S], c) = 0 8& (). %)<5 8& c = E[X|X ∈ S]> K")="+

E[dφ(X, c)|X ∈ S] ≥ E[dφ(X, E[X|X ∈ S])|X ∈ S],

(). "O-(<875 !%<.; 8& (). %)<5 8& c = E[X|X ∈ S]>  !-;+ E[X|X ∈ S] 8; 7!"
-)8O-" 48)848A"$ %& 7!" &-)=78%) c 7→ E[dφ(X, c)|X ∈ S] %) ri(C)>

 !, #$%%& %& -./%$/0 1!"

P"778)0 dφ(x, z̃) = lim infz→z̃∈∂C dφ(x, z) &%$ (<< x ∈ C (). z̃ ∈ ∂C+ y 7→ dφ(x, y)
"D7").; 7% ( <%?"$ ;"48:=%)78)-%-; &-)=78%) C → [0, +∞]> /" =%4#(=78&5

C 65 (..8)0 ( #%8)7 (7 8)9)875 ω> Q"7 C̃ = C ∪ {ω} .")%7" 7!" J<"D():
.$%R =%4#(=789=(78%) %& C F&%$ ."7(8<; (6%-7 7!" J<"D().$%R %)":#%8)7 =%4:
#(=789=(78%)+ ;"" &%$ 8);7()=" S-.<"5 1HT3N> '5  5=!%)%RU; 7!"%$"4+ F;""+

">0>+ S-.<"5 1HT3N 7!" #$%.-=7 C̃k
8; (<;% =%4#(=7> /" ;"7 &%$ (<< x ∈ C+

dφ(x, ω) = lim inf‖z‖→+∞ dφ(x, z)> J==%$.8)0 7% 7!" (;;-4#78%);+ 7!" &-)=78%)

y 7→ dφ(x, y) &$%4 C̃ 7% [0, +∞] 8; <%?"$ ;"48:=%)78)-%-;+ 7!(7 8; 7!" <"E"< ;"7
{c ∈ C̃, dφ(x, c) ≤ λ} 8; =<%;". &%$ (<< λ ∈ R> P8)=" {c ∈ C̃k, minj=1,...,k dφ(x, cj) ≤
t} =

⋃k
j=1{c ∈ C̃k, dφ(x, cj) ≤ t}+ 7!" <"E"< ;"7; %& c 7→ minj=1,...,k dφ(x, cj) ($"

HT



 !"# $!#"%&' ()%)' *+(" ,-.$*(#. (" !#/%0 "%1(2$#.*(.-#-") 3%.$%' ,#0 c ∈ C̃k
'

lim inf
c
′→c

W (µ, c′) = lim inf
c
′→c

∫

C

min
j=1,...,k

dφ(x, c′j)dµ(x)

≥
∫

C

lim inf
c
′→c

min
j=1,...,k

dφ(x, c′j)dµ(x)

456 7 *#-8" 9%11 :

≥
∫

C

min
j=1,...,k

dφ(x, cj)dµ(x)

= W (µ, c).

;+-"' c 7→ W (µ, c) (" !#/%0 "%1(2$#.*(.-#-" #. *+% $#1< $* C̃k
'  .& (* 0% $+%"

(*" 1(.(1-1  * "#1% $#&%5##= c
∗
) >6 $#.&(*(#." ?  .& @' /% $ .  ""-1% *+ *

c
∗ ∈ ri(C)k

A (, .#*' /% 0%<! $% *+% $##0&(. *%" /+($+ 5%!#.B *# ∂C #0 %C- ! ω
56 %!%1%.*" #, ri(C)) ;+%0%,#0%' *+%0% %D("*"  . #<*(1 ! $#&%5##= c

∗
'  .& *+%

0%"-!* (" <0#E%&)

 !" #$%%& %& '()%$)* "!+

F(.$% P {X ∈ CR} = 1' (* "-G$%" *# !##= ,#0  1(.(1(H%0 c
∗
#, *+% &("*#0*(#.

#E%0 Ck
R) I.&%%&'

∀c ∈ ri(C), dφ(X, c) ≥ dφ(X, c)

/(*+ c *+% >0%B1 . <0#J%$*(#. KLM #, c #. CR) ;+-"' ,#0  .6 $#&%5##= c =
(c1, . . . , ck)' (, c = (c1, . . . , ck)' E minj=1,...,k dφ(X, cj) ≥ E minj=1,...,k dφ(X, cj)'
()%)' W (µ, c) ≥ W (µ, c)) ;+(" "+#/" *+ * <0#J%$*(.B  .6 $%.*%0 #. *+% $!#"%&

 .& 5#-.&%& $#.E%D "%* CR $ . #.!6 0%&-$% *+% &("*#0*(#.) F(.$% E (" 0%N%D(E%'

CR (" /% =!6 $#1< $* 56 O =-* .(8" ;+%#0%1 4"%% KLPM ,#0 (."* .$%:'  .& "# ("

Ck
R) 9%* -" "+#/ *+ * W (µ, ·) (" /% =!6 !#/%0 "%1(2$#.*(.-#-") ;+% ,-.$*(#.

y 7→ dφ(x, y) (" /% =!6 !#/%0 "%1(2$#.*(.-#-" ,#0  !! x ∈ C) ;+(" 1% ." *+ *

,#0  !! λ ∈ R' *+% !%E%! "%*" {c ∈ CR, dφ(x, c) ≤ λ}  0% /% =!6 $!#"%&) Q"

{c ∈ Ck
R, minj=1,...,k dφ(x, cj) ≤ t} =

⋃k
j=1{c ∈ Ck

R, dφ(x, cj) ≤ t}' *+% !%E%!

"%*" #, c 7→ minj=1,...,k dφ(x, cj)  0% /% =!6 $!#"%&  " /%!!'  .& *+(" ,-.$*(#. ("

/% =!6 !#/%0 "%1(2$#.*(.-#-") I, c
′
$#.E%0B%" /% =!6 *# c'

lim inf
c
′→c

W (µ, c′) = lim inf
c
′→c

∫

min
j=1,...,k

dφ(x, c′j)dµ(x)

≥
∫

lim inf
c
′→c

min
j=1,...,k

dφ(x, c′j)dµ(x)

47 *#-8" 9%11 :

≥
∫

min
j=1,...,k

dφ(x, cj)dµ(x) = W (µ, c)

"(.$% c 7→ minj=1,...,k dφ(x, cj) (" /% =!6 !#/%0 "%1(2$#.*(.-#-") ;+-" W (µ, ·) ("
/% =!6 !#/%0 "%1(2$#.*(.-#-" #.  /% =!6 $#1< $* "%*' /+($+ (1<!(%" *+ * (*

0% $+%" (*" 1(.(1-1' ()%)' *+%0% %D("*" c
∗ ∈ Ck

R' "-$+ *+ * W (µ, c∗) = W ∗(µ))

LR



 !" #$%%& %& '%$%(()$* +!,

 !" #"$%&' ()&&)*$ (#)+  !")#"+ ,-. /01 (#)+ '!" ()&&)*203 &"++/ *!)$"

4#))( 2$ 5&)$" ') '!" 6#$' 4/#' )( '!" 4#))( )(  !")#"+ 7 20 8201"# 9.:; <$""

/&$) =)&&/#1 9.>;?-

 !""# $%& 8"' dφ @" / A#"3+/0 12B"#3"05"- C$$%+" '!/' '!" $"5)01 1"#2B/D

'2B" )( φ : E → R 2$ %02()#+&E $'#)03&E 4)$2'2B"F 2-"-F '!"#" "G2$'$m = m(φ) > 0
$%5! '!/' ()# /&& cF D2

cφ(x, x) ≥ m‖x‖2
F /01 '!/' '!"#" "G2$'$ M = M(φ) $%5!

'!/' ()# /&& cF ‖D2
cφ‖ ≤ M -  !"0F

inf
c∈Ek

W (µ, c) = inf
c∈Bk

R

W (µ, c)

()# $)+" R > 0-

 !""# "# $%&&' ()*) AE  /E&)#H$ ()#+%&/F '!"#" "G2$'$ z @"&)03203 ') '!" )4"0
$"3+"0' xyF $%5! '!/'

φ(x) = φ(y) + Dyφ(x − y) +
1

2
D2

zφ(x − y, x − y).

 !%$F

dφ(x, y) =
1

2
D2

zφ(x − y, x − y),

*!25! 2+4&2"$F @E /$$%+4'2)0F

m

2
‖x − y‖2 ≤ dφ(x, y) ≤ M

2
‖x − y‖2.

I)# /0 20'"3"# ℓ ≥ 1 /01 c
ℓ = (c1, . . . , cℓ)F &"'

wℓ(c
ℓ) = E min

j=1,...,ℓ
dφ(x, cj).

8"' W ∗
ℓ (µ) 1"0)'" '!" )4'2+/& 12$')#'2)0 *2'! #"$4"5' ') ℓDJ%/0'2K"#$- L205"

M)#)&&/#E ,-7 5)##"$4)01$ ') =#)4)$2'2)0 .-7 *!"0 k = 1F *" $%44)$" k ≥ 2-
N)#")B"#F *" 5/0 /$$%+" '!/' '!" $%44)#' )( µ 5)0'/20$ /' &"/$' k 4)20'$

<)'!"#*2$"F *" *)%&1 0)' &))O ()# / kDJ%/0'2K"#?F $) '!/' W ∗
k (µ) < W ∗

k−1(µ)-
8"' ε > 0 $%5! '!/'

ε <
1

2
(W ∗

k−1(µ) − W ∗
k (µ)) <:?

/01 &"' 0 < r1 < r2 $%5! '!/'

m

2
(r2 − r1)

2µ(Br1
) > W ∗

k (µ) + ε <P?

/01

2M

∫

Bc
2r2

‖x‖2dµ(x) < ε. <Q?

7Q



 ! "#$$%! & "$'!($$) c
k = (c1, . . . , ck) %*"# +#&+

wk(c
k) < W ∗

k (µ) + ε.

,#-% -./0-!%

wk(c
k) < W ∗

k−1(µ) − ε,

1#-"# !2%*3!% +#&+ c1, . . . , ck &3! '-%+-2"+4 5%%*.! +#&+ +#!%! !0!.!2+% &3!

%$3+!' -2 -2"3!&%-26 $3'!37 +#&+ -% ‖c1‖ ≤ · · · ≤ ‖ck‖4 ,#!27 ‖c1‖ ≤ r24 ,$ %!!

+#-%7 %*//$%! +#&+ ‖c1‖ > r24 ,#-% .!&2% +#&+ ‖cj‖ > r2 8$3 &00 j4 ,#*%7 8$3
x ∈ Br1

7

min
j=1,...,k

dφ(x, cj) ≥
m

2
min

j=1,...,k
‖x − cj‖2

≥ m

2
min

j=1,...,k
(‖cj‖ − ‖x‖)2

≥ m

2
(r2 − r1)

2.

9!2"!7 W ∗
k (µ) + ε > m

2
(r2 − r1)

2µ(Br1
)7 "$2+3&'-"+-26 -2!:*&0-+; <=>4  ! 1-00

2$1 %#$1 +#&+ 8$3 &00 j7 ‖cj‖ ≤ Cr2 1#!3! C = 2 + 3
√

M
m

> 04 ?*//$%! +#&+

‖ck‖ > Cr24 @2 +#! !A!2+ {x ∈ B2r2
}7

dφ(x, c1) ≤
M

2
(‖x‖ + ‖c1‖)2 ≤ 9

2
Mr2

2

&2'

dφ(x, ck) ≥
m

2
(‖ck‖ − ‖x‖)2 >

m

2
(Cr2 − 2r2)

2 =
9

2
Mr2

2,

+#*%

dφ(x, c1) ≤ dφ(x, ck).

@2 {x ∈ Bc
2r2

}7

dφ(x, c1) ≤
M

2
(‖x‖ + ‖c1‖)2 ≤ 2M‖x‖2.

,#!2

dφ(x, c1) ≤ dφ(x, ck) + 2M‖x‖2
1{x∈Bc

2r2
}. <B>

C!+ c
k−1 = (c1, . . . , ck−1) &2' 0!+ {Sj}k

j=1 '!2$+! +#! D$3$2$- /&3+-+-$2 &%%$"-E

&+!' 1-+# +#! "$./$2!2+% $8 c
k
4  ! $(+&-2

wk−1(c
k−1) =

k
∑

j=1

∫

Sj

min
j=1,...,k−1

dφ(x, cj)dµ(x)

≤
k−1
∑

j=1

∫

Sj

dφ(x, cj)dµ(x) +

∫

Sk

dφ(x, c1)dµ(x)

≤
k

∑

j=1

∫

Sj

dφ(x, cj)dµ(x) + 2M

∫

Bc
2r2

‖x‖2dµ(x).

FB



 !" #$%& %&$&"'"(& )*##*+% ),*' -("./$#-&0 1234  !"(5 60 -("./$#-&-"% 173 $(8

1935

wk−1(c
k−1) ≤ wk(c

k) + ε

≤ W ∗
k (µ) + 2ε

< W ∗
k−1(µ).

 !-% :*(&,$8-:&% &!" 8";(-&-*( *) W ∗
k−1(µ)4  !/%5 wk(c

k) < W ∗
k (µ) + ε -'<#-"%

(c1, . . . , ck) ∈ (BCr2
)k
5 $(8 ;($##05 %"&&-(= R = Cr25

W ∗
k (µ) = inf

c
k∈Bk

R

wk(c
k).

 ! "#$$% $% &'($#() *!+

>% '"(&-*("8 "$,#-",5 &* <,*?"  !"*,"' 94@5 -& -% "(*/=! &* %!*+ &!$& W (µn, ·)
:*(?",="% /(-)*,'#0 &* W (µ, ·) $#'*%& %/,"#04  !" '"&!*8 -% -(%<-,"8 ),*'
A$6-( $(8 B,$0 CD@E $=$-(4 >% -( &!" <,**) *)  !"*,"' D4@5 +" 8";(" &!"

F,"='$( 8-?",="(:" dφ(·, ·) *( C × C̃ +-&! C̃ &!" >#"G$(8,*H :*'<$:&-;:$&-*(
*) C4  !" $%%/'<&-*(% -'<#0 &!$& &!" "G&"(8"8 )/(:&-*( dφ(·, ·) -% :*(&-(/*/%4
I*(&-(/*/% :*(?",="(:" *( $ :*'<$:& %"& -% "./-?$#"(& &* /(-)*,' :*(?",="(:"

1%""5 "4=45  !"*,"' D4@4J -( K*L$%-"+-:M CN7E34 O"(:"5 $% C̃k
-% :*'<$:&5 -&

%/P:"% &* %!*+ &!$& -) (cn)n∈N -% $ %"./"(:" *) <*-(&% -( C̃k
:*(?",=-(= &* c5

&!"(

lim
n→+∞

W (µn, cn) = W (µ, c) a.s.

F0 $ &!"*,"' *) Q$,$8$,$L$( 1 !"*,"' @@494@ -( R/8#"0 C@9E )*, "G$'<#"35

$#'*%& %/,"#05 &!" "'<-,-:$# '"$%/," µn :*(?",="% +"$S#0 &* µ4 A-(:" E -%

$ %"<$,$6#" F$($:! %<$:"5 60 AS*,*!*8T% U"<,"%"(&$&-*(  !"*,"' 1%""5 "4=45

 !"*,"' @@424N -( C@9E35 &!"," "G-%& ,$(8*' ?$,-$6#"% Y $(8 Yn5 8";("8 *( &!"

%$'" <,*6$6-#-&0 %<$:"5 %/:! &!$& Y !$% 8-%&,-6/&-*( µ5 Yn !$% 8-%&,-6/&-*(

µn5 $(8 Yn :*(?",="% &* Y $#'*%& %/,"#04 A-(:" &!" "G&"(8"8 )/(:&-*( dφ(·, ·)
-% :*(&-(/*/%5 minj=1,...,k dφ(xn, cnj) :*(?",="% &* minj=1,...,k dφ(x, cj) $% (xn, cn)
:*(?",="% &* (x, c)4  !",")*,"5 $% cn :*(?",="% &* c5 minj=1,...,k dφ(Yn, cnj) :*(V
?",="% $#'*%& %/,"#0 1$(8 &!/% -( 8-%&,-6/&-*(3 &* minj=1,...,k dφ(Y, cj)4 W*,"V
*?",5 )*, $## c5 dφ(Yn, c) :*(?",="% &* dφ(Y, c) $#'*%& %/,"#05 &!/% $#%* -( 8-%&,-V
6/&-*(4

X) )*, $## j = 1, . . . , k5 cj = ω *, cj ∈ ∂C5 &!"( W (µ, c) = +∞4 F"%-8"%5 60
Y$&*/T% K"''$5

lim inf
n→+∞

W (µn, cn) = lim inf
n→+∞

E min
j=1,...,k

dφ(Yn, cnj) ≥ E min
j=1,...,k

dφ(Y, cj) = W (µ, c).

 !/%5 limn→+∞ W (µn, cn) = +∞ = W (µ, c)4
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 !"#$%&'#( )#! cm  ! "# !$!%!#& '( c  !$'#)*#) &' ri(C)+ ,-!.! !/*0&0 *# ri(C)
" .!)1$". 2'#3!/ 4'$5-!6.'# 2!#&!.!6 "& cm7 2'#&"*#*#) &-! cnm80 ('. $".)!

!#'1)- n 9('. !/"%4$!7 "# s:6*%!#0*'#"$ -54!.21 ! 2!#&!.!6 "& cm7 ;-!.! s
6!#'&!0 &-! 6*%!#0*'# '( &-! "<#! 01 04"2! 04"##!6  5 ri(C)=+ >!& V 6!#'&!

&-! ?#*&! 0!& '( *&0 3!.&*2!0+ @0 &-! (1#2&*'# y 7→ dφ(x, y) *0 "001%!6 &'  !

2'#3!/7 ('. $".)! !#'1)- n7

min
j=1,...,k

dφ(x, cnj) ≤ dφ(x, cnm) ≤
∑

v∈V

dφ(x, v). 9A=

B5 &-! 0&.'#) $"; '( $".)! #1% !.07 "$%'0& 01.!$57 ('. "$$ v ∈ V 7

Edφ(Yn, v) =

∫

dφ(x, v)dµn(x) =
1

n

n
∑

i=1

dφ(Xi, v)

&!#607 "0 n → +∞7 &'

Edφ(X, v) = Edφ(Y, v).

@22'.6*#) &' ,-!'.!% C+D *# EAF7 ('. "#5 v ∈ V 7 dφ(Yn, v) *0 1#*('.%$5 *#&!:

)." $!+ ,-*0 *%4$*!0  5 9A= &-"& &-! 3".*" $!0 minj=1,...,k dφ(Yn, cnj) ".! 1#*:

('.%$5 *#&!)." $! "0 ;!$$+ ,-!.!('.!7  5 ,-!'.!% C+G *# EAF7 W (µn, cn) =
E minj=1,...,k dφ(Yn, cnj) &!#60 "$%'0& 01.!$5 &' E minj=1,...,k dφ(Y, cj) = W (µ, c)7
"0 6!0*.!6+

 !" #$%%& %& '()%$)* +!,

H*#2! P {X ∈ CR} = 17 &-! 2!#&!.0 0&"5 *# &-! 2$'0!6 "#6  '1#6!6 2'#3!/ 0!&

CR "0 &-! 4.''( '( ,-!'.!% C+I 0-';0+ >!& Y "#6 Yn  ! &-! ."#6'% 3".*" $!0

;*&- 6*0&.* 1&*'# µ "#6 µn .!04!2&*3!$57 )*3!#  5 HJ'.'-'680 ,-!'.!%+ ,-!#7

('. "$$ c7

W (µn, c) − W (µ, c) = E min
j=1,...,k

dφ(Yn, cj) − E min
j=1,...,k

dφ(Y, cj)

= E min
j=1,...,k

(φ(Yn) − φ(cj) − Dcj
φ(Yn − cj))

− E min
j=1,...,k

(φ(Y ) − φ(cj) − Dcj
φ(Y − cj))

≤ Eφ(Yn) − Eφ(Y ) + E(− min
j=1,...,k

Dcj
φ(Yn − Y ))

≤ Eφ(Yn) − Eφ(Y ) + ME‖Yn − Y ‖.
K!&7 '#! -"0

Eφ(Yn) =

∫

φ(x)µn(dx) =
1

n

n
∑

i=1

φ(Xi).

,-107  5 &-! 0&.'#) $"; '( $".)! #1% !.07 Eφ(Yn) 2'#3!.)!0 &' Eφ(X) = Eφ(Y )
"$%'0& 01.!$5+ B5 &-! &.*"#)$! *#!L1"$*&57 ‖Y ‖ + ‖Yn‖ − ‖Yn − Y ‖ ≥ 0+ B5

M"&'180 >!%%"7

lim inf
n→+∞

E(‖Y ‖+‖Yn‖−‖Yn−Y ‖) ≥ E lim
n→+∞

(‖Y ‖+‖Yn‖−‖Yn−Y ‖) = 2E‖Y ‖.

NO



 !"#!$#"% &'# ()* !+ ()",# -./0#"1 2/3(2#1 &')& E‖Yn‖ 4!-$#",#1 &! E‖Y ‖
)(/!1& 1."#(56 7'.1%

E‖Yn − Y ‖ −→
n→+∞

0 a.s.

8#-4#% )(/!1& 1."#(5%

sup
c∈Ck

R

|W (µn, c) − W (µ, c)| −→
n→+∞

0

7'21 4!/3(#&#1 &'# 3"!!+ !+ &'# 9"1& 1&)&#/#-&6

:# -!* &."- &! &'# 1#4!-; )11#"&2!-6 7'# +!((!*2-, 2-#<.)(2&5 =1## >?@AB 1'!*1

&')& 2& 1.C4#1 &! 3"!$# &')& E sup
c∈Ck

R
(W (µn, c) − W (µ, c)) $)-21'#1 )1 n

&#-;1 &! 2-9-2&5D

EW (µ, c∗n) − inf
c∈Ck

R

W (µ, c)

≤ E sup
c∈Ck

R

(W (µn, c) − W (µ, c)) + E sup
c∈Ck

R

(W (µ, c) − W (µn, c)) .

E1 1&)&#; )0!$#%

W (µn, c) − W (µ, c) ≤ Eφ(Yn) − Eφ(Y ) + ME‖Yn − Y ‖,

+!" )(( c ∈ Ck
R6  !"#!$#"%

Eφ(Yn) − Eφ(Y ) =
1

n

n
∑

i=1

φ(Xi) − Eφ(X),

)-; &)F2-, #G3#4&)&2!- *2&' "#13#4& &! &'# XiH1% *# ')$#

E

( 1

n

n
∑

i=1

φ(Xi) − Eφ(X)
)

= 0.

I& "#/)2-1 &! 1'!* &')& E sup
c∈Ck

R
E‖Yn − Y ‖ &#-;1 &! 0 )1 n &#-;1 &! 2-9-2&56

7'21 4)- 0# ;!-# 05 ) 1(2,'& );)3&)&2!- !+ &'# 3"!!+ !+ J#//) K6L6 2- M2).%

N#$"!5# )-; J.,!12 >OA6

 !" #$%%& %& '()%$)* +!,

:# 9"1& "#4)(( &'# ;#9-2&2!- )-; 1!/# .1#+.( 3"!3#"&2#1 !+ &'# P);#/)4'#" )$Q

#"),#16 J#& ε1, . . . , εn 0# 2-;#3#-;#-& P);#/)4'#" ")-;!/ $)"2)0(#1% &')& 21 2-Q

;#3#-;#-& ")-;!/ $)"2)0(#1 &)F2-, $)(.#1 2- {−1, 1} 1.4' &')& P {εi = −1} =
P {εi = 1} = 1

2
% 2-;#3#-;#-& !+ X1, . . . , Xn6 R!" ) 4()11 G !+ +.-4&2!-1 +"!/ E

&! R% &'# P);#/)4'#" )$#"),#1 !+ G )"# ;#9-#; 05

Rn(G) = E sup
g∈G

1

n

n
∑

i=1

εig(Xi).

LS



 ! "#$$ %&! '(! )*$$*"#+, -.*-!.'#!&/

01 2*. a ∈ R3 Rn(aG) = |a|Rn(G)3 "(!.! aG = {ag, g ∈ G}1

41 Rn(|G|) ≤ Rn(G)3 "(!.! |G| = {|g|, g ∈ G}1 56(#& -.*-!.'7 )*$$*"& ).*8
'(! 9*+'.:9'#*+ -.#+9#-$! *) ;!<*%= :+< 6:$:,.:+< >4?@1A

?1 Rn(G1 + G2) ≤ Rn(G1) + Rn(G2)3 "(!.! G1 + G2 = {g1 + g2, (g1, g2) ∈
G1 × G2)}1

6(!*.!8 B1? #& : 9*+&!C%!+9! *) '(! )*$$*"#+, $!88:1

 !""# $%& 2*. c ∈ CR3 $!' ℓc <!+*'! '(! .!:$DE:$%!< )%+9'#*+ <!F+!< G7

ℓc(x) = −φ(c) − Dcφ(x − c), x ∈ C.

6(!+3

5#A

E sup
c∈Ck

R

(

W (µn, c) − W (µ, c)
)

≤ 2E sup
c∈Ck

R

1

n

n
∑

i=1

εi min
j=1,...,k

ℓcj
(Xi).

5##A

E sup
c∈Ck

R

1

n

n
∑

i=1

εi min
j=1,...,k

ℓcj
(Xi)

≤ k
(

E sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi) +
1√
n

sup
c∈CR

| − φ(c) + Dcφ(c)|
)

.

5###A

E sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi) ≤
1√
n

sup
c∈CR

‖Dcφ‖(E‖X‖2)1/2.

 !""# "# $%&&' ()*) 5#A ;!'X ′
1, . . . , X

′
n G! :+ #+<!-!+<!+' 9*-7 *)X1, . . . , Xn3

#+<!-!+<!+' *) '(! H:<!8:9(!. E:.#:G$!& ε1, . . . , εn1  ! (:E!

E sup
c∈Ck

R

(

W (µn, c) − W (µ, c)
)

= E sup
c∈Ck

R

( 1

n

n
∑

i=1

min
j=1,...,k

ℓcj
(Xi) − E min

j=1,...,k
ℓcj

(X)
)

= E sup
c∈Ck

R

( 1

n

n
∑

i=1

min
j=1,...,k

ℓcj
(Xi) − E

1

n

n
∑

i=1

min
j=1,...,k

ℓcj
(X ′

i)
)

= E sup
c∈Ck

R

E

( 1

n

n
∑

i=1

min
j=1,...,k

ℓcj
(Xi) −

1

n

n
∑

i=1

min
j=1,...,k

ℓcj
(X ′

i)
∣

∣

∣
X1, . . . , Xn

)

.

40



 ! "#$%#$&% '$#()*+',!-

E sup
c∈Ck

R

(

W (µn, c) − W (µ, c)
)

≤ E sup
c∈Ck

R

1

n

n
∑

i=1

(

min
j=1,...,k

ℓcj
(Xi) − min

j=1,...,k
ℓcj

(X ′
i)

)

= E sup
c∈Ck

R

1

n

n
∑

i=1

εi

(

min
j=1,...,k

ℓcj
(Xi) − min

j=1,...,k
ℓcj

(X ′
i)

)

≤ E sup
c∈Ck

R

1

n

n
∑

i=1

εi min
j=1,...,k

ℓcj
(Xi) + E sup

c∈Ck
R

1

n

n
∑

i=1

(−εi) min
j=1,...,k

ℓcj
(X ′

i)

= 2E sup
c∈Ck

R

1

n

n
∑

i=1

εi min
j=1,...,k

ℓcj
(Xi).

.''/ 01 12,*'$ ,3# '$#()*+',! .''/- 4# *56)# 2! '$7)8,'1$ 1$ k9 :15 k = 1-

E sup
c∈CR

1

n

n
∑

i=1

εiℓc(Xi)

= E sup
c∈CR

1

n

n
∑

i=1

εi(−φ(c) − Dcφ(Xi − c))

≤ E sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi) + E sup
c∈CR

| − φ(c) + Dcφ(c)|
n

∣

∣

∣

∣

n
∑

i=1

εi

∣

∣

∣

∣

≤ E sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi) +
1

n
sup
c∈CR

| − φ(c) + Dcφ(c)|
(

E

(

n
∑

i=1

εi

)2
)1/2

= E sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi) +
1√
n

sup
c∈CR

| − φ(c) + Dcφ(c)|,

)%'$6 ,3# ;*8, ,3*, ,3# εi&% *5# '$7#<#$7#$,9 =%%)># ,3*, %,*,#>#$, .''/ '% ,5)#

;15 k − 1- *$7 +#, )% %314 ,3*, ', '% ,5)# ;15 k9 ?#, c
k−1 = (c1, . . . , ck−1)9

E sup
c∈Ck

R

1

n

n
∑

i=1

εi min
j=1,...,k

ℓcj
(Xi)

= E sup
c∈Ck

R

1

n

n
∑

i=1

εi min
(

ℓck
(Xi), min

j=1,...,k−1
ℓcj

(Xi)
)

= E sup
c∈Ck

R

1

2n

n
∑

i=1

εi

(

ℓck
(Xi) + min

j=1,...,k−1
ℓcj

(Xi) − |ℓck
(Xi) − min

j=1,...,k−1
ℓcj

(Xi)|
)

,

@@



 !"#$ min(a, b) = (a + b)/2− |a− b|/2% &' ()*($)+!$ *, -./$0.#1$) .2$).3$ 4

E sup
c∈Ck

R

1

n

n
∑

i=1

εi min
j=1,...,k

ℓcj
(Xi)

≤ E sup
c∈CR

1

n

n
∑

i=1

εiℓc(Xi) + E sup
c

k−1∈(CR)k−1

1

n

n
∑

i=1

εi min
j=1,...,k−1

ℓcj
(Xi)

= E sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi) +
1√
n

sup
c∈CR

| − φ(c) + Dcφ(c)|+

(k − 1)
(

E sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi) +
1√
n

sup
c∈CR

| − φ(c) + Dcφ(c)|
)

= k
(

E sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi) +
1√
n

sup
c∈CR

| − φ(c) + Dcφ(c)|
)

,

51!#1 ! +1$ /$ !)$/ 6*7"/ ,*) k%

8!!!9 :$ 1.2$

E sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi) = E sup
c∈CR

1

n
Dcφ

( n
∑

i=1

εiXi

)

≤ 1

n
sup
c∈CR

‖Dcφ‖E

∥

∥

∥

n
∑

i=1

εiXi

∥

∥

∥

≤ 1

n
sup
c∈CR

‖Dcφ‖
(

E

∥

∥

∥

n
∑

i=1

εiXi

∥

∥

∥

2
)1/2

≤ 1

n
sup
c∈CR

‖Dcφ‖
(

E

(

n
∑

i=1

‖Xi‖
)2

)1/2

.

; !"3 +1$ ,.#+ +1.+ +1$ Xi< .)$ !"/$($"/$"+ ."/ !/$"+!#.==' /! +)!67+$/4

E sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi) ≤
1

n
sup
c∈CR

‖Dcφ‖
(

E

n
∑

i=1

‖Xi‖2

)1/2

=
1

n
sup
c∈CR

‖Dcφ‖(nE‖X‖2)1/2

=
1√
n

sup
c∈CR

‖Dcφ‖(E‖X‖2)1/2.
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/*)? !BBK$
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6%(&%1. 7#%$2'!#+2 %$0 8%"1-/ 9#!:&.+2$ N3+35)*9;= 1+ N*0;(8*016=$

.1)R;S/=()A CTT!$
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7-.!#/A Z!DKEA CTTZ$

 [" %$ .*+():((A \$ N()/5/A ]$\$ -;1&&3+A *+, J$ V;3=;$ 2&/=0()1+5 ^10;
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!K[BA CTTZ$
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*)? CTT`$
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Erratum

Theorem 4.3 and Corollary 4.1 must be replaced by the statements below.

Theorem 4.3. Suppose that E is a type 2 Banach space with constant T2. For

CR ⊂ ri(C), the following inequality holds:

E sup
c∈Ck

R

(

W (µn, c)−W (µ, c)
)

≤ 2k√
n

(

sup
c∈CR

| − φ(c) +Dcφ(c)|+ T2 sup
c∈CR

‖Dcφ‖(E‖X‖2)1/2
)

.

Corollary 4.1. Suppose that E is a type 2 Banach space with constant T2, and

that, for all x ∈ C, y 7→ dφ(x, y) is weakly lower semi-continuous, which ensures

the existence of an optimal codebook c∗n. Assume that there exists R > 0 such that

P {X ∈ CR} = 1. If | − φ(c) +Dcφ(c)| and ‖Dcφ‖ are uniformly bounded on CR by

M1 = M1(φ,R) ≥ 0 and M2 = M2(φ,R) ≥ 0 respectively, then

EW (µ, c∗n)−W ∗(µ) ≤ 4k√
n

(

M1 + T2M2(E‖X‖2)1/2
)

,

and thus

EW (µ, c∗n)−W ∗(µ) ≤ 4k√
n
(M1 + T2M2R) .

Lemma 5.2 (iii) and its proof are to be modified as follows:

Lemma 5.2 (iii) If E is of type 2, with a constant T2,

E

[

sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi)

]

≤ T2√
n

sup
c∈CR

‖Dcφ‖(E‖X‖2)1/2.

Proof. (iii) We have

E

[

sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi)

]

= E

[

sup
c∈CR

1

n
Dcφ

(

n
∑

i=1

εiXi

)

]

≤ 1

n
sup
c∈CR

‖Dcφ‖E
∥

∥

n
∑

i=1

εiXi

∥

∥

≤ 1

n
sup
c∈CR

‖Dcφ‖
(

E
∥

∥

n
∑

i=1

εiXi

∥

∥

2
)

1/2

As E is of type 2, and since the Xi are identically distributed,

E

[

sup
c∈CR

1

n

n
∑

i=1

εiDcφ(Xi)

]

≤ 1

n
sup
c∈CR

‖Dcφ‖T2

[

n
∑

i=1

E‖Xi‖2
]

1/2

=
1

n
sup
c∈CR

‖Dcφ‖T2(nE‖X‖2)1/2

=
T2√
n

sup
c∈CR

‖Dcφ‖(E‖X‖2)1/2.


