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Abstract

We establish the weak large deviation principle for empirical measures of Markov chains
on Rd under mild assumptions. In particular, no irreducibility is assumed and the initial
measure may be arbitrary. The proof is entirely self-contained and relies on subadditivity. In
the absence of irreducibility, examples show that the rate function is not convex in general.
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1 Introduction
Let (Xn)n∈N be a Markov chain on Rd, d ⩾ 1, associated with a stochastic kernel p and an initial
probability measure β. The empirical measure of (Xn) up to time n is the random probability
measure

Ln :=
1

n

n∑

i=1

δXi
, n ⩾ 1,

where δx denotes the Dirac measure at x. Our goal is to study the large deviations of the
sequence (Ln). A large deviation principle (LDP) is the statement of the exponential decay of
some probabilities involving Ln.

∗Corresponding author: daures@lpsm.paris
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Definition 1.1. Let P(Rd) denote the set of probability measures equipped with its weak topology
and the corresponding Borel σ-algebra. We say that (Ln) satisfies the full LDP (resp. weak LDP)
in the weak topology if there exists a lower semicontinuous function I, called the rate function,
such that all open subsets O and all closed subsets F (resp. compact subsets F ) of P(Rd) satisfy

lim inf
n→∞

1

n
logP(Ln ∈ O) ⩾ − inf

µ∈O
I(µ),

lim sup
n→∞

1

n
logP(Ln ∈ F ) ⩽ − inf

µ∈F
I(µ).

The question of the large deviations of (Ln) was first explored in a series of seminal articles
by Donsker and Varadhan in the 1970s [1, 2, 3]. Since then, a vast literature has been dedicated
to establishing this LDP under various assumptions, and computing the rate function; see the
notes of [4, Chap. 6] or [5] for a historical review. In the literature, most works study the large
deviations under two assumptions: one of exponential tightness and one of irreducibility of the
Markov chain.

Exponential tightness is the assumption that for all M > 0, there exists a compact subset K
of P(Rd) such that

lim sup
n→∞

1

n
logP(Ln /∈ K) ⩽ −M.

Exponential tightness is often not assumed directly, but rather as the consequence of a broader
assumption: for instance, compactness of the state space in [1], Hypothesis (H*) in [3] or
Assumption (U), whose definition is recalled below, in [6, 7, 4]. Usually, the primary purpose of
exponential tightness is to deduce the full LDP from the weak one: one would prove the weak
LDP (without relying on exponential tightness) and then enhance it to the full LDP by the use
of an exponential tightness assumption.1 However, in some cases (which are not exponentially
tight e.g. the simple random walk on Z), the full LDP fails while the weak one holds [8]; in these
cases, the weak LDP is the best achievable result and provides valuable information on the decay
of probabilities. In the present article, we focus on the weak LDP. As a consequence, we never
address the questions of exponential tightness.

The second assumption is that of irreducibility. This assumption can take many different
forms. One classical irreducibility assumption is that of ψ-irreducibility [9, 10, 5]. Assumption (U)
from [6, 7, 4] also works as an irreducibility assumption. However, not all Markov chains are
irreducible, whatever definition of irreducibility is adopted. The simplest examples are of course
discrete [11, 5, 12], but non-irreducibility is also common for continuous Markov chains. In
particular, non-irreducible Markov chains arise from applied competitive models, where several
species (or players) may eventually go extinct (or bankrupt); we present a stochastic version of
the Lotka-Volterra competitive system in Example C.1. Non-irreducibility can also arise in a
perturbed dynamical system; see Example C.4. Very few theoretical results exist in the literature
to handle large deviations for such non-irreducible Markov chains. Recently, the assumption of
irreducibility has been removed from statements of the weak LDP in the discrete case [13, 14, 12],
but the question remains open in the continuous case.

In the present article, we prove that (Ln) satisfies the weak LDP without any irreducibility
condition or exponential tightness assumption. In essence, we prove that, if the initial measure β
and all measures p(x, ·) have densities that are both lower semicontinuous and bounded on Rd,
uniformly in x ∈ Rd, and if a few additional mild assumptions are satisfied, then (Ln) satisfies
the weak LDP. We identify a set A ⊆ P(Rd) outside of which the rate function I is infinite, and
provide convexity properties of I over A. The rigorous statements are Theorems 1.6 and 1.7.

The proof of Theorems 1.6 and 1.7 is based on the subadditive method. This technique consists
in applying a version of the subadditive lemma (see [4, Lemma 6.1.11]) in order to prove the
existence of the Ruelle-Lanford function, which, in turn, implies the desired weak LDP. The
subadditive method originates from early work [15, 16] on i.i.d. sequences and was later adapted
for Markov chains [6, 7, 4], under an irreducibility assumption: this is again the uniformity
Assumption (U), which we recall for later discussion but will never use in the present article.

1In fact, the weak LDP has long been mostly used as a step in deriving the full LDP. This is for instance the
historical method of [3]. While the term “weak LDP” had not been coined yet, the upper bound is indeed proved
only for compact sets before exponential tightness is used.
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Assumption (U). There exist a constant c and integers k ⩽ τ such that

c

τ

τ∑

i=1

pi(x1, ·) ⩾ pk(x2, ·), x1, x2 ∈ Rd.

Assumption (U) imposes conditions on the irreducibility of the Markov chain that are so strong
that they guarantee not only the LDP2 of (Ln) but also its uniformity with respect to the
initial measure. Such strong conditions are not satisfied in general; see Appendix C. However,
subadditive arguments can still be used without (U), at the cost of a weaker result. Recently, [12]
proposed adaptations to the subadditive method to prove that, if the state space is discrete, then
(Ln) satisfies the weak LDP, without any assumptions other than discreteness. In the present
article, we follow a similar route to prove the weak LDP in the case of continuous state space.
The arguments presented here would continue to work if the state space were discrete and the
Lebesgue measure were replaced by the counting measure, effectively providing an alternative
formulation of the subadditive proof of the weak LDP of [12]. We chose not to include this
generalization and to fix the reference space to (Rd,Leb) instead.

The subadditive method is often observed to produce a convex rate function. Nevertheless, in
the present article, we find the rate function not to be generally convex (see Theorem 1.6 and
Example C.1). This possible lack of convexity is related to the lack of irreducibility of the Markov
chain. To our knowledge, the present article and [12] are the only two successful attempts at
using the subadditive method to derive an LDP that has a non-convex rate function.

The article is structured as follows. In the rest of the present section, we introduce our
notations and assumptions. We also define the admissible measures and state the main theorem
of the paper in Section 1.3. In Section 2, we present the Ruelle-Lanford function. We show that
the main theorem follows immediately from the existence of the Ruelle-Lanford function and its
properties. The existence of the Ruelle-Lanford function at non-admissible measures is proved in
Section 2.1. The case of admissible measures requires more involved work. In Section 2.2, we
present the tools for this work: the slicing, stitching and coupling maps. They are manipulations of
trajectories that separate and reassemble portions of trajectories. In Section 2.3, we use the tools
from Section 2.2 to prove the existence of the Ruelle-Lanford function for admissible measures.
As in other uses of the subadditive method, a property of convexity of the rate function3 should
come with the proof of the existence of the Ruelle-Lanford function. The proof of the weak LDP
is complete at the end of Section 2.3. Finally, in Section 2.4, we use the slicing and stitching maps
from Section 2.2 again to prove an additional property of the rate function, which completes the
main theorem.

1.1 Notation
1.1.1 Markov chain and words

We will need some notation in the following. To begin with, we will consider an additional state
xinit /∈ Rd and set p(xinit, ·) = β, so that the Markov chain of kernel p that starts at xinit at time
n = 0 behaves exactly like the Markov chain of kernel p that starts following β at time n = 1.
We will not distinguish between the two; this alternative way to see the initial measure will be
convenient for later notation and definitions.

We will also denote bits of trajectories of (Xn) by words. In the following, Wn denotes the set
of words of length n, that is (Rd)n. The length of a word is denoted by |u|. The empty word is
denoted by e. The set of all (finite) words is W :=

⋃
n⩾0 Wn, and the set of all words of length at

most n is W⩽n :=
⋃

0⩽k⩽n Wk. The i-th letter of a word u is denoted by ui. We denote the last
letter of u by u−1 = u|u|.

We equip W (resp. Wn) with its Borel σ-algebra B(W) (resp. B(Wn)). For all n ∈ N and
given any x ∈ Rd ∪ {xinit}, we define the probability measure p(x, ·) over (Wn,B(Wn)) by

p(x, du) := p(x, du1)

n−1∏

i=1

p(ui, dui+1). (1.1)

2The LDP obtained under (U) is the full LDP, since (U) also implies exponential tightness.
3We do not prove that the rate function is convex — it may not be, in view of the discussion above and

Example C.1 for instance. However, it still satisfies a convexity inequality between some properly chosen points.
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For notational convenience, we also set p(x, ·) = δe on W0 = {e}.4 In the special case x = xinit,
we write

P(du) := p(xinit, du).

By extension, P is the law of the Markov chain (Xn).
It will be useful to consider the set of words of W that contribute to the support of P: the

definition of such a set W̃ is given in Section 1.1.2.

1.1.2 Kernels and densities

In the following, being able to manipulate densities instead of the measures p(x, ·), pk(x, ·)
and p̃(x, ·) will be a great help. Throughout the rest of this article, we assume that for all
x ∈ Rd ∪ {xinit}, the measure p(x, ·) is absolutely continuous with respect to the Lebesgue
measure on Rd. This is the only ambient assumption of the present paper. By Lemma A.1 in the
appendix, there exists a measurable5 function ρ : (Rd ∪ {xinit})× Rd → [0,∞) such that

p(x,A) =

∫

A

ρ(x, y)Leb(dy), x ∈ Rd ∪ {xinit}, A ⊆ Rd a Borel set.

Here, Leb(·) denotes the d-dimensional Lebesgue measure. It is possible to extend the definition
of ρ to W. For all x ∈ Rd ∪ {xinit} and n ⩾ 1, the function

u 7→ ρ(x, u) := ρ(x, u1)

|u|−1∏

i=1

ρ(ui, ui+1)

is the density of p(x, ·) with respect to the Lebesgue measure on Wn (which, by definition of Wn,
is simply the Lebesgue measure of Rdn, still denoted by Leb(·)). We let W̃ denote the set of
u ∈ W such that ρ(xinit, u) > 0. The definitions of W̃n and W̃⩽n follow similarly.

Let k ⩾ 1. The definition of p(x, ·) over Wk allows us to define the iterated kernels pk and p̃
by p1 = p and, for k ⩾ 2,

pk(x, dy) =

∫

Wk−1

p(ξk−1, dy)p(x,dξ),

p̃(x, dy) =

∞∑

k=1

2−kpk(x, dy), x ∈ Rd ∪ {xinit}.

We can easily extend the definition of pk(x, ·) as a probability measure on Wn by replacing
p(x,du1) by pk(x,du1) in (1.1). We also set pk(x, ·) = δe on W0 for all k. The kernels pk and p̃
have densities; for a fixed x ∈ Rd ∪ {xinit}, the measurable functions

y 7→ ρk(x, y) :=

∫

Wk−1

p(x, dξ)ρ(ξk−1, y), y 7→ ρ̃(x, y) :=

∞∑

k=1

2−kρk(x, y),

are the respective densities of the measures pk(x, ·) and p̃(x, ·) with respect to the Lebesgue
measure on Rd. Replacing y by some u ∈ Wn in the definition of ρk defines ρk(x, ·) as the density
of pk(x, ·) ∈ P(W̃n).

1.1.3 Communicating classes

We define communicating classes. This construction is possible under the mere existence of ρ̃,
but its relevance will become clear with Assumption (A) stated in Section 1.2 below.

We call communicating class every maximal set A such that ∀x, y ∈ A, ρ̃(x, y) > 0.6 By
definition, an element x ∈ Rd belongs to a communicating class if and only if ρ̃(x, x) > 0. We
denote by (Cj)j∈J the family of all communicating classes and we set

C =
⋃

j∈J
Cj . (1.2)

4This convention will be very useful in the proof of Proposition 2.17.
5While the measurability of the function ρ(x, ·) for all x is automatic, the joint measurability of ρ is a genuinely

stronger property whose validity requires a technical argument, that is, Lemma A.1.
6Such maximal sets are well defined thanks to Zorn’s Lemma.
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Under Assumption (A), the sets Cj are open and do not overlap, hence the index set J is finite
or countable. We define the relation (⇝) on J by

j1 ⇝ j2 ⇔ ∀x ∈ Cj1 , p̃(x,Cj2) > 0.

Under Assumption (A), this relation is a partial order on J . By Lemma 1.2, the definition of
(⇝) is equivalent to

j1 ⇝ j2 ⇔ ∃x ∈ Cj1 , p̃(x,Cj2) > 0.

In addition, we write β ⇝ j if p̃(xinit, Cj) > 0 for notational convenience.

1.2 Assumptions
1.2.1 Semicontinuity

Assumption (A). The set ρ−1((0,∞)) is an open set of (Rd ∪ {xinit})× Rd.

Of course, Assumption (A) is a consequence of the simpler assumption that ρ is lower
semicontinuous over (Rd ∪ {xinit})× Rd. In the present article, we only use the semicontinuity
assumption when establishing other assumptions. Instead, the results of the article are stated
under (A). We now state some convenient properties of transitivity under (A). In particular,
Lemma 1.2 implies that (⇝) is a partial order on J .

Lemma 1.2. Assume (A).

1. The sets (ρk)−1((0,∞)) are open subsets of (Rd ∪ {xinit})× Rd for all k ∈ N.

2. The set ρ̃−1((0,∞)) is an open subset of (Rd ∪ {xinit})× Rd.

3. Let x ∈ Rd ∪ {xinit}, y ∈ Rd, and u ∈ W. If ρ(x, uy) > 0, then ρk(x, y) > 0, where
k = |u|+ 1.

4. Let x ∈ Rd ∪ {xinit}, and y, z ∈ Rd. If ρk(x, y) > 0 for some k ∈ N and ρl(y, z) > 0 for
some l ∈ N, then ρk+l(x, z) > 0. In particular,

(
ρ̃(x, y) > 0, ρ̃(y, z) > 0

)
⇒ ρ̃(x, z) > 0.

Proof. 1. Observe by performing the change of variables ξ = ξ′z in the integral defining ρk+1

that the functions ρk satisfy the recursive relation

ρk+1(x, y) =

∫

Rd

ρk(x, z)ρ(z, y)Leb(dz). (1.3)

Let (x, y) ∈ (Rd ∪ {xinit})× Rd be such that ρk+1(x, y) > 0. Thus, the integrand in (1.3)
cannot be almost everywhere zero; there exists z ∈ Rd such that ρk(x, z)ρ(z, y) > 0.
Therefore, by Assumption (A), ρ is positive on an open neighborhood A1 × A2 of (z, y).
In addition, if ρk is such that (ρk)−1((0,∞)) is open, then ρk is positive on an open
neighborhood B1 × B2 of (x, z). For all (x′, y′) ∈ B1 × A2, since B2 ∩ A1 is an open set
on which ρk(x′, z)ρ(z, y′) > 0, the relation (1.3) yields ρk+1(x′, y′) > 0. This proves that
(ρk+1)−1((0,∞)) is an open set, hence by induction (ρk)−1((0,∞)) is an open set for all
k ∈ N.

2. Since ρ̃ ⩾ 2−kρk for all k, the first point implies that ρ̃−1((0,∞)) is an open set of
(Rd ∪ {xinit})× Rd.

3. When k = 1, we have ρ1(x, y) = ρ(x, y) > 0. Let k ⩾ 2. By definition,

ρk(x, y) =

∫

Wk−1

ρ(x, ξ1)ρ(ξ1, ξ2) . . . ρ(ξk−2, ξk−1)ρ(ξk−1, y)Leb(dξ).

The integrand is positive at ξ = u. By Assumption (A), there exist open neighborhoods Ai

of each letter ui such that the integrand is positive on A1 × . . .×Ak−1. Hence, the integral
is positive.

5



4. By the change of variables ξ = ξ′y′ξ′′ in the integral defining ρk+l(x, z), we have

ρk+l(x, z) =

∫

Wk−1

∫

Rd

∫

Wl−1

p(x, dξ′)p(ξ′k−1, dy
′)p(y′, dξ′′)ρ(ξ′′l−1, z)

=

∫

Rd

ρk(x, y′)ρl(y′, z)Leb(dy′).

By the first point, the integrand is positive on an open neighborhood of y, hence the integral
is positive.

1.2.2 Pseudo-uniformity

If K is a compact subset of C, we denote by Kj the compact set Cj ∩K, and by Kβ the singleton
{xinit}. We also set, for j ∈ JK := {β} ∪ {j ∈ J | Kj ̸= ∅},7

K+
j =

⋃

j′∈J
j⇝j′

Kj′ , K−
j =

⋃

j′∈J
j′⇝j

Kj′ .

We say that a compact set K ⊆ C is admissible if JK is finite and totally ordered.

Assumption (B). For all admissible compact sets K ⊆ C, there exist a constant cK , an integer
τK and a measurable function

τ :
⋃

j∈JK

K−
j ×Kj → {1, . . . , τK}

such that, for all j ∈ JK ,

sup
x1∈K−

j

sup
k∈N

ρk(x1, y) ⩽ cKρ
τ(x2,y)(x2, y), (x2, y) ∈ K−

j ×Kj . (1.4)

We notice that, if (B) is satisfied, then the bound (1.4) also holds when the letter y ∈ Kj is
replaced by a word u ∈ W whose first letter belongs to Kj .

Assumption (B) is a far weaker assumption than the usual uniformity assumption (U).
In order to compare them, Proposition 1.3 below provides an alternative formulation of (B).
Assumption (B’) of Proposition 1.3 and Assumption (U) differ in two critical ways. First, the
bound (1.5) is not required to hold uniformly on C × C, but only on compact sets. Second, the
bound (1.5) is only required to hold for suitable x1, x2: those from which y is reachable. In
particular, this assumption may be satisfied in non-irreducible contexts, whereas (U) obviously
cannot. See the examples in Appendix C.

Proposition 1.3. Assumption (B) is equivalent to:
Assumption (B’). For all admissible compact sets K ⊆ C, there exist a constant c′K and an integer
τK such that, for all j ∈ JK ,

ρk(x1, y) ⩽
c′K
τK

τK∑

i=1

ρi(x2, y), x1, x2 ∈ K−
j , y ∈ Kj , k ∈ N. (1.5)

Proof. Assume (B). For all j ∈ JK , for every x2 ∈ K−
j and almost every y ∈ Kj , we have

sup
x1∈K−

j

sup
k∈N

ρk(x1, y) ⩽ cKρ
τ(x2,y)(x2, y) ⩽ cK

τK∑

i=1

ρi(x2, y),

which implies (B’) with c′K = cKτK . We now assume (B’) and prove (B). For all j ∈ JK , for
every x ∈ K−

j and almost every y ∈ Kj , we have

sup
x1∈K−

j

sup
k∈N

ρk(x1, y) ⩽
c′K
τK

τK∑

i=1

ρi(x, y).

7Recall that we write β ⇝ j when p̃(xinit, Cj) > 0.

6



Let τ be the function defined for every x ∈ K−
j and almost every y ∈ Kj as the exponent i

maximizing ρi(x, y), or the smallest of such if there are several:

τ(x, y) = min
{
i ∈ {1, . . . , τK}

∣∣ ∀i′ ∈ {1, . . . τK}, ρi(x, y) ⩾ ρi
′
(x, y)

}
.

This defines a measurable function τ almost everywhere on
⋃

j∈JK
K−

j ×Kj . This function τ is
such that for all j ∈ JK , for every x2 ∈ K−

j and almost every y ∈ Kj ,

sup
x1∈K−

j

sup
k∈N

ρk(x1, y) ⩽
c′K
τK

τK∑

i=1

ρi(x2, y) ⩽ c
′
Kρ

τ(x2,y)(x2, y).

Therefore, (B) is satisfied with cK = c′K .

Showing that (B) holds may seem convoluted. However, it is often quite simple in practice,
as (B) is actually a consequence of the boundedness and semicontinuity of ρ.

Lemma 1.4. If ρ is lower semicontinuous and bounded on (Rd ∪ {xinit}) × Rd, then (B) is
satisfied.

Proof. Let j, j′ ∈ JK be such that j′ ⇝ j. For all (x, y) ∈ Kj′ ×Kj , there exists l = l(x, y) ∈ N
such that ρl(x, y) > 0. Indeed, by definition of the order, there exists some z ∈ Cj such that
ρ̃(x, z) > 0; since we also have ρ̃(z, y) > 0, we get ρ̃(x, y) > 0, which in turn implies the existence
of l. Therefore,

Kj′ ×Kj ⊆
⋃

l∈N

⋃

n∈N

{
(x, y) ∈ Kj′ ×Kj | ρl(x, y) > 1/n

}
.

The set on the left-hand side of this inclusion is compact. By Fatou’s Lemma, the lower
semicontinuity of ρl follows from that of ρ. Hence, the sets appearing on the right-hand side
of the inclusion are open. We extract a finite cover from this open cover; by taking m as the
smallest 1/n appearing in the finite cover, we deduce

Kj′ ×Kj ⊆
N⋃

i=1

Bi, Bi =
{
(x, y) ∈ Kj′ ×Kj | ρli(x, y) ⩾ m

}
.

We set τ(x, y) = li, for some i satisfying (x, y) ∈ Bi. For all (x, y) ∈ Kj′ ×Kj , we have

ρτ(x,y)(x, y) ⩾ m. (1.6)

This construction holds for any j, j′ ∈ JK such that j′ ⇝ j, thus we have defined a function τ
satisfying (1.6) on

⋃
j∈JK

K−
j ×Kj . By the boundedness assumption on ρ, we consider a constant

M such that ρ ⩽M on (Rd ∪ {xinit})× Rd. Then, ρk ⩽M on (Rd ∪ {xinit})× Rd for all k ∈ N,
thus

sup
x1∈K−

j

sup
k∈N

ρk(x1, y) ⩽M, y ∈ K.

Taking cK =M/m yields (1.4).

1.2.3 Measure of the boundaries

Assumption (C). The boundary ∂C of C has Lebesgue measure 0.

We view this assumption as mild. One simple counter-example is when ρ(x, ·) does not depend
on x (thus the Markov chain is actually an i.i.d. sequence) and is supported on the complement
of the fat Cantor set. In that case, there is exactly one communicating class C, which is the
complement of the fat Cantor set itself, hence ∂C has positive Lebesgue measure.

7



1.2.4 Behavior outside of the communicating classes

Assumption (D). For all µ ∈ P(Rd) such that µ(C) < 1, there exists a neighborhood V of µ (in
the weak topology of P(Rd)) such that

lim
n→∞

1

n
logP(Ln ∈ V ) = −∞. (1.7)

Assumption (D) may seem tailor-made for the conclusions of Theorem 1.6. This assumption
allows us to avoid addressing the problematic case of measures that are not supported on C.
However, we believe that making such an assumption is not restrictive in practice, as it is very
natural for Markov chains to satisfy it. Of course, when C = Rd, there is nothing to prove. But
even in more complicated practical cases, (D) is often easily proved. Examples C.2 and C.4 in
Appendix C present some arguments that can be used to prove (D) in dimension d = 1. In fact,
we were unable to find any simple instance of a Markov chain whose density is both bounded and
lower semicontinuous on (Rd ∪ {xinit})× Rd, that satisfies (C) while violating (D).

1.3 Main results
Before stating the result, let us introduce the admissible measures. Intuitively, admissible measures
are the elements of P(Rd) that can be approximated by Ln for arbitrarily large n, with positive
probability. Their definition is similar to that of admissible measures in the discrete case [13, 12].
Let us recall that p is such that p(x, ·) is assumed to be absolutely continuous with respect to
the Lebesgue measure for all x ∈ Rd ∪ {xinit}. The communicating classes (Cj) are defined in
Section 1.1.3 and Assumptions (A), (B), (C) and (D) are defined in Section 1.2 above.

Definition 1.5. A measure µ ∈ P(Rd) is said to be admissible if

1. µ is absolutely continuous with respect to Leb;

2. suppµ ⊆ C;

3. for all j ∈ J such that µ(Cj) > 0, we have β ⇝ j;

4. the relation ⇝ is a total order on {j ∈ J | µ(Cj) > 0};

The set of admissible measures is denoted by A ⊆ P(Rd).

Notice that the set of probability measures satisfying the first three conditions is convex. The
set of probability measures satisfying the fourth condition may not be convex. Nevertheless,
if the fourth condition is satisfied by two measures µ1 and µ2 and by a third measure in
[µ1, µ2]\{µ1, µ2}, then it is satisfied by every measure of the line segment [µ1, µ2]. This is because
the set {j ∈ J | λµ1(Cj) + (1− λ)µ2(Cj) > 0} is the same for all λ ∈ (0, 1). Therefore, the set A
may not be convex, but it satisfies the same property.

We can now state the main theorem of the present paper.

Theorem 1.6. Assume (A), (B), (C) and (D). Then, (Ln) satisfies the weak LDP with rate
function I satisfying

1. if µ /∈ A, then
I(µ) = ∞;

2. if µ1, µ2 ∈ A and λ ∈ [0, 1] are such that λµ1 + (1− λ)µ2 ∈ A, then

I(λµ1 + (1− λ)µ2) ⩽ λI(µ1) + (1− λ)I(µ2);

3. if µ1, µ2 ∈ A are such that λµ1 + (1 − λ)µ2 ∈ A for some λ ∈ [0, 1] and if no class Cj

satisfies µ1(Cj)µ2(Cj) > 0, then

I(λµ1 + (1− λ)µ2) = λI(µ1) + (1− λ)I(µ2).

Considering Lemma 1.4 and the discussions of Section 1.2, a direct corollary of this theorem
is the following.
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Theorem 1.7. Assume that ρ is lower semicontinuous and bounded on (Rd ∪ {xinit})× Rd. In
addition, assume (C) and (D). Then, the conclusions of Theorem 1.6 hold.

This is to be compared with existing results for discrete non-irreducible Markov chains from
[13, 14, 12]. In particular, the set of admissible measures A plays the same role and we recover the
same properties of I as in the discrete case. We believe that, as in the discrete case, I coincides
on A with the Donsker-Varadhan entropy. However, the proof of this a posteriori identification
by [12] cannot accommodate the continuous case, as it involves a minimal cycle decomposition,
which is a purely discrete object.

The rest of this article is dedicated to proving Theorem 1.6. The theorem follows from
Propositions 2.3, 2.4 and 2.5, that are stated in Section 2 below and proved in Sections 2.1, 2.3
and 2.4; this is where the subadditive method is actually performed. Once Theorem 1.6 is proved,
Theorem 1.7 follows by Lemma 1.4.

2 The Ruelle-Lanford function
The weak topology of P(Rd) is metrized by the Lévy-Prokhorov metric dLP (see Appendix B).
Recall that all µ, ν ∈ P(Rd) satisfy dLP(µ, ν) ⩽ dTV(µ, ν) := |µ− ν|TV, where | · |TV denotes the
total variation norm on the set of finite signed measures of Rd. The open Lévy-Prokhorov ball of
radius δ and center µ is denoted by BLP(µ, δ).

Definition 2.1. For every measurable set A of P(Rd), we set

s(A) = lim inf
n→∞

1

n
logP(Ln ∈ A),

s(A) = lim sup
n→∞

1

n
logP(Ln ∈ A).

Let µ ∈ P(Rd). We set

s(µ) = lim
δ→0

s(BLP(µ, δ)),

s(µ) = lim
δ→0

s(BLP(µ, δ)).

If s(µ) = s(µ), we set IRL(µ) = −s(µ) = −s(µ) and we say that the Ruelle-Lanford function of
(Ln) exists at µ.

Ruelle-Lanford functions are named after Ruelle and Lanford, who used a subadditive approach
to define and compute limits of logarithmic moment generating functions [17, 18, 19] before
they were used in large deviations. See [20] for a detailed historical account. Our use of the
Ruelle-Lanford function lies in the following standard lemma.

Lemma 2.2. If the Ruelle-Lanford function of (Ln) exists at all µ ∈ P(Rd), then IRL is lower
semicontinuous on P(Rd) and (Ln) satisfies the weak LDP with rate function I = IRL.

For a (simple) proof of this lemma and related properties, see [4, Section 4.1.2]. This is the
cornerstone of the subadditive method. To prove the weak LDP of Theorem 1.6, it suffices to prove
the existence of the Ruelle-Lanford function. This is achieved by deriving supermultiplicative
inequalities for some sequences (P(Ln ∈ BLP(µ, δ)))

8 in the next sections. The additional
properties of I stated in Theorem 1.6 are properties of IRL that come with the proof of its
existence. We state these properties here, and prove them in the next sections.

Proposition 2.3. Assume (A) and (D). Let µ ∈ P(Rd) \ A. Then, the Ruelle-Lanford function
of (Ln) exists at µ and IRL(µ) = ∞.

Proposition 2.4. Assume (A), (B) and (C). Then, the Ruelle-Lanford function IRL of (Ln)
exists at all µ ∈ A. Moreover, for all µ1, µ2 ∈ A and λ ∈ [0, 1] such that λµ1 + (1− λ)µ2 ∈ A,

IRL(λµ1 + (1− λ)µ2) ⩽ λIRL(µ1) + (1− λ)IRL(µ2). (2.1)
8Thus, subadditive inequalities for the sequence (− log P(Ln ∈ BLP(µ, δ))).
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Proposition 2.5. Assume (A), (B) and (C). For all µ1, µ2 ∈ A and λ ∈ [0, 1] such that
λµ1 + (1− λ)µ2 ∈ A, if no communicating class Cj satisfies µ1(Cj)µ2(Cj) > 0, then

IRL(λµ1 + (1− λ)µ2) ⩾ λIRL(µ1) + (1− λ)IRL(µ2). (2.2)

Combining Propositions 2.3, 2.4 and 2.5 yields Theorem 1.6. Note that Propositions 2.3
and 2.4 alone are already sufficient to establish the weak LDP, while Proposition 2.5 is only needed
to derive the last property of the rate function. We prove Proposition 2.3 in Section 2.1. We prove
Proposition 2.4 in Section 2.3, using the tools provided in Section 2.2. We prove Proposition 2.5
in Section 2.4, using the tools provided in Section 2.2.

2.1 The Ruelle-Lanford function for non-admissible measures
Proposition 2.6. Let µ ∈ P(Rd). Suppose that µ is not absolutely continuous with respect to
the Lebesgue measure. Then, IRL(µ) exists and IRL(µ) = ∞.

Proof. Let IDV denote the Donsker-Varadhan entropy:

IDV(µ) = sup
f

∫

Rd

log
f(x)

pf(x)
µ(dx), (2.3)

where the supremum is taken over the set of measurable functions f : Rd → (0,∞) satisfying
ε ⩽ f ⩽ 1/ε for some ε > 0. It is well known [5, Theorems 3.2, 4.1] that the large deviations
weak upper bound is always satisfied with rate function IDV. Hence [4, Lemma 4.1.24] yields
the following implication: if IDV(µ) = ∞, then s(µ) = −∞, further implying that IRL(µ) exists
and is infinite. Let us show that IDV(µ) = ∞. Let A be a Borel set such that µ(A) > 0 and
Leb(A) = 0. Let a > 0 and f(x) = a1A(x) + 1. This defines a function that is measurable,
bounded, and bounded away from 0. We have

pf(x) = a

∫

A

ρ(x, y)Leb(dy) + 1 = 1.

Thus, ∫

Rd

log
f(x)

pf(x)
µ(dx) =

∫

Rd

log f(x)µ(dx) = µ(A) log(1 + a),

which can be arbitrarily large. This shows that the quantity in the supremum of (2.3) can be
arbitrarily large. Hence IDV(µ) = ∞, which concludes the proof.

Proposition 2.7. Assume (D). Let µ ∈ P(Rd) be such that suppµ ̸⊆ C. Then, IRL(µ) exists
and IRL(µ) = ∞.

Proof. Since suppµ ̸⊆ C, we have µ(C) < 1, hence Assumption (D) applies. By definition of IRL,
we have IRL(µ) = ∞.

Proposition 2.8. Assume (A). Let µ ∈ P(Rd) be absolutely continuous with respect to the
Lebesgue measure. Assume that µ(Cj) > 0 for some j ∈ J satisfying β ̸⇝ j. Then, IRL(µ) exists
and IRL(µ) = ∞.

Proof. We prove the contrapositive. Assume s(µ) > −∞. Let δ be as in Lemma B.1 with O = Cj .
By definition of s, there must exist a word u ∈ W̃ such that L[u] ∈ BLP(µ, δ). By Lemma B.1,
L[u](Cj) > 0, thus at least one letter of u belongs to Cj . Up to taking a prefix of u instead of u,
we can assume that the last letter of u, denoted by x, belongs to Cj . By Lemma 1.2, we have
ρk(xinit, x) > 0, where k = |u|. Assumption (A) further yields pk(xinit, Cj) > 0; in other words,
β ⇝ j.

Proposition 2.9. Assume (A). Let µ ∈ P(Rd) be absolutely continuous with respect to the
Lebesgue measure. Assume that µ(Cj1)µ(Cj2) > 0 for some j1, j2 ∈ J that are not comparable
under (⇝). Then, IRL(µ) exists and IRL(µ) = ∞.
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Proof. We prove the contrapositive. Assume s(µ) > −∞. We use Lemma B.1 to find δ > 0 such
that all ν ∈ BLP(µ, δ) satisfy ν(Cj1)ν(Cj2) > 0. By definition of s, there must exist a word u ∈ W̃
such that L[u] ∈ BLP(µ, δ). By Lemma B.1, L[u](Cj1) > 0 and L[u](Cj2) > 0, thus both Cj1 and
Cj2 contain at least one letter of u. We denote by x1 and x2 two such letters and we assume, for
instance, that x1 comes before x2 in u. Since u ∈ W̃, Lemma 1.2 shows us that ρk+1(x1, x2) > 0
where k is the number of letters between x1 and x2 in u. By Assumption (A), we further have
pk+1(x1, Cj2) > 0, thus j1 ⇝ j2. If we assumed that x2 came before x1 in u instead, we would
have obtained j2 ⇝ j1. In both cases, j1 and j2 are comparable.

2.2 Slicing and stitching words
In this section, we introduce the slicing, stitching, coupling and decoupling maps, which are
operations on words. Like in [12], these operations will allow us to recombine portions of words
together in order to build a long word from several small ones. Given u ∈ W \ {e}, we set

L[u] =
1

|u|

|u|∑

j=1

δuj .

Given a sequence of non-empty words9 u = (u1, . . . , uk) ∈ (W \ {e})k, we set

L[u] =

k∑

i=1

|ui|
|u|

L[ui], |u| :=
k∑

i=1

|ui|.

Throughout this section, K ⊆ C is an admissible compact set. For convenience, we relabel
elements of JK as β, 1, . . . , r, so that β ⇝ 1⇝ . . .⇝ r.

2.2.1 The slicing map

Definition 2.10 (The slicing map). Let u ∈ Wn. For each 1 ⩽ j ⩽ r, if u has no letters in Kj,
let uj = e. Otherwise, let uj be the subword of u whose first letter is the first letter of u within
Kj and whose last letter is the last letter of u within Kj. We define Fn(u) = (u1, . . . , ur) ∈ Wr.

Implicitly, the slicing map depends on the choice of the compact K. Since we have a total
order on (Cj)1⩽j⩽r, every u ∈ W̃n can be written

u = ζ1(u)u1ζ2(u)u2 . . . ζr(u)urζr+1(u),

where ζj(u) are some words of length at most n. See Figure 1a for a visual depiction of the slicing
map applied to two words u1, u2 ∈ W̃n. In the next proposition, we formulate bounds in terms of
a simple continuous function h : (0,∞) → [0,∞), defined by

h(x) =
∣∣∣ 1
x
− 1
∣∣∣+ |1− x|. (2.4)

The function h will provide rough bounds that are more convenient than the precise ones obtained
in the proof. Notice that limx→1 h(x) = 0.

Proposition 2.11. 1. Let n ∈ N and let u ∈ W̃n be such that w := Fn(u) ̸= (e, . . . , e). Then,

dLP(L[u], L[w]) ⩽ dTV(L[u], L[w]) ⩽ h
( |w|
n

)
. (2.5)

2. Let k ∈ N and let u := (u1, u2, . . . , uk) ∈ W̃k
n be such that wi := Fn(u

i) ̸= (e, . . . , e) for all
i. Then,

dLP(L[u], L[v]) ⩽
1

k

k∑

i=1

(
h
(k|wi|

|v|

)
+ h
( |wi|
n

))
, (2.6)

where v ∈ Wkr is the concatenation of the lists w1, . . . , wk.
9Except when explicitly specified, exponents on words do not denote powers, but simply a numbering. Indices

are reserved for numbering the letters of a given word: uij is the j-th letter of the i-th word. Underlined letters
will always represent lists of words; v is the list (v1, . . . , vk).
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Proof. We begin by proving (2.5). We have dLP ⩽ dTV on P(Rd)2. Moreover,

dTV(L[u], L[w]) =

∣∣∣∣L[u]−
1

|w|

r∑

j=1

|uj |L[uj ]
∣∣∣∣
TV

⩽ 1− |w|
n

+
1

n

∣∣∣∣
n∑

i=1

δui
−

r∑

j=1

|uj |∑

i=1

δuj
i

∣∣∣∣
TV

.

On the right-hand side, each Dirac mass in the second sum also appears in the first. Hence,

dTV(L[u], L[w]) ⩽ 1− |w|
n

+
1

n
(n− |w|) ⩽ h

( |w|
n

)
.

The bound with h(|w|/n) is due to |w| ⩽ n. We have proved (2.5). We now prove (2.6).
Using (2.5), we have

dLP(L[u], L[v]) ⩽ dTV(L[u], L[v]) =

∣∣∣∣
k∑

i=1

1

k
L[ui]−

k∑

i=1

|wi|
|v|

L[wi]

∣∣∣∣
TV

⩽
k∑

i=1

(∣∣∣1
k
− |wi|

|v|

∣∣∣+ 1

k
|L[ui]− L[wi]|TV

)

⩽
k∑

i=1

∣∣∣1
k
− |wi|

|v|

∣∣∣+ 1

k

k∑

i=1

h
( |wi|
n

)

⩽
1

k

k∑

i=1

(
h
(k|wi|

|v|

)
+ h
( |wi|
n

))
.

We have thus proved (2.6).

2.2.2 The stitching map

In this section, we assume (B). The function τ and the constants τK and cK are defined in
Assumption (B) and depend on K. In the discrete case of [12], the output of the stitching map
was a word. Here, we need Gk,T (v) to be a set of words in order to later make the inequality
P(Gk,T (v)) > 0 possible. See Figure 1b for a visual depiction of the stitching map.

Definition 2.12 (The stitching map). Let k ∈ N. We say that a finite sequence of words v =
(v1, . . . , vk) ∈ Wk is stitchable if there exists a nondecreasing function j : {1, . . . , k} → {1, . . . , r}
such that for each 1 ⩽ i ⩽ k satisfying vi ≠ e, the first and last letter of vi belong to Kj(i). Let
T ∈ N. We set

Sk,T = {v ∈ Wk, v is stitchable, |v|+ kτK ⩽ T}.
Let v ∈ Sk,T . We define the measurable set Gk,T (v) ⊆ WT in the following way: for each
1 ⩽ i ⩽ k,

1. if vi = e, we set τi = 0;

2. otherwise, let y = vi1 and let x be the last letter of the last non-empty vj before vi in the
sequence (or xinit if there are none). Then, (x, y) ∈

⋃r
j=1K

−
j ×Kj (because the sequence is

stitchable) and we set τi = τ(x, y).

Finally, we set τk+1 = T − (|v|+ τ1 + . . .+ τk) ⩾ 0 and

Gk,T (v) = Wτ1 × {v1} ×Wτ2 × {v2} × . . .×Wτk × {vk} ×Wτk+1
⊆ WT .

Proposition 2.13. Let v ∈ Sk,T be such that v ̸= (e, . . . , e). Then, for all w ∈ Gk,T (v), we have

dLP(L[w], L[v]) ⩽ 2h
( |v|
T

)
.

Proof. Using that dLP ⩽ dTV, we obtain

dLP(L[w], L[v]) ⩽
( T
|v|

− T

T

)
+

1

|v|

∣∣∣∣
|w|∑

i=1

δwi
−

k∑

i=1

|vi|∑

j=1

δvi
j

∣∣∣∣
TV

.

Since words vi are non-overlapping subwords of w, the two sums in the TV norm on the right-hand
side differ only by Dirac terms corresponding to letters of w that are not in its subwords vi.
There are at most T − |v| such letters and hence the second term is at most (T − |v|)/|v|. This
completes the proof because 1 + 1/T ⩽ 2.
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K1

C1

K2

C2u1,1
u1,2

u2,1

u2,2

x1,11

x2,11

}
= xinit

x1,21

x2,21

(a) The action of the slicing map on two words u1 and u2. The slicing
map removes the gray bits of the trajectories and yields a list of four
subwords v = (u1,1, u1,2, u2,1, u2,2). The letters xi,j

1 used in the proof of
Proposition 2.17 are indicated.

K1

C1

K2

C2u1,1
u1,2

u2,1

u2,2

x1,12 = xinit x2,12

x1,22

x2,22

(b) The action of the stitching map on the stitchable list σ(v) =
(u1,1, u2,1, u1,2, u2,2). The dashed lines represent the insertion of Wτk

between words of σ(v). The letters xi,j
2 used in the proof of Proposi-

tion 2.17 are indicated.

Figure 1: Example of use of the coupling map, with N = 2 and r = 2.
Trajectories are depicted as smooth curves for easier readability, even though
they are discrete in time. Given u = (u1, u2), the slicing map produces
four subwords of u1 and u2 in (1a). These subwords are reordered and then
reassembled by the stitching map in (1b).

2.2.3 The coupling map

In this section, we assume (B). The coupling map is a composition of the slicing map and the
stitching map. Given N words of length n, it provides a set of words of length T involving
subwords of the initial words. See Figure 1 for a visual depiction of the coupling map.

Lemma 2.14. Let N,n ∈ N. There exists σ : Fn(W̃n)
N → WNr such that the elements of σ(v)

are exactly the elements of v and σ(v) belongs to SNr,T for every integer T ⩾ Nn+NrτK .

Proof. Let u = (u1, . . . , uN ) ∈ W̃N
n . Applying F to each ui yields an N × r matrix of words ui,j .

If ui,j ̸= e, then the first and last letters of ui,j belong to Kj . We set σ(Fn(u
1), . . . , Fn(u

N ))
to be the list obtained by reading the entries of the matrix (uij) column by column. This list
contains Nr elements and is stitchable. Moreover,

|σ(Fn(u
1), . . . , Fn(u

N ))| =
∑

1⩽i⩽N

∑

1⩽j⩽r

|ui,j | ⩽
∑

1⩽i⩽N

|ui| = Nn.

Hence σ(Fn(u
1), . . . , Fn(u

N )) ∈ SNr,T if T ⩾ Nn+NrτK .
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Definition 2.15 (The coupling map). Let N,n, T ∈ N be such that T ⩾ Nn + NrτK . Let
u = (u1, . . . , uN ) ∈ W̃N

n . Let v = (Fn(u
1), . . . , Fn(u

N )). Then, σ(v) ∈ SNr,T , and we set

ΨN,n,T (u) = GNr,T (σ(v)) = GNr,T (σ(Fn(u
1), . . . , Fn(u

N ))) ∈ B(WT ).

Proposition 2.16. Let u = (u1, . . . , uN ) ∈ W̃N
n be such that ui := Fn(u

i) ̸= (e, . . . , e) for all i,
and v = (u1, . . . , uN ). Then, for all w ∈ ΨN,n,T (u), we have

dLP(L[u], L[w]) ⩽
1

N

N∑

i=1

(
h
(N |ui|

|v|

)
+ h
( |ui|
n

))
+ 2h

( |v|
T

)
. (2.7)

Proof. Since L[v] = L[σ(v)], we have

dLP(L[u], L[w]) ⩽ dLP(L[u], L[v]) + dLP(L[σ(v)], L[w]).

It then suffices to combine the bounds of Propositions 2.11 and 2.13. The bound (2.7) follows
since |σ(v)| = |v|.

The following proposition is the core of our subadditive method. It states that the long words
w resulting from the coupling of small words ui are approximately as probable under P as the
small words ui independently picked according to P. One can prove it without using densities,
provided a bound such as in Assumption (B) is satisfied.

Proposition 2.17. Let W be a measurable subset of WT , and let

U = {u ∈ W̃N
n | ΨN,n,T (u) ⊆W}.

Then,10

P⊗N (U) ⩽
(
crK(τK + 1)r(n+ 1)2r+1

)NP(W ). (2.8)

Proof. Let us begin by introducing some useful notation. Throughout the proof we will manipulate
a generic u ∈ U , on which several variables will implicitly depend. For 1 ⩽ i ⩽ N , we set
(ui,1, . . . , ui,r) := Fn(u

i) and we define the words ζi,j by the expressions

ui = ζi,1ui,1ζi,2ui,2 . . . ζi,rui,rζi,r+1, 1 ⩽ i ⩽ N, (2.9)

where by convention ζi,j = e when ui,j = e (this choice avoids some ambiguity when some ui,j is
empty). The words ζi,j implicitly depend on u. We also set

v = (Fn(u
1), . . . , Fn(u

N )) = (u1,1, u1,2, . . . , uN,r−1, uN,r) ∈ WNr
⩽n ,

11

which also implicitly depends on u. The cornerstone of the present proof will be the use of
Assumption (B), which involves two letters x1 and x2. We now introduce letters xi,j1 and xi,j2 for
later use. We denote by xi,j1 the last letter of the last non-empty word preceding ui,j in the list
Fn(u

i), or xinit if there are none. In particular, notice that xi,11 = xinit for all i. Similarly, we
denote by xi,j2 the last letter of the last non-empty word preceding ui,j in the list σ(v), or xinit if
there are none. See Figure 1 for a visual depiction of the definitions of xi,j1 and xi,j2 . Notice that
xi,j1 ∈ Kj1 and xi,j2 ∈ Kj2 for some j1, j2 ⇝ j.12 To manipulate words of fixed lengths, we define
the sets

Ek =
{
u ∈ W̃N

n | ∀1 ⩽ i ⩽ N, 1 ⩽ j ⩽ r + 1, |ζi,j | = ki,j
}
,

Fl =
{
u ∈ W̃N

n | ∀1 ⩽ i ⩽ N, 1 ⩽ j ⩽ r, |ui,j | = li,j
}
,

Gτ =
{
u ∈ W̃N

n | ∀1 ⩽ i ⩽ N, 1 ⩽ j ⩽ r, τ(xi,j2 , ui,j1 ) = τi,j if τi,j > 0},
10Note that the factor in (2.8) is simpler than the corresponding one in [12]. This is because our stitching map

allows empty words as input.
11We now view the object v = (Fn(u1), . . . , Fn(uN )) as the concatenation of the lists Fn(u1), . . . , Fn(uN ), which

is a list of Nr words, rather than a N × r matrix of words.
12Including the case when j1 = β or j2 = β.
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where k = (ki,j), l = (li,j) and τ = (τi,j) are N × (r + 1) and N × r matrices of integers such
that ki,1 + li,1 + . . .+ ki,r + li,r + ki,r+1 = n for all i and τi,j ⩽ τK for all (i, j). We set

Uk,l,τ = U ∩ Ek ∩ Fl ∩ Gτ , Vτ = V ∩ F⊗N
n (Gτ ),

where
V = {v′ ∈ SNr,T | GNr,T (v

′) ⊆W}.

By definition, u ∈ U if and only if σ(v) ∈ V if and only if ΨN,n,T (u) ⊆W . The goal is to bound
the quantity

P⊗N (Uk,l,τ ) =

∫

Ek∩Fl

1U∩Gτ
(u)

N∏

i=1

p(xinit, du
i). (2.10)

Here, the indicator function only involves the subwords ui,j and does not constrain the subwords
ζi,j . This means that 1U∩Gτ

(u) can be replaced by 1Vτ
(σ(v)) in the integral. Let the symbol zi,j

denote the letter preceding ui,j in (2.9), or xinit if there are none — as for earlier notations, the
letter zi,j implicitly depends on u. These notations allow the change of variable

p(xinit, du
i) = p(xi,11 , dζi,1)p(zi,1, dui,1)p(xi,21 , dζi,2) . . . p(zi,r, dui,r)p(xi,r1 , dζi,r+1)

in integrals over Wn with fixed lengths of subwords.13 Performing these changes of variables
in (2.10) yields

P⊗N (Uk,l,τ ) =

∫
. . .

∫
1Vτ (σ(v))

N∏

i=1

( r∏

j=1

p(xi,j1 , dζi,j)p(zi,j , dui,j)

)
p(xi,r+1

1 , dζi,r+1).

In this expression, there are N(2r + 1) integrals that are taken over Wk1,1 , Wl1,1 ,. . ., WlN,r
,

WkN,r+1
. Since the words ζi,j are not constrained by the indicator function, the integrals over

Wki,j
simplify; by definition of pk we get

P⊗N (Uk,l,τ ) =

∫
. . .

∫
1Vτ

(σ(v))

N∏

i=1

r∏

j=1

pki,j (xi,j1 , dui,j),

where the Nr remaining integrals are taken over Wl1,1 ,Wl1,2 , . . . ,WlN,r
. Note that, during this

simplification, the integrals over Wki,r+1
became p(xi,r+1

1 ,Wki,r+1
) = 1. We are now ready to use

Assumption (B) in each of the remaining integrals. We recall that xi,j2 is a letter depending on u
that was defined in the beginning of the proof. By definition, for all 1 ⩽ j ⩽ r, the first letter of
ui,j belongs to Kj if ui,j ̸= e and xi,j1 and xi,j2 both belong to K−

j . By Assumption (B), we have

P⊗N (Uk,l,τ ) ⩽ c
Nr
K

∫
. . .

∫
1Vτ

(σ(v))

N∏

i=1

r∏

j=1

pτi,j (xi,j2 , dui,j), (2.11)

where the integrals are still taken over Wl1,1 ,Wl1,2 , . . . ,WlN,r
. Before expanding back each pτi,j

into an integral over Wτi,j , we need one last notation. Given words ξi,j such that |ξi,j | = τi,j and
another word ξ1,r+1 such that

|ξ1,r+1| = τ1,r+1 := T − (τ1,1 + l1,1 + . . .+ τN,r + lN,r),

we define yi,j as the letter preceding ui,j in the word

w := (ξ1,1u1,1ξ2,1u2,1 . . . ξN,1uN,1) . . . (ξ1,ru1,rξ2,ru2,r . . . ξN,ruN,r)ξ1,r+1, (2.12)

or xinit if there are none — of course, the letter yi,j depends implicitly on the choice of words
ξi,j . With this notation, we have

pτi,j (xi,j2 , dui,j) =

∫

Wτi,j

p(xi,j2 , dξi,j)p(yi,j , dui,j).

13To address the case when some ki,j or some li,j are null, we recall the convention that p(x, ·) = δe over
W0 = {e}, for all x ∈ Rd ∪ {xinit}.
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Injecting these expansions in (2.11), we get

P⊗N (Uk,l,τ ) ⩽ c
Nr
K

∫
. . .

∫
1Vτ (σ(v))

N∏

i=1

( r∏

j=1

p(xi,j2 , dξi,j)p(yi,j , dui,j)

)
,

where there are now 2Nr integrals over Wτ1,1 , Wl1,1 , Wτ2,1 , Wl2,1 , . . ., WτN,r
, WlN,r

. Using the
fact that all x ∈ Rd ∪ {xinit} satisfy

1 = p(x,Wτ1,r+1
) =

∫

Wτ1,r+1

p(x, dξ1,r+1),

we can even insert one last integral over ξ1,r+1 ∈ Wτ1,r+1 in this bound. Moreover, by definition
of Vτ , the indicator function in the integrals satisfies 1Vτ (σ(v)) ⩽ 1W (w), where w is the word
defined in (2.12). By performing the change of variable induced by (2.12), we get

P⊗N (Uk,l,τ ) ⩽ c
Nr
K

∫

WT

1W (w)p(xinit, dw) = cNr
K P(W ).

This bound holds for every choice of k, l, τ . Since the sets Uk,l,τ provide a partition of U , we
just need to count the number of different choices of k, l, τ to obtain a bound on P⊗N (U). There
are at most (n + 1)N(2r+1) joint choices of k and l, and at most (τK + 1)Nr choices for τ . By
multiplying these factors, we recover the constant of (2.8). The proof is complete.

2.3 The Ruelle-Lanford function for admissible measures
In this section, we prove Proposition 2.4. Assume (A), (B) and (C). Let µ1, µ2 be two admissible
measures such that the probability measure µ := 1

2µ1 +
1
2µ2 is admissible too. We will take

µ1 = µ2 = µ to prove the existence of the Ruelle-Lanford function. We will then choose µ1 and
µ2 arbitrarily to prove the convexity property of Proposition 2.4. Since µ is absolutely continuous
with respect to Leb, Assumption (C) yields that µ(∂C) = 0 so that µ(C) = 1. Let ε > 0. We
choose a finite subfamily of pairwise comparable classes of (Cj)j∈J , which we now relabel as
C1, C2, . . . , Cr, such that µ(Cj) > 0 for all j ⩽ r and

µ(C1) + . . .+ µ(Cr) ⩾ 1− ε

4
, β ⇝ 1⇝ 2⇝ . . .⇝ r.

The existence of such a subfamily of (Cj)j∈J is granted by the admissibility of µ. Since
µ = 1

2µ1 +
1
2µ2, we have

µk(C1) + . . .+ µk(Cr) ⩾ 1− ε

2
, k ∈ {1, 2}.

The measures µ1 and µ2 are inner regular because they are absolutely continuous with respect
to the Lebesgue measure. Hence, there exists a compact set K0 ⊆ C1 ∪ . . . ∪ Cr such that
µ1(K

0) ⩾ 1− ε and µ2(K
0) ⩾ 1− ε. As a consequence, we also have µ(K0) ⩾ 1− ε. Let δ > 0.

Without loss of generality, we assume that

0 < δ < min
(
d(K0,Rd \ (C1 ∪ . . . ∪ Cr)),

1− ε

2

)
,

so that
K := {x ∈ Rd | d(x,K0) ⩽ δ} ⊆ C1 ∪ . . . ∪ Cr.

The set K is an admissible compact set. As before, we set Kβ = Cβ = {xinit} and Kj = Cj ∩K
for all 1 ⩽ j ⩽ r. The slicing, stitching, and coupling maps are henceforth defined with respect to
these choices of sets Cj , Kj and K.

In this context, Proposition 2.16 results in an ε-δ bound, for proper choices of n and T : this
is Corollary 2.18 below. Corollary 2.18 states that the coupling map turns any list of words u
whose empirical measures approximate µ1 and µ2 into a set of words w whose empirical measure
approximates µ. We recall that h is simply the continuous function satisfying h(1) = 0 introduced
in (2.4). Notice that the right-hand side of (2.13) vanishes as (ε, δ) → (0, 0).
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Corollary 2.18. Let n ∈ N be such that τK/n ⩽ δ and n(1− ε− δ) ⩾ 1, let T ∈ N be such that
n+ rτK ⩽ Tδ, and let14

N =

⌊
T

n+ rτK

⌋
.

Let u = (u1, . . . , uN ) ∈ W̃N
n be such that dLP(L[ui], µ1) ⩽ δ when i is odd and dLP(L[ui], µ2) ⩽ δ

when i is even. Then, for all w ∈ ΨN,n,T (u),

dLP(L[w], µ) ⩽ 4h
(
(1− ε− δ)

1− δ

1 + rδ

)
+ 3δ =: f(ε, δ). (2.13)

Proof. By definition of K and since each L[ui] is δ-close to µ1 or µ2, we have L[ui](K) ⩾ 1−ε− δ.
Hence at least one letter of each ui belongs to K, implying that ui := Fn(u

i) ̸= (e, . . . , e). By
Proposition 2.16, we have

dLP(L[w], µ) ⩽
1

N

N∑

i=1

(
h
(N |ui|

|v|

)
+ h
( |ui|
n

))
+ 2h

( |v|
T

)
+ dLP(L[u], µ),

where v is as in Proposition 2.16. Since L[u] = 1
NL[u

1] + . . . + 1
NL[u

N ] and µ = 1
2µ1 +

1
2µ2,

Lemma B.2 allows us to bound the last term by

δ +

∣∣∣∣
1

2
−

⌈N
2 ⌉
N

∣∣∣∣+
∣∣∣∣
1

2
−

⌊N
2 ⌋
N

∣∣∣∣ ⩽ δ +
1

N
⩽ 3δ.

For the other terms, we need to prove that the quantities N |ui|
|v| , |ui|

n and |v|
T are close to 1. Let

1 ⩽ i ⩽ N and let k = 1 if i is odd and k = 2 if i is even. By the choice of K as the δ-neighborhood
of K0, the bound dLP(L[ui], µk) ⩽ δ yields

L[ui](K) + δ ⩾ µk(K
0) ⩾ 1− ε,

hence ui has at least (1− ε− δ)n letters in K. Thus, by definition of ui, we have

1− ε− δ ⩽
|ui|
n
⩽ 1.

Since |v| = |u1|+ . . .+ |uN |, we have

1− ε− δ ⩽
N |ui|
|v|

⩽
1

1− ε− δ
.

Moreover, by definition of N , T and n, we have

(1− ε− δ)
1− δ

1 + rδ
⩽

|v|
T
⩽ 1.

Considering the monotonicity of h on (0, 1) and on (1,∞), as well as the fact that h(1/x) = h(x),
we have

1

N

N∑

i=1

(
h
(N |ui|

|v|

)
+ h
( |ui|
n

))
+ 2h

( |v|
T

)
⩽ 4h

(
(1− ε− δ)

1− δ

1 + rδ

)
.

The bound of the corollary follows.

Lemma 2.19. Let n, T and N be as in Corollary 2.18. Let

A(1)
n (δ) = {u ∈ W̃n | dLP(L[u], µ1) ⩽ δ},

A(2)
n (δ) = {u ∈ W̃n | dLP(L[u], µ2) ⩽ δ},

BT (ε, δ) = {w ∈ WT | dLP(L[w], µ) ⩽ f(ε, δ)}.

Then,

P(A(1)
n (δ))⌈N/2⌉P(A(2)

n (δ))⌊N/2⌋ ⩽ Cn,TP(BT (ε, δ)),

Cn,T =
(
crK(τK + 1)r(n+ 1)2r+1

)N
.

(2.14)

14This choice of N satisfies T ⩾ Nn+NrτK .
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Proof. By Corollary 2.18,

ΨN,n,T (An,N (δ)) ⊆ BT (ε, δ),

where An,N (δ) := A(1)
n (δ)×A(2)

n (δ)×A(1)
n (δ)×A(2)

n (δ)× . . .×A(2−N+2⌊N/2⌋)
n (δ).

Hence, by Proposition 2.17, we have

P⊗N (An,N (δ)) ⩽ P⊗N ({u ∈ W̃N
n | ΨN,n,T (u) ⊆ ΨN,n,T (An,N (δ))})

⩽
(
crK(τK + 1)r(n+ 1)2r+1

)NP(ΨN,n,T (An,N (δ)))

⩽
(
crK(τK + 1)r(n+ 1)2r+1

)NP(BT (ε, δ)).

The proof is complete.

Lemma 2.19 provides the supermultiplicative inequality15 mentioned in the discussion below
Lemma 2.2. We now use this inequality to prove Proposition 2.4, effectively completing the proof
of the weak LDP.

Proof of Proposition 2.4. We shall divide the logarithm of (2.14) by T and pass to the limit as
n → ∞ and T → ∞ to prove the existence of the Ruelle-Lanford function. Before proceeding,
notice that using N =

⌊
T

n+rτK

⌋
in the definition of Cn,T yields

lim
T→∞

1

T
logCn,T =

1

n+ rτK
log
(
crK(τK + 1)r(n+ 1)2r+1

)
,

thus
lim

n→∞
lim

T→∞

1

T
logCn,T = 0. (2.15)

We can now proceed to the proof of the existence of the Ruelle-Lanford function. Let µ1 = µ2 = µ

in Lemma 2.19 and let An(δ) := A
(1)
n (δ) = A

(2)
n (δ). For suitable integers n and T , this lemma

yields
1

T

⌊
T

n+ rτK

⌋
logP(An(δ)) ⩽

1

T
logCn,T +

1

T
logP(BT (ε, δ)).

In this inequality, we take first the limit inferior as T → ∞, and then the limit superior as n→ ∞.
By (2.15), we have

s(BLP(µ, δ)) ⩽ 0 + s(BLP(µ, f(ε, δ))). (2.16)

Since limε→0 limδ→0 f(ε, δ) = 0, taking the limit in (2.16) as δ → 0, and then as ε → 0 yields
s(µ) ⩽ s(µ), which shows that the Ruelle-Lanford function exists at µ. We now prove that the
rate function IRL satisfies (2.1). For any choice of admissible µ1 and µ2 such that µ := 1

2µ1 +
1
2µ2

is admissible, and for proper choice of n and T , Lemma 2.19 yields
⌈
N
2

⌉

T
logP(A(1)

n (δ)) +

⌊
N
2

⌋

T
logP(A(2)

n (δ)) ⩽
1

T
logCn,T +

1

T
logP(BT (ε, δ)).

In this inequality, we take first the limit inferior as T → ∞, and then the limit inferior as n→ ∞.
By (2.15), we have

1

2
s(BLP(µ1, δ)) +

1

2
s(BLP(µ2, δ)) ⩽ 0 + s(BLP(µ, f(ε, δ))).

Since the Ruelle-Lanford function exists at µ1, µ2 and µ, taking this bound to the limit as δ → 0,
and then as ε→ 0 yields

−1

2
IRL(µ1)−

1

2
IRL(µ2) ⩽ −IRL(µ). (2.17)

Let now ν1, ν2 ∈ A and λ ∈ (0, 1) be such that ν := λν1 + (1 − λ)ν2 ∈ A. By the discussion
following Definition 1.5, we have [ν1, ν2] ⊆ A. Therefore, by repeatedly applying (2.17) along the
dyadic approximations of λ, we obtain that

λIRL(ν1) + (1− λ)IRL(ν2) ⩾ lim inf
ν′→ν

IRL(ν
′).

Since IRL is lower semicontinuous, this proves (2.1).
15(2.14) is not stricto sensu a supermultiplicative inequality, yet it is enough for the purpose of proving the

existence of the Ruelle-Lanford function.
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2.4 An additional property of the Ruelle-Lanford function
In this section, we prove Proposition 2.5. The results of this section are not used in the proof
of the weak LDP itself. Assume (A), (B) and (C). Let λ1, λ2 ∈ (0, 1) be such that λ1 + λ2 = 1
and let µ1, µ2 be two admissible measures such that the probability measure µ := λ1µ1 + λ2µ2 is
admissible too. We assume that J is partitioned into two disjoint sets J1 and J2 such that

suppµ1 ⊆
⋃

j∈J1

Cj , suppµ2 ⊆
⋃

j∈J2

Cj .

By Proposition 2.4, the quantities IRL(µ), IRL(µ1) and IRL(µ2) exist in [0,∞]. We shall prove
that they satisfy (2.2). Let ε > 0. Without loss of generality, we assume that

0 < ε < min
(λ1
2
,
λ2
2

)
= min

(
1

2
µ

( ⋃

j∈J1

Cj

)
,
1

2
µ

( ⋃

j∈J2

Cj

))
.

Since µ1 and µ2 are absolutely continuous with respect to Leb, Assumption (C) yields that
µ(∂C) = µ1(∂C) = µ2(∂C) = 0 so that µ(C) = µ1(C) = µ2(C) = 1. We choose a finite subfamily
of pairwise comparable classes of (Cj)j∈J , that we now relabel as C1, C2, . . . , Cr, such that
µ(Cj) > 0 and





µ1(C1) + µ1(C2) + . . .+ µ1(Cr) ⩾ 1− ε
2 ,

µ2(C1) + µ2(C2) + . . .+ µ2(Cr) ⩾ 1− ε
2 ,

β ⇝ 1⇝ 2⇝ . . .⇝ r.

The existence of such a subfamily of (Cj)j∈J is granted by the admissibility of µ. The set C :=
C1 ∪ . . .∪Cr is split in two according to the partition J = J1 ⊔J2. We let η : {1, . . . , r} → {1, 2}
be the map defined by η(j) = 1 if j ∈ J1 and η(j) = 2 if j ∈ J2, and we set

C(1) =
⋃

j∈η−1(1)

Cj ⊆ C, C(2) =
⋃

j∈η−1(2)

Cj ⊆ C.

Since λ1 and λ2 are no larger than 1, we have µ
(
C(1)

)
⩾ λ1−ε/2 > 0 and µ

(
C(2)

)
⩾ λ2−ε/2 > 0.

Since µ is absolutely continuous with respect to the Lebesgue measure, Assumption (C) implies
that C(1) and C(2) are continuity sets of µ. By the Portmanteau theorem, there exists δ > 0
such that |ν(C(1))− µ(C(1))| < ε/2 and |ν(C(2))− µ(C(2))| < ε/2 for all ν ∈ BLP(µ, δ), further
implying

ν
(
C(1)

)
> λ1 − ε > 0, ν

(
C(2)

)
> λ2 − ε > 0, ν ∈ BLP(µ, δ). (2.18)

The measures µ1 and µ2 are inner regular because they are absolutely continuous with respect to
the Lebesgue measure. Hence, there exists a compact set K0 ⊆ C such that µ1(K

0) ⩾ 1− ε and
µ2(K

0) ⩾ 1− ε. As a consequence, we also have µ(K0) ⩾ 1− ε. Since K does not depend on δ,
let us assume that

0 < 2δ < min
(
d(K0,Rd \ C), λ1 − ε, λ2 − ε

)
,

without loss of generality. We set

K = {x ∈ Rd | d(x,K0) ⩽ δ} ⊆ C.

The set K is an admissible compact set. As before, we set Kβ = Cβ = {xinit} and Kj = Cj ∩K
for all 1 ⩽ j ⩽ r. By the assumption on δ, note that d(Kj , ∂Cj) > δ for all 1 ⩽ j ⩽ r. The set K
is also split in two according to the partition J = J1 ⊔ J2; we set

K(1) =
⋃

j∈η−1(1)

Kj , K(2) =
⋃

j∈η−1(2)

Kj .

2.4.1 The decoupling map

We reuse the slicing and stitching maps of Section 2.2 and compose them in an alternative way
to define the decoupling map. For γ ∈ {1, 2}, we set rγ = #η−1(γ) and we denote by jγ(i) the
i-th integer j satisfying η(j) = γ, so that

{1, . . . , r} = {j1(1), . . . , j1(r1)} ⊔ {j2(1), . . . , j2(r2)}.
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C1

C2

C3 C4

C5

K1

K2

K3 K4

K5

u1

u2

u3 u4

u5xinit = x11

x21

x31

x41
x51

(a) The action of the slicing map on a word u. The letters xi,j
1 used in

the proof of Proposition 2.22 are indicated.

C1

C2

C3 C4

C5

K1

K2

K3 K4

K5

u1

u2

u3 u4

u5
xinit
= x1,12

= x2,12

x1,22

x2,22

x1,32

(b) The action of the stitching map on the stitchable lists (u1, u3, u4) and
(u2, u5). The dashed lines represent the insertion of Wτk between words.
The letters xγ,i

2 used in the proof of Proposition 2.22 are indicated.

Figure 2: Example of use of the decoupling map with respect to the partition
{1, 2, 3, 4, 5} = {1, 3, 4} ⊔ {2, 5}. Trajectories are depicted as smooth curves
for easier readability, even though they are discrete in time. Given a word u,
the slicing map produces five subwords u1, . . . u5 in (2a). These subwords are
then reassembled by the stitching map in (2b).

For all u ∈ W, we denote by |u|γ = |u|C(γ) the number of letters of u that belong to C(γ), and

L(γ)[u] =
1

|u|γ

|u|∑

i=1

1C(γ)(ui)δui ∈ P(Rd),

when |u|γ > 0. We fix two integers T1, T2 such that Tγ ⩾ (λγ + ε)n+ rγτK for γ ∈ {1, 2}.

Definition 2.20 (The decoupling map). Let n ∈ N. Let u ∈ W̃n be such that |u|γ ⩽ (λγ +
ε)n for γ ∈ {1, 2} and set (u1, . . . , ur) = Fn(u). For γ ∈ {1, 2}, we denote by v(γ) the list
(ujγ(1), . . . , ujγ(rγ)). Then (v(1), v(2)) ∈ Sr1,T1

× Sr2,T2
and we set

Φ(1)
n (u) = Gr1,T1

(
v(1)

)
, Φ(2)

n (u) = Gr2,T2

(
v(2)

)
, Φn(u) =

(
Φ(1)

n (u),Φ(2)
n (u)

)
.

In this definition, we have indeed (v(1), v(2)) ∈ Sr1,T1
× Sr2,T2

because the two lists v(γ) are
properly ordered and satisfy |v(γ)| ⩽ |u|γ ⩽ (λγ + ε)n, for γ ∈ {1, 2}.

Proposition 2.21. Let u ∈ W̃n be such that |u|γ ⩽ (λγ+ε)n for γ ∈ {1, 2} and set (u1, . . . , ur) =
Fn(u). For γ ∈ {1, 2}, we denote by v(γ) the list (ujγ(1), . . . , ujγ(rγ)). Assume that v(γ) ̸= (e, . . . , e)
for γ ∈ {1, 2}. Then, for all w ∈ Φn(u),

dLP(L
(γ)[u], L[w]) ⩽ h

( |v(γ)|
|u|γ

)
+ 2h

( |v(γ)|
Tγ

)
. (2.19)

Proof. Since dLP ⩽ dTV, we have

dLP(L
(γ)[u], L[w]) ⩽ dTV

(
L(γ)[u], L[v(γ)]

)
+ dTV

(
L[v(γ)], L[w]

)
. (2.20)
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The first term of this bound yields the first term on the right-hand side of (2.19). Indeed, as in
the proof of Proposition 2.11, we have

dTV

(
L(γ)[u], L[v(γ)]

)
⩽

1

|v(γ)|
− 1

|u|γ
+

1

|u|γ

∣∣∣∣
n∑

k=1

1C(γ)(uk)δuk
−

∑

j∈η−1(γ)

|uj |∑

k=1

δuj
k

∣∣∣∣
TV

.

On the right-hand side, since all the letters of uj belong to Cj , every Dirac term that appears in
the rightmost sum also appears in the left one. Hence,

dTV

(
L(γ)[u], L[v(γ)]

)
⩽

1

|v(γ)|
− 1

|u|γ
+ 1− |v(γ)|

|u|γ
⩽ h

( |v(γ)|
|u|γ

)
.

The second term of the bound (2.20) yields the second term on the right-hand side of (2.19) by
Proposition 2.13.

Proposition 2.22. Let W be a measurable set of WT1 ×WT2 and let

U = {u ∈ W̃n | Φn,T1,T2
(u) ⊆W}.

Then,
P(U) ⩽ (n+ 1)2r+1(τK + 1)rcrKP⊗2(W ).

Proof. Since the Borel σ-algebra of WT1 × WT2 is generated by the π-system of Cartesian
products of the form W =W1 ×W2 where Wγ is a measurable set of WTγ

, γ ∈ {1, 2}, we make
the assumption that W =W1 ×W2 without loss of generality. The general structure of this proof
is the same as that of the proof of Proposition 2.17. The notation of this proof mirrors that of
the proof of Proposition 2.17; we manipulate a word u ∈ U on which several variables depend.
We set (u1, . . . , ur) := Fn(u) and we define ζj by the expression

u = ζ1u1ζ2u2 . . . ζrurζr+1, (2.21)

where by convention ζj = e when uj = e. The words ζj implicitly depend on u. For γ ∈ {1, 2},
we set v(γ) to be the list of those uj such that η(j) = γ. As in the proof of Proposition 2.17,
we also introduce some specific letters that implicitly depend on u. We denote by xj1 the letter
preceding ζj in u, or xinit if there are none, and we denote by zj the letter preceding uj in u, or
xinit if there are none. In addition, for γ ∈ {1, 2} and 1 ⩽ i ⩽ rγ , the word ujγ(i) is an element of
the list v(γ), so we denote by xγ,i2 the last letter of the non-empty word preceding ujγ(i) in v(γ),
or xinit if there are none. Letters xj1 and xγ,i2 are illustrated in Figure 2. To manipulate words of
fixed length, we define the sets

Ek = {u ∈ W̃n | ∀1 ⩽ j ⩽ r + 1, |ζj | = kj},

Fl = {u ∈ W̃n | ∀1 ⩽ j ⩽ r, |uj | = lj},

Gτ1 = {u ∈ W̃n | ∀1 ⩽ i ⩽ r1, τ(x1,i2 , u
j1(i)
1 ) = τ1,i},

Gτ2 = {u ∈ W̃n | ∀1 ⩽ i ⩽ r2, τ(x2,i2 , u
j2(i)
1 ) = τ2,i},

where k = (kj), l = (lj), τ1 = (τ1,i) and τ2 = (τ2,i) are sequences of integers such that
k1 + l1 + . . . + kr + lr + kr+1 = n and τγ,i ⩽ τK for all γ ∈ {1, 2} and 1 ⩽ i ⩽ rγ . We set, for
γ ∈ {1, 2},

Uk,l,τ = U ∩ Ek ∩ Fl ∩ Gτ1 ∩ Gτ2 , V (γ)
τ = V (γ) ∩ Fn(Gτγ ),

where V (γ) = {v(γ) ∈ Srγ ,Tγ | Grγ ,Tγ (v
(γ)) ⊆Wγ}. We must estimate P(Uk,l,τ ). Performing the

change of variables induced by (2.21), we have

P(Uk,l,τ ) =

∫

Ek∩Fl

1U∩Gτ (u)p(xinit, du)

=

∫
. . .

∫
1V (1)(v(1))1V (2)(v(2))1Gτ

(u)

×
( r∏

j=1

p(xj1, dζ
j)p(zj , duj)

)
p(xr+1

1 , dζr+1),
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where there are 2r + 1 integrals over Wk1 ,Wl1 , . . . ,Wlr ,Wkr+1 in the second line. The integrals
over Wki

can be simplified by definition of pki . We get

P(Uk,l,τ ) =

∫
. . .

∫
1V (1)(v(1))1V (2)(v(2))1Gτ (u)

r∏

j=1

pkj (xj1, du
j), (2.22)

where only the r integrals over Wl1 , . . . ,Wlr remain. Before going further, we use that {1, . . . , r} is
partitioned into {j1(1), . . . , j1(r1)} and {j2(1), . . . , j2(r2)}, so that the product involved in (2.22)
can be split into

r∏

j=1

pkj (xj1, du
j) =

( r1∏

i=1

pkj1(i)
(
x
j1(i)
1 , duj1(i)

))( r2∏

i=1

pkj2(i)
(
x
j2(i)
1 , duj2(i)

))
.

Now we can use Assumption (B) for each pkjγ (i) in (2.22). By definition, the first letter of ujγ(i)

belongs to Kjγ(i) and both x
jγ(i)
1 and xγ,i2 belong to K−

jγ(i)
, for all i ⩽ rγ . By Assumption (B),

we obtain

P(Uk,l,τ ) ⩽ c
r
K

∫
. . .

∫ (
1V (1)(v(1))

r1∏

i=1

pτ1,i
(
x1,i2 , duj1(i)

))

×
(
1V (2)(v(2))

r2∏

i=1

pτ2,i
(
x2,i2 , duj2(i)

))
,

where the r integrals are still taken over Wl1 , . . . ,Wlr . Thanks to the Fubini-Tonelli theo-
rem and the partition of {1, . . . , r}, we can also consider that the r integrals are taken over
Wlj1(1)

, . . . ,Wlj1(r1)
and Wlj2(1)

, . . . ,Wlj2(r2)
. Notice that the variables involved in the first prod-

uct do not depend on those involved in the second one and vice versa. Indeed, by definition, each
x1,i2 is a letter of a word of v(1) and each x2,i2 is a letter of a word of v(2). Therefore, the multiple
integral can be split into a product of two factors I1 and I2, where each factor Iγ consists in the
rγ integrals taken over Wljγ (1)

, . . . ,Wljγ (rγ )
:

P(Uk,l,τ ) ⩽ c
r
KI1I2, where Iγ =

∫
. . .

∫
1V (γ)(v(γ))

rγ∏

i=1

pτγ,i
(
xγ,i2 , dujγ(i)

)
. (2.23)

In both factors Iγ , we want to expand each pτγ,i into an integral. For convenience, we set
τγ,rγ+1 = Tγ − (τγ,1 + . . . + τγ,rγ ) − (ljγ(1) + . . . + ljγ(rγ)). Given words ξγ,1, . . . , ξγ,rγ+1 of
respective lengths τγ,1, . . . , τγ,rγ+1, we introduce the word

wγ = ξγ,1ujγ(1)ξγ,2ujγ(2) . . . ξγ,rγujγ(rγ)ξγ,rγ+1. (2.24)

Let yγ,i denote the letter preceding ujγ(i) in wγ , or xinit if there are none. The letter yγ,i depends
implicitly on u and on the choice of ξγ,i. By definition of pτγ,i , we have

Iγ ⩽
∫
. . .

∫
1V (γ)(v(γ))

( rγ∏

i=1

p(xγ,i2 , dξγ,i)p(yγ,i, dujγ(i))

)
,

where there are 2rγ integrals taken over Wljγ (1)
, . . . ,Wljγ (rγ )

and Wτγ,1 , . . . ,Wτγ,rγ
. Since 1 =

p(x,Wτγ,rγ+1
) for all x ∈ Rd ∪ {xinit}, we can even insert a (2rγ + 1)-th integral over the variable

ξγ,rγ+1 ∈ Wτγ,rγ+1
in this expression. The indicator function satisfies 1V (γ)(v(γ)) ⩽ 1Wγ

(wγ).
Performing the change of variables induced by (2.24), we get

Iγ ⩽
∫

WTγ

1Wγ
(wγ)p(xinit, dw

γ) = P(Wγ).

Hence, (2.23) becomes
P(Uk,l,τ ) ⩽ c

r
KP(W1)P(W2) = crKP⊗2(W ).

It remains to estimate the number of possible choices of k, l, τ . There are at most (n+ 1)2r+1

joint choices for k and l, and at most (τK + 1)r joint choices of τ1 and τ2. Therefore,

P(U) ⩽ (n+ 1)2r+1(τK + 1)rcrKP⊗2(W ),

which concludes the proof.
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2.4.2 Proof of Proposition 2.5

The bound of Proposition 2.21 can be turned into an ε-δ bound when n and T1, T2 are properly
chosen and u is a word whose empirical measure is close to µ: this is Corollary 2.23.

Corollary 2.23. Let n ∈ N be such that nε ⩾ 1 + rτK and let

Tγ = Tγ(n) =
⌈
n(λγ + ε)

⌉
+ rγτK , γ ∈ {1, 2}.

Let u ∈ W̃n be such that dLP(L[u], µ) < δ. Then, Φn,T1,T2
(u) exists and for each γ ∈ {1, 2} and

all wγ ∈ Φ
(γ)
n,Tγ

(u),
dLP(L[w

γ ], µγ) ⩽ fγ(ε, δ),

where fγ is a function that satisfies

lim
ε→0

lim
δ→0

fγ(ε, δ) = 0.

Proof. Let γ ∈ {1, 2}. By (2.18), since dLP(µ,L[u]) < δ, we have

n(λγ − ε) ⩽ |u|γ ⩽ n(λγ + ε).

thus Φ
(γ)
n,Tγ

(u) is well defined. Let wγ ∈ Φ
(γ)
n,Tγ

(u). We have

dLP(L[w
γ ], µγ) ⩽ dLP(L[w

γ ], L(γ)[u]) + dLP(L
(γ)[u], µγ). (2.25)

We estimate the first term of this bound by Proposition 2.21. For the quantity on the right-hand
side of (2.19) to be small, we need the quantities |v(γ)|/|u|γ and |v(γ)|/Tγ to be close to 1. By
definition of K and because dLP(µ,L[u]) < δ, we have

L[u](K(γ)) ⩾ λγµγ(K
0)− δ ⩾ λγ − ε− δ.

Since v(γ) contains all the letters of u that are in K(γ) and all the letters of v(γ) belong to C(γ),
we deduce

n(λγ − ε− δ) ⩽ |v(γ)| ⩽ nL[u](C(γ)) = |u|γ ,

Thus,
λγ

λγ + ε
− ε+ δ

λγ − ε
⩽

|v(γ)|
|u|γ

⩽ 1.

Moreover, since Tγ ⩽ n(λγ + ε) + 1 + rγτK ⩽ n(λγ + 2ε) and |v(γ)| ⩽ Tγ , we have

λγ − ε− δ

λγ + 2ε
⩽

|v(γ)|
Tγ

⩽ 1.

By (2.19) and the monotonicity of h on (0, 1), we have

dLP(L[w
γ ], L(γ)[u]) ⩽ h

( λγ
λγ + ε

− ε+ δ

λγ − ε

)
+ 2h

(λγ − ε− δ

λγ + 2ε

)
,

which vanishes as δ → 0 and ε→ 0. The estimate on the second term of the bound (2.25) comes
from Lemma B.3 applied to ν = L[u]. This Lemma B.3 yields the bound (B.1) with νγ = L(γ)[u].
Therefore, (2.25) becomes

dLP(L[w
γ ], µγ) ⩽ h

( λγ
λγ + ε

− ε+ δ

λγ − ε

)
+ 2h

(λγ − ε− δ

λγ + 2ε

)

+
ε

λγ
(1 + λ3−γ) + δ

(
1 +

1

λγ

)
.

Denote by fγ(ε, δ) the right-and side of this bound. The proof is complete.

We can now use Proposition 2.22 and Corollary 2.23 to prove Proposition 2.5.
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Proof of Proposition 2.5. For n, T1, T2 defined as in Corollary 2.23, we set

An(δ) = {u ∈ W̃n | dLP(L[u], µ) ⩽ δ},

B
(1)
T1

(ε, δ) = {w1 ∈ WT1
| dLP(L[w1], µ1) ⩽ f1(ε, δ)},

B
(2)
T2

(ε, δ) = {w2 ∈ WT2 | dLP(L[w2], µ2) ⩽ f2(ε, δ)}.

By Corollary 2.23, Φn,T1,T2(An(δ)) ⊆ B
(1)
T1

(ε, δ)×B
(2)
T2

(ε, δ). Hence, by Proposition 2.22, we have

P(An(δ)) ⩽ CnP⊗2(Φn,T1,T2(An(δ))) ⩽ CnP⊗2
(
B

(1)
T1

(ε, δ)×B
(2)
T2

(ε, δ)
)
,

where Cn := (n+ 1)2r+1(τK + 1)rcrK satisfies

lim
n→∞

1

n
logCn = 0.

In this inequality, we take the logarithm of both sides, divide by n, and we take the limit superior
as n→ ∞. We get

s(BLP(µ, δ)) ⩽ lim
n→∞

1

n
logCn + lim sup

n→∞

1

n
logP

(
B

(1)
T1

(ε, δ)
)
+ lim sup

n→∞

1

n
logP

(
B

(2)
T2

(ε, δ)
)

= 0 + (λ1 + ε)s(BLP(µ1, f1(ε, δ))) + (λ2 + ε)s(BLP(µ2, f2(ε, δ))).

Since IRL(µ), IRL(µ1) and IRL(µ2) exist, by Proposition 2.4, taking δ → 0 and then ε→ 0 yields

−IRL(µ) ⩽ −λ1IRL(µ1)− λ2IRL(µ2).

This concludes the proof.

Appendix

A A measure theoretic lemma
We recall here the statement and the proof of Lemma A.1, which are standard [21, 22].

Lemma A.1. Let p be a stochastic kernel on Rd such that p(x, ·) is absolutely continuous with
respect to Leb for all x ∈ Rd. Then, p has a jointly measurable density; in other words there
exists a function f : Rd × Rd → [0,∞) that is B(Rd × Rd)-measurable16 and such that

p(x,A) =

∫

A

f(x, y)Leb(dy), x ∈ Rd, A ∈ B(Rd).

Proof. By the Radon-Nikodym Theorem, for all x ∈ Rd, the measure p(x, ·) has a density, which
we denote g(x, ·). The measurability of g as a function of Rd ×Rd may fail if functions g(x, ·) are
not precisely chosen. Let Dn denote a countable partition of Rd into cubes of side 2−n, and set

fn(x, y) := 2dn
∑

C∈Dn

1C(y)p(x,C), x, y ∈ Rd.

Since it is a countable sum of measurable functions, fn is measurable. Hence, the pointwise limit
superior of fn is also measurable. We denote it f and we show that it is a density of p. Let
x ∈ Rd. For all y ∈ Rd, let Cn(y) denote the cube of Dn containing y. We have

fn(x, y) = 2dnp(x,Cn(y)) = 2dn
∫

Cn(y)

g(x, z)Leb(dz), y ∈ Rd.

By the Lebesgue differentiation theorem, (fn(x, ·)) converges almost everywhere to g(x, ·), implying
that f(x, y) = g(x, y) for almost every y ∈ Rd (while x ∈ Rd is fixed). Therefore, for all A ∈ B(Rd),

∫

A

f(x, y)Leb(dy) =

∫

A

g(x, y)Leb(dy) = p(x,A).

16B(Rd × Rd) denotes the Borel σ-algebra of Rd × Rd.
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B The Lévy-Prokhorov metric
The Lévy-Prokhorov metric is defined on P(Rd) by

dLP(µ, ν) = inf{δ > 0 | ∀A ⊆ Rd Borel set, µ(Aδ) + δ ⩾ ν(A)}, µ, ν ∈ P(Rd),

where Aδ denotes the δ-neighborhood of A. The Lévy-Prokhorov metric metrizes the weak
topology on P(Rd). It satisfies dLP ⩽ dTV where dTV is the total variation distance. We recall
that BLP(µ, δ) denotes the open Lévy-Prokhorov ball of radius δ centered at µ.

Lemma B.1. Let µ ∈ P(Rd) be absolutely continuous with respect to the Lebesgue measure. Let
O be an open set such that µ(O) > 0. Then there exist κ > 0 and δ > 0 such that ν(O) ⩾ κ > 0
for all ν ∈ BLP(µ, δ).

Proof. By inner regularity of µ (the measure µ is inner regular because it is absolutely continuous
with respect to the Lebesgue measure), there exists a compact set K ⊆ O such that µ(K) ⩾ 2

3µ(O).
Let δ = min( 12d(K,O

c), 13µ(O)) and let ν ∈ P(Rd) be such that dLP(ν, µ) ⩽ δ. Thus,

ν(O) ⩾ ν
(
{x ∈ Rd | d(x,K) ⩽ δ}

)
⩾ µ(K)− δ ⩾

1

3
µ(O) =: κ.

Lemma B.2. Let δ > 0 and N ∈ N. Let (µi), (νi) ∈ P(Rd)N be such that dLP(µi, νi) < δ for all
i. We set

µ =

N∑

i=1

λiµi, ν =

N∑

i=1

γiνi,

where (λi) and (γi) are sequences of nonnegative real numbers such that λ1 + . . . + λN =
γ1 + . . .+ γN = 1. Then,

dLP(µ, ν) ⩽ δ +
N∑

i=1

|λi − γi|.

Proof. Let A be a Borel set, and set B = {x ∈ Rd | d(x,A) ⩽ δ +
∑N

i=1 |λi − γi|}. Since B
contains the δ-neighborhood of A, we have µi(B) ⩾ νi(A)− δ for all i. Thus,

µ(B) ⩾
N∑

i=1

λiνi(A)− δ ⩾ ν(A)−
N∑

i=1

|γi − λi| − δ.

This holds true for any Borel set A.

Lemma B.3. Let ε, δ, µ = λ1µ1 + λ2µ2, C
(1), C(2),K(1),K(2) be as in Section 2.4. Let ν ≪ Leb

be such that dLP(µ, ν) < δ. For γ ∈ {1, 2}, we let αγ = ν(C(γ)) > 0 and νγ = 1
αγ
ν(· ∩ C(γ)).

In addition, let α3 = 1 − α1 − α2 and ν3 denote either the normalized restriction of ν to
Rd \ (C(1) ∪ C(2)) if α3 ̸= 0, or any probability measure on Rd \ (C(1) ∪ C(2)) otherwise, so that

ν = α1ν1 + α2ν2 + α3ν3.

Then, for γ ∈ {1, 2},

dLP(µγ , νγ) ⩽
ε

λγ
(1 + λ3−γ) + δ

(
1 +

1

λγ

)
. (B.1)

Proof. The fact that α1 and α2 are positive is a consequence of dLP(µ, ν) < δ and the definition
of δ, from which we have

αγ ⩾ λγ − ε > 0, γ ∈ {1, 2}. (B.2)

We denote by m the quantity on the right-hand side of (B.1). Let A be a Borel set of Rd and
let A′ and A′′ respectively denote the δ-neighborhood of A and the m-neighborhood of A. To
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prove (B.1) for γ = 1, we must bound µ1(A
′′) from below. Since µ1(A

′′∩C(2)) ⩾ 0 = ν1(A∩C(2)),
we can assume that A ⊆ C(1) without loss of generality. Since dLP(µ, ν) < δ, we have

µ1(A
′′) ⩾ µ1(A

′) =
1

λ1
µ(A′)− λ2

λ1
µ2(A

′)

⩾
1

λ1
ν(A)− 1

λ1
δ − λ2

λ1
µ2(A

′)

=
α1

λ1
ν1(A) +

α2

λ1
ν2(A) +

α3

λ1
ν3(A)−

1

λ1
δ − λ2

λ1
µ2(A

′). (B.3)

Let us estimate all five terms in (B.3). The first term can be bounded by using (B.2), which yields
that α1/λ1 ⩾ 1 − ε/λ1. The second and third terms are null because ν2(C(1)) = ν3(C

(1)) = 0.
We leave the fourth term untouched. We have to bound the last term. On the one hand, A′ does
not intersect K(2) because d(A′,K(2)) ⩾ d(C(1),K(2))− δ > 0 by the assumption of δ. On the
other hand, we have µ2(K

(2)) ⩾ 1− ε by construction of K(2). This implies that µ2(A
′) ⩽ ε and

bounds the last term. Altogether, these inequalities yield

µ1(A
′′) ⩾ ν1(A)−

ε

λ1
− δ

λ1
− λ2
λ1
ε = ν1(A)−m+ δ ⩾ ν1(A)−m.

The bound (B.1) is proved for γ = 1. Exchanging 1 and 2 yields (B.1) for γ = 2.

C Examples
In this section, we present three examples of non-irreducible Markov chains to which Theorems
1.6 or 1.7 apply. Along the way, we present a technical result (Proposition C.3), which is a useful
tool for proving (D).

As mentioned in the introduction, non-irreducible Markov chains are commonly found in
applications. Example C.1 is one of the many examples of competition models where extinctions —
which are definitive by nature — make the Markov chain inherently non-irreducible. Example C.1
also provides an instance of non-convex rate function.

Example C.2 illustrates the somewhat extreme case where there are no communicating classes.
We show that Theorem 1.6 applies and yields the weak LDP with rate function I ≡ ∞.

Example C.4 involves a dynamical system on R perturbed by some bounded additive noise.
In this example, the communicating classes are explicitly identified.

Example C.1 (Competitive model with extinctions). We consider a system of d ⩾ 2 interacting
species governed by competitive Lotka-Volterra dynamics with nonnegative interaction matrix
(ai,j) and positive intrinsic growth rates r1, . . . , rd. The population dynamics is described by the
system of differential equations

dxi
dt

(t) = rixi(t)

(
1−

d∑

j=1

ai,jxj(t)

)
, 1 ⩽ i ⩽ d.

Let F : R × Rd
+ → Rd

+ denote the flow of the system. We fix an initial measure β ∈ P(Rd
+),

which we assume is absolutely continuous with respect to the Lebesgue measure, with lower
semicontinuous and bounded density. If nothing were to interfere with the dynamics, the
distribution of the populations at time t would be β ◦ F (t, ·)−1 ∈ P(Rd

+). However, we shall now
introduce random perturbations. Let (Zn,i) be a family of i.i.d. positive, absolutely continuous,
random variables and let g denote their common density. We assume that at each integer time,
a catastrophic event occurs (pesticide application, hunting, flood, etc), effectively reducing the
population of species i by an amount Zn,i. Let Xn = (Xn,1, . . . , Xn,d) ∈ Rd denote the population
size of each species immediately after the n-th perturbation. If Xn,i ⩽ 0, we say that species i is
extinct at time n.17 Extinction is definitive, and extinct species do not influence the dynamics
anymore. The population dynamics is driven by the relation

Xn+1,i = Fi(1, X
+
n )− Zn+1,i, 1 ⩽ i ⩽ d,

17Instead of representing extinct species by a null population size, we choose to represent them by arbitrary
nonpositive values. We do this to maintain absolute continuity with respect to the Lebesgue measure without
modifying the dynamics. In the interpretation, negative values should be understood as zero.
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where x+ = (max(x1, 0), . . . ,max(xd, 0)) for all x ∈ Rd. Notice that whenever Xn,i ⩽ 0, we have
Fi(1, X

+
n ) = 0 so that Xn+1,i = −Zn+1,i ⩽ 0 (extinctions are indeed definitive). The sequence

(Xn)n⩾1 is a Markov chain. Since extinctions are definitive, the Markov chain is not irreducible.18
The density of the Markov kernel is given by

ρ(x, y) =

d∏

i=1

g(Fi(1, x
+)− yi).

If g is lower semicontinuous and bounded, then so is ρ. The Markov chain satisfies the assumptions
of Theorem 1.7. Hence, (Ln) satisfies a weak LDP with rate function I satisfying the conclusions
of Theorem 1.6. Let us discuss admissibility. There are 2d communicating classes, indexed by the
subsets of {1, . . . , d} indicating which species are extinct, and the relation (⇝) is the inclusion. Let
µ ∈ P(Rd) be absolutely continuous with respect to the Lebesgue measure. Given I ⊆ {1, . . . , d},
we set Ai,I = R− if i ∈ I and Ai,I = R+ if i /∈ I. The measure µ is admissible if and only if, for
all I1, I2 ⊆ {1, . . . , d} such that µ(A1,I1 × . . .×Ad,I1) > 0 and µ(A1,I2 × . . .×Ad,I2) > 0, we have
I1 ⊆ I2 or I2 ⊆ I1.

We now consider the simple case d = 2 and show that the rate function is not convex. Assume
that a1,1, a2,2 > 0 and that g is positive on some interval (0, ε), and let us find two measures
µ1 ∈ P(R+ × R−) and µ2 ∈ P(R− × R+) such that IRL(µ1) and IRL(µ2) are both finite. For all
x ∈ K1 := [ r1

2a1,1
, r1
a1,1

]× [−1, 0], we have

p(x,K1) ⩾ p
(( r1

2a1,1
, 0
)
,K1

)
=: α1 > 0.

Since P(K1) is compact, the weak LDP upper bound yields

− inf
µ1∈P(K1)

I(µ1) ⩾ lim sup
n→∞

1

n
logP(Ln ∈ P(K1)) ⩾ − logα1 > −∞.

Therefore, there exists µ1 ∈ P(R+ × R−) such that I(µ1) < ∞. By the same argument, there
exists µ2 ∈ P(R− × R+) such that I(µ2) < ∞. Let µ = 1

2µ1 + 1
2µ2. The measure µ is not

admissible, hence I(µ) = ∞. This shows that the rate function I is not convex.

Example C.2. Let d = 1. Let 0 < α < 1 and set h : x 7→ 1(0,1)(x)(1− α)x−α. Let (En) be an
i.i.d. sequence of random variables of density h. Let β be a probability measure with bounded
lower semicontinuous density with respect to the Lebesgue measure and let (Xn) be the Markov
chain defined by

X1 ∼ β, Xn+1 = Xn + En+1, n ⩾ 1.

In other words, the stochastic kernel is defined by the density

(x, y) 7→ ρ(x, y) := h(y − x) = 1(x,x+1)(y)
1− α

(y − x)α
.

Let us apply Theorem 1.6. Assumption (A) is satisfied because ρ is lower semicontinuous on
(R ∪ {xinit}) × R. The sequence (Xn) is strictly increasing, thus there are no communicating
classes and C = ∅, where C is as in (1.2). Hence, Assumptions (B) and (C) are trivially satisfied.
It remains to prove (D). In order to do so, we first consider the Markov chain (Yn) = (Xkn), where
k = ⌈1/(1− α)⌉, which is easily shown to have bounded, lower-semicontinuous, kernel density.
The Markov chain (Yn) is increasing. Let U be an open interval and κ > 0. By Proposition C.3
below,

lim
n→∞

1

n
logP

(
Mn(U) ⩾

κ

k

)
= −∞,

where Mn is the empirical measure of (Yn) up to time n. For n ∈ N, since (Xn) is increasing, if
there are at least κn terms of (X1, . . . , Xn) inside the interval U , then there are at least κn/k− 1

18Denoting by ψ the common law of −Zn,i, the Markov chain is actually ψ⊗d-irreducible. This remark allows
us to use existing results of the literature to derive the large deviations of (Ln) under the assumption that the
initial measure (and hence the process at all time) is supported on Rd

− [5]. However, Rd
− is precisely the domain

where the Markov chain does not have a meaningful practical interpretation, as a point in Rd
− corresponds to all

species being extinct. The large deviations with an arbitrary initial measure cannot be deduced without studying
the theory of non-irreducible Markov chains
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terms of (Y1, . . . , Y⌊n/k⌋) inside U . Therefore,

P(Ln(U) ⩾ κ) ⩽ P
(
M⌊n/k⌋(U) ⩾

κ

k
− k

n

)
.

Therefore,

lim
n→∞

1

n
logP(Ln(U) ⩾ κ) ⩽ lim

n→∞

k

n
logP

(
Mn(U) ⩾

κ

k

)
= −∞, (C.4)

further implying that Assumption (D) is satisfied.19 By Theorem 1.6, (Ln) satisfies the weak
LDP with rate function I ≡ ∞.20

The following proposition is used in the example above. We will also use it later in Example C.4.

Proposition C.3. Let d = 1. Assume that (Xn) is increasing, almost surely. Assume, in
addition, that ρ is bounded on (R ∪ {xinit})×R. Then, for any open bounded interval U ⊆ R and
any κ > 0,

lim
n→∞

1

n
logP(Ln(U) ⩾ κ) = −∞. (C.5)

In particular, Assumption (D) is satisfied and (Ln) satisfies the weak LDP with rate function
I ≡ ∞. The same conclusions hold if (Xn) is strictly decreasing.

Proof. Let κ > 0. We first assume that U is of the form U = (x0, x0 + a) where x0 ∈ R and a > 0
is such that ρ(x, y) ⩽ 1/a for all x, y ∈ R. Let T denote the hitting time of U . If T is infinite,
then Ln(U) = 0 for all n ∈ N, hence we assume T <∞. We set

Z0 = XT , Zk = XT+k −XT+k−1, k ⩾ 1.

Since (Xk) is (strictly) increasing, the increments Zk are positive for k ⩾ 1. We have

P(Ln(U) ⩾ κ) ⩽ P(Z1 + . . .+ Z⌈κn⌉ < a).

Let γ denote the law of Z0 and let φk(z) = ρ(z0 + . . .+ zk−1, z0 + . . .+ zk) for z ∈ R⌈κn⌉+1, so
that

P(Z1 + . . .+ Z⌈κn⌉ < a) =

∫

R⌈κn⌉+1

1(0,a)

( ⌈κn⌉∑

i=1

zi

)
γ(dz0)

⌈κn⌉∏

k=1

1(0,a)(zk)φk(z)Leb(dzk).

In this expression, the factors 1(0,a)(zk) underline the fact that the event {Z1+ . . .+Z⌈κn⌉ < a} is
incompatible with any event {Zk ⩾ a} because the increments Zk are positive. Since φk(z) ⩽ 1/a
by definition, we have

P(Z1 + . . .+ Z⌈κn⌉ < a) ⩽
∫

R⌈κn⌉+1

1(0,a)

( ⌈κn⌉∑

i=1

zi

)
γ(dz0)

⌈κn⌉∏

k=1

1

a
1(0,a)(zk)Leb(dzk)

= P(Z ′
1 + . . .+ Z ′

⌈κn⌉ < a),

where (Z ′
k) is a sequence of i.i.d. random variables of uniform law over (0, a). Let ε > 0. For n

large enough, we have a ⩽ ε⌊κn⌋. By Cramér’s Theorem [4, Theorem 2.2.3],

lim sup
n→∞

1

n
logP(Z ′

1+ . . .+ Z ′
⌈κn⌉ < a)

⩽ lim sup
n→∞

1

n
logP

( 1

⌈κn⌉
(Z ′

1 + . . .+ Z ′
⌈κn⌉) < ε

)
= −κΛ∗(ε),

(C.6)

where

Λ∗(ε) = sup
λ∈R

(
λε− log

∫ a

0

1

a
eλxdx

)
= sup

λ∈R∗

(
λε− log

eλa − 1

λa

)
.

19For more details on why (C.4) implies (D), see the end of the proof of Proposition C.3.
20Notice that, in this example, the weak LDP with rate function I ≡ ∞ can also be deduced directly from (C.4).
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Since Λ∗ is lower semicontinuous and Λ∗(0) = ∞, taking the limit as ε→ 0 in (C.6) yields

lim sup
n→∞

1

n
logP(Z ′

1 + . . .+ Z ′
⌈κn⌉ < a) = −∞.

This completes the proof of (C.5) for any κ > 0 and any interval of the form U = (x0, x0 + a)
where x0 ∈ R and a > 0 is such that ρ(x, y) ⩽ 1/a for all x, y ∈ R. In the general case, writing
U as the union of overlapping such small intervals U1, . . . , Us and using (C.5) for each Ui and
κ′ = κ/s yields

lim sup
n→∞

1

n
logP(Ln(U) ⩾ κ) ⩽ lim sup

n→∞

1

n
log

s∑

i=1

P
(
Ln(Ui) ⩾

κ

s

)

= max
1⩽i⩽s

lim sup
n→∞

1

n
logP

(
Ln(Ui) ⩾

κ

s

)
= −∞.

Therefore, (C.5) holds for any open bounded interval U . Let us now prove (D). By the strict
monotonicity of (Xn), we have C = ∅ and µ(C) = 0 for all µ ∈ P(R). Proving (D) is proving
Equation (1.7) for all µ ∈ P(R). Let µ ∈ P(R) and assume that µ ≪ Leb (otherwise, Proposi-
tion 2.6 yields the conclusion). There exists an open bounded interval U such that µ(U) > 0. By
Lemma B.1, there exist κ > 0 and δ > 0 such that ν(U) ⩾ κ for all ν ∈ BLP(µ, δ). Therefore,
by (C.5),

lim sup
n→∞

1

n
logP(Ln ∈ BLP(µ, δ)) ⩽ lim sup

n→∞

1

n
logP(Ln(U) ⩾ κ) = −∞.

Equation (1.7) holds with V = BLP(µ, δ). As a consequence, the weak LDP holds with rate
function I = IRL(µ) ≡ ∞.

Example C.4. Let d = 1 and f : R → R be a continuous nondecreasing function. Let φ be a
lower semicontinuous bounded probability density such that φ−1((0,∞)) = (−1, 1). We consider
a Markov chain whose stochastic kernel is given by

ρ(x, y) = φ(y − f(x)), x, y ∈ R.

In other words, for all n ∈ N,
Xn+1 = f(Xn) + Zn+1,

where (Zi) is an i.i.d. sequence of random variables of law φ independent of X1. See Figure 3
for a visual representation of the dynamics. Let us study the behavior of such Markov chain.
We shall begin the analysis by the observation that points a ∈ R such that f(a) − a ⩽ −1 or
f(a)− a ⩾ 1 work like ‘ratchets’ in the system.

Lemma C.5. Let a ∈ R. If f(a)−a ⩽ −1, then all x ⩽ a satisfy p̃(x, [a,∞)) = 0. If f(a)−a ⩾ 1,
then all x ⩾ a satisfy p̃(x, (−∞, a]) = 0.

Proof. If a ∈ R is such that f(a)−a ⩽ −1, since f is nondecreasing, all x ⩽ a satisfy f(x)+1 ⩽ a,
implying that p(x, [a,∞)) = 0. Thus, by induction, if Xn ⩽ a for some n, then Xk < a for all
k > n. In other words, all x ⩽ a satisfy p̃(x, [a,∞)) = 0. The proof for the case f(a)− a ⩾ 1 is
symmetrical.

A first consequence of this observation is that C ⊆ B := {x ∈ R | f(x) − x ∈ (−1, 1)},
where C is as in (1.2). Indeed, all x ∈ R \B satisfy either p̃(x, (−∞, x]) = 0 or p̃(x, [x,∞)) = 0.
In both cases, ρ̃(x, x) = 0 thus x /∈ C. We now describe the class structure of this Markov
chain in Proposition C.6, and use Theorem 1.7 to prove that (Ln) satisfies the weak LDP in
Proposition C.7.

Proposition C.6. The communicating classes are the connected components of B. Two consec-
utive communicating classes U1, U2 with supU1 ⩽ inf U2 satisfy U1 ⇝ U2 (resp. U2 ⇝ U1) if and
only if f(x)− x ⩾ 1 for all x ∈ [supU1, inf U2] (resp. f(x)− x ⩽ −1 for all x ∈ [supU1, inf U2]).
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Figure 3: The Markov chain of Example C.4 for an example function f . The three
parallel lines are the lines of equations y = x − 1, y = x and y = x + 1. The thick
horizontal segment at y = f(Xn) (resp. y = f(Xn+1) and y = f(Xn+2)) denotes the
support of Xn+1 (resp. Xn+2 and Xn+3). There are two classes C1 and C2, and 2⇝ 1.
To the left of C1, the Markov chain can only move to the right. Between C1 and C2

and to the right of C2, the Markov chain can only move to the left.

Proof. We begin by proving that, if U is a connected component of B, then ρ̃ > 0 on U2. Let
x ∈ U and let Ax denote the open set {y ∈ U | ρ̃(x, y) > 0}. Since ρ(x, x) = φ(x − f(x)) > 0,
the set Ax contains x. We prove that Ax is closed. Let z ∈ U \Ax. We have ρ̃(z, z) > 0, thus, by
Lemma 1.2, ρ̃(·, z) > 0 on a neighborhood V ⊆ U of z. If some y ∈ V satisfies y ∈ Ax, then both
ρ̃(x, y) > 0 and ρ̃(y, z) > 0, thus ρ̃(x, z) > 0 by the transitivity property of Lemma 1.2. This is a
contradiction with z /∈ Ax, hence we proved that V ⊆ U \Ax. Therefore, Ax is closed. Since U is
connected and Ax is not empty, we have Ax = U , further implying that ρ̃ is positive on U2. This
proves that C = B. To complete the identification of communicating classes as the connected
components of B, it only remains to prove that two such connected components are not parts of
the same class.

Let U1, U2 be two distinct connected components of B. We use Lemma C.5 to prove that
U1 and U2 are not part of the same communicating class by showing that U1 ̸⇝ U2 or U2 ̸⇝ U1.
Without loss of generality, we assume that a := supU1 ⩽ inf U2 <∞. Then, f(a)− a ∈ {−1, 1}.
If f(a) − a = −1, it is impossible to reach U2 from any point of U1 because U2 ⊆ [a,∞). If
f(a) − a = 1, it is impossible to reach U1 from any point x ⩾ a because U1 ⊆ (−∞, a]; in
particular, it is impossible to reach U1 from any point of U2. This shows that the communicating
classes are exactly the connected components of B.

We now describe the partial order on the set of communicating classes. Let U1 and U2 be two
consecutive connected components of B, such that a := supU1 ⩽ inf U2 =: b and f(x)− x ⩾ 1
for all x ∈ [a, b]. By continuity of f , we have f(a) = a+ 1 and f(b) = b+ 1. Let x0 ∈ U1 and let
us show that p̃(x0, U2) > 0. Since U1 is a communicating class, we can choose x0 arbitrarily close
to a without loss of generality. In particular, we can assume that x0 is such that f(x0) > a, since
f is continuous and f(a) = a+ 1. Let (xk) be the real sequence defined by xk+1 = f(xk). We
have ρ̃(x0, xk) > 0 and xk+1 − xk ⩾ 1 for all k such that xk ⩽ b. Let n be the first index such
that f(xn) > b. Since f is nondecreasing, we have b < f(xn) ⩽ f(b) = b+ 1. In particular, we
have ρ(xn, y) > 0 for all y ∈ (b, b+ 1). The set (b, b+ 1) intersects U2, thus p̃(x0, U2) > 0. By a
similar reasoning, we prove that U2 ⇝ U1 if f(x)− x ⩽ −1 for all x ∈ [a, b].

Proposition C.7. The Markov chain (Xn) satisfies the assumptions of Theorem 1.7. The
sequence (Ln) satisfies the weak LDP with rate function I satisfying the conclusions of Theorem 1.6.

Proof. The function ρ is lower semicontinuous and bounded on (R ∪ {xinit})× R by definition
of φ. Since C is the countable union of open intervals, ∂C is countable thus (C) is satisfied. It
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remains to prove (D).
Let µ ∈ P(R) be absolutely continuous with respect to the Lebesgue measure and be such that

there exists an open bounded interval U ⊆ R \ C satisfying µ(U) > 0. We seek a neighborhood
of µ satisfying (1.7). Since f is continuous, either U ⊆ {x ∈ R | f(x) − x ⩾ 1} or U ⊆ {x ∈
R | f(x)−x ⩽ −1}. Since the second case mirrors the first case, we only discuss the first case. By
Lemma B.1, there exist κ > 0 and δ > 0 such that {Ln ∈ BLP(µ, δ)} ⊆ {Ln(U) ⩾ κ}. Let us prove
that BLP(µ, δ) satisfies (1.7). Let T = inf{n ∈ N | Xn ∈ U}. Since {Ln ∈ BLP(µ, δ)} ⊆ {T <∞},
we can assume that T <∞. Let (Yn) be the Markov chain defined by

Y1 = XT , Yk+1 =

{
XT+k, if Yk ∈ U ;

Yk + ξk+1, otherwise,

where (ξk) is an i.i.d. sequence of uniform law on (0, 1) independent of (Xn). The Markov chain
(Yn) satisfies the hypothesis of Proposition C.3, thus

lim
k→∞

1

k
logP(Mk(U) ⩾ κ) = −∞, (C.7)

where Mk denotes the empirical measure of (Yk) up to time k. We now compare Ln(U) and
Mn(U). Let T ′ = inf{n ⩾ T | Xn /∈ U}. We have {T ′ = ∞} ⊆ {∀k ∈ N, Mk(U) = 1} thus
T ′ is almost surely finite. By Lemma C.5, we have p̃(XT ′ , U) = 0, implying that the times
n ∈ N such that Xn ∈ U are exactly the times n ∈ {T, . . . , T ′ − 1}. Therefore, we always have
Ln(U) ⩽Mn(U). Hence,

P(Ln ∈ BLP(µ, δ)) ⩽ P(Ln(U) ⩾ κ) ⩽ P(Mn(U) ⩾ κ).

By (C.7), the neighborhood BLP(µ, δ) satisfies (1.7). Assumption (D) is satisfied. By Theorem 1.7,
(Ln) satisfies the weak LDP with rate function satisfying the conclusions of Theorem 1.6.

In the special case f = id, Example C.4 describes a random walk on R with bounded increments.
Proposition C.6 shows that there is only one communicating class, which is the whole state space.
Notice that neither (H*) of [3] nor (U) is satisfied. However, Theorem 1.6 applies.
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