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Abstract

We establish the weak large deviation principle for empirical measures of Markov chains
on R? under mild assumptions. In particular, no irreducibility is assumed and the initial
measure may be arbitrary. The proof is entirely self-contained and relies on subadditivity. In
the absence of irreducibility, examples show that the rate function is not convex in general.
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1 Introduction

Let (X, )nen be a Markov chain on R4, d > 1, associated with a stochastic kernel p and an initial
probability measure 8. The empirical measure of (X,,) up to time n is the random probability
measure

1 n
L, := 5;5&., n>1,
o

where §, denotes the Dirac measure at x. Our goal is to study the large deviations of the
sequence (L,). A large deviation principle (LDP) is the statement of the exponential decay of
some probabilities involving L,,.
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Definition 1.1. Let P(R?) denote the set of probability measures equipped with its weak topology
and the corresponding Borel o-algebra. We say that (L,,) satisfies the full LDP (resp. weak LDP)
in the weak topology if there exists a lower semicontinuous function I, called the rate function,
such that all open subsets O and all closed subsets F (resp. compact subsets F') of P(R?) satisfy

| .
liminf ~log (L, € 0) > — Jnf 1 (1),

1
li —logP(L, € F) < — inf I(p).
imsup - log (Ln € F) jnf. (1)

The question of the large deviations of (L, ) was first explored in a series of seminal articles
by Donsker and Varadhan in the 1970s [1, 2, 3]. Since then, a vast literature has been dedicated
to establishing this LDP under various assumptions, and computing the rate function; see the
notes of [4, Chap. 6] or [5] for a historical review. In the literature, most works study the large
deviations under two assumptions: one of exponential tightness and one of irreducibility of the
Markov chain.

Exponential tightness is the assumption that for all M > 0, there exists a compact subset K
of P(R?) such that

lim sup 1 logP(L, ¢ K) < —M.
n—oo N

Exponential tightness is often not assumed directly, but rather as the consequence of a broader
assumption: for instance, compactness of the state space in [1], Hypothesis (H*) in [3] or
Assumption (U), whose definition is recalled below, in [6, 7, 4]. Usually, the primary purpose of
exponential tightness is to deduce the full LDP from the weak one: one would prove the weak
LDP (without relying on exponential tightness) and then enhance it to the full LDP by the use
of an exponential tightness assumption.! However, in some cases (which are not exponentially
tight e.g. the simple random walk on Z), the full LDP fails while the weak one holds [8]; in these
cases, the weak LDP is the best achievable result and provides valuable information on the decay
of probabilities. In the present article, we focus on the weak LDP. As a consequence, we never
address the questions of exponential tightness.

The second assumption is that of irreducibility. This assumption can take many different
forms. One classical irreducibility assumption is that of ¥-irreducibility [9, 10, 5]. Assumption (U)
from [6, 7, 4] also works as an irreducibility assumption. However, not all Markov chains are
irreducible, whatever definition of irreducibility is adopted. The simplest examples are of course
discrete [11, 5, 12], but non-irreducibility is also common for continuous Markov chains. In
particular, non-irreducible Markov chains arise from applied competitive models, where several
species (or players) may eventually go extinct (or bankrupt); we present a stochastic version of
the Lotka-Volterra competitive system in Example C.1. Non-irreducibility can also arise in a
perturbed dynamical system; see Example C.4. Very few theoretical results exist in the literature
to handle large deviations for such non-irreducible Markov chains. Recently, the assumption of
irreducibility has been removed from statements of the weak LDP in the discrete case [13, 14, 12],
but the question remains open in the continuous case.

In the present article, we prove that (L,,) satisfies the weak LDP without any irreducibility
condition or exponential tightness assumption. In essence, we prove that, if the initial measure 3
and all measures p(x,-) have densities that are both lower semicontinuous and bounded on R
uniformly in € R%, and if a few additional mild assumptions are satisfied, then (L, ) satisfies
the weak LDP. We identify a set A C P(R?) outside of which the rate function [ is infinite, and
provide convexity properties of I over A. The rigorous statements are Theorems 1.6 and 1.7.

The proof of Theorems 1.6 and 1.7 is based on the subadditive method. This technique consists
in applying a version of the subadditive lemma (see [4, Lemma 6.1.11]) in order to prove the
existence of the Ruelle-Lanford function, which, in turn, implies the desired weak LDP. The
subadditive method originates from early work [15, 16] on i.i.d. sequences and was later adapted
for Markov chains [6, 7, 4], under an irreducibility assumption: this is again the uniformity
Assumption (U), which we recall for later discussion but will never use in the present article.

IIn fact, the weak LDP has long been mostly used as a step in deriving the full LDP. This is for instance the
historical method of [3]. While the term “weak LDP” had not been coined yet, the upper bound is indeed proved
only for compact sets before exponential tightness is used.



Assumption (U). There exist a constant ¢ and integers k < T such that
c T
;sz(x17'> > p*(z2,), 1,15 € R
i=1

Assumption (U) imposes conditions on the irreducibility of the Markov chain that are so strong
that they guarantee not only the LDP? of (L,,) but also its uniformity with respect to the
initial measure. Such strong conditions are not satisfied in general; see Appendix C. However,
subadditive arguments can still be used without (U), at the cost of a weaker result. Recently, [12]
proposed adaptations to the subadditive method to prove that, if the state space is discrete, then
(L) satisfies the weak LDP, without any assumptions other than discreteness. In the present
article, we follow a similar route to prove the weak LDP in the case of continuous state space.
The arguments presented here would continue to work if the state space were discrete and the
Lebesgue measure were replaced by the counting measure, effectively providing an alternative
formulation of the subadditive proof of the weak LDP of [12]. We chose not to include this
generalization and to fix the reference space to (R?, Leb) instead.

The subadditive method is often observed to produce a convex rate function. Nevertheless, in
the present article, we find the rate function not to be generally convex (see Theorem 1.6 and
Example C.1). This possible lack of convexity is related to the lack of irreducibility of the Markov
chain. To our knowledge, the present article and [12] are the only two successful attempts at
using the subadditive method to derive an LDP that has a non-convex rate function.

The article is structured as follows. In the rest of the present section, we introduce our
notations and assumptions. We also define the admissible measures and state the main theorem
of the paper in Section 1.3. In Section 2, we present the Ruelle-Lanford function. We show that
the main theorem follows immediately from the existence of the Ruelle-Lanford function and its
properties. The existence of the Ruelle-Lanford function at non-admissible measures is proved in
Section 2.1. The case of admissible measures requires more involved work. In Section 2.2, we
present the tools for this work: the slicing, stitching and coupling maps. They are manipulations of
trajectories that separate and reassemble portions of trajectories. In Section 2.3, we use the tools
from Section 2.2 to prove the existence of the Ruelle-Lanford function for admissible measures.
As in other uses of the subadditive method, a property of convexity of the rate function® should
come with the proof of the existence of the Ruelle-Lanford function. The proof of the weak LDP
is complete at the end of Section 2.3. Finally, in Section 2.4, we use the slicing and stitching maps
from Section 2.2 again to prove an additional property of the rate function, which completes the
main theorem.

1.1 Notation
1.1.1 Markov chain and words

We will need some notation in the following. To begin with, we will consider an additional state
Tinis ¢ RY and set p(winit, -) = 3, so that the Markov chain of kernel p that starts at xj,;; at time
n = 0 behaves exactly like the Markov chain of kernel p that starts following S at time n = 1.
We will not distinguish between the two; this alternative way to see the initial measure will be
convenient for later notation and definitions.

We will also denote bits of trajectories of (X,,) by words. In the following, W,, denotes the set
of words of length n, that is (R%)". The length of a word is denoted by |u|. The empty word is
denoted by e. The set of all (finite) words is W :={J,,5o Wi, and the set of all words of length at
most n is W, 1= U0<k<n W. The i-th letter of a word u is denoted by u;. We denote the last
letter of u by u_1 = -

We equip W (resp. W,,) with its Borel o-algebra B(W) (resp. B(W,)). For all n € N and
given any z € R? U {i,i; }, we define the probability measure p(z,-) over (W,,, B(W,,)) by

n—1

p(z,du) := p(x, duq) H p(ug, duigr). (L.1)

i=1

2The LDP obtained under (U) is the full LDP, since (U) also implies exponential tightness.
3We do not prove that the rate function is convex — it may not be, in view of the discussion above and
Example C.1 for instance. However, it still satisfies a convexity inequality between some properly chosen points.



For notational convenience, we also set p(x,-) = 6. on Wy = {e}.* In the special case 2 = Ty,
we write

P(du) := p(Xinit, du).
By extension, P is the law of the Markov chain (X,,).
It will be useful to consider the set of words of W that contribute to the support of P: the
definition of such a set W is given in Section 1.1.2.

1.1.2 Kernels and densities

In the following, being able to manipulate densities instead of the measures p(z,-), p*(z,")
and p(z,-) will be a great help. Throughout the rest of this article, we assume that for all
r € R U {21}, the measure p(z,-) is absolutely continuous with respect to the Lebesgue
measure on R?. This is the only ambient assumption of the present paper. By Lemma A.1 in the
appendix, there exists a measurable® function p : (R% U {zjnit}) x R? — [0, 00) such that

p(z, A) = / p(x,y)Leb(dy), € RT'U {zini}, A C R? a Borel set.
A

Here, Leb(-) denotes the d-dimensional Lebesgue measure. It is possible to extend the definition
of p to W. For all z € R?U {,;;} and n > 1, the function

ul—
w pla,u) = pla,u) [] o, wira)
i=1
is the density of p(z,-) with respect to the Lebesgue measure on W, (which, by definition of W),
is simply the Lebesgue measure of R, still denoted by Leb(-)). We let YW denote the set of

u € W such that p(@init, w) > 0. The definitions of W,, and W, follow similarly.
Let k > 1. The definition of p(z,-) over Wy, allows us to define the iterated kernels p* and p
by p! = p and, for k > 2,

Padn) = [ pler dyple.do)
Wk 1
p(x,dy) = Z 27"p"(z, dy), zeRYU {Tinit }-

We can easily extend the definition of p*(z,-) as a probability measure on W, by replacing
p(z,duy) by p¥(x,duy) in (1.1). We also set p*(x,-) = §. on W) for all k. The kernels p* and p
have densities; for a fixed z € R¢ U {Zinit }, the measurable functions

y e pf(a,y) = /W p(x,d&)p(§e-1,4),  y+ pla,y) 22

are the respective densities of the measures p*(x,-) and p(z,-) with respect to the Lebesgue
measure on R%. Replacing y by some u € W, in the definition of p* defines p¥(z,-) as the density

of pk(x,-) € POW,).

1.1.3 Communicating classes

We define communicating classes. This construction is possible under the mere existence of p,
but its relevance will become clear with Assumption (A) stated in Section 1.2 below.

We call communicating class every maximal set A such that Vo,y € A, p(x,y) > 0.5 By
definition, an element 2 € RY belongs to a communicating class if and only if j(x,z) > 0. We
denote by (C;)jes the family of all communicating classes and we set

c=Jc. (1.2)

JjeJ

4This convention will be very useful in the proof of Proposition 2.17.

5While the measurability of the function p(z, -) for all x is automatic, the joint measurability of p is a genuinely
stronger property whose validity requires a technical argument, that is, Lemma A.1.

6Such maximal sets are well defined thanks to Zorn’s Lemma.



Under Assumption (A), the sets C; are open and do not overlap, hence the index set J is finite
or countable. We define the relation (~) on J by

J1 v Jo & Vr € le, ﬁ(I,CjQ) > 0.

Under Assumption (A), this relation is a partial order on J. By Lemma 1.2, the definition of
(~) is equivalent to
J1 ™ Jo & dx € Ojl? ]5($,Cj2) > 0.

In addition, we write 8 ~» j if p(zinit, Cj) > 0 for notational convenience.

1.2 Assumptions
1.2.1 Semicontinuity
Assumption (A). The set p~1((0,00)) is an open set of (R? U {winit}) x RY.

Of course, Assumption (A) is a consequence of the simpler assumption that p is lower
semicontinuous over (R% U {zuii}) x R?. In the present article, we only use the semicontinuity
assumption when establishing other assumptions. Instead, the results of the article are stated
under (A). We now state some convenient properties of transitivity under (A). In particular,
Lemma 1.2 implies that (~) is a partial order on 7.

Lemma 1.2. Assume (A).
1. The sets (p*)71((0,00)) are open subsets of (R4 U {zinic}) x RY for all k € N.
2. The set p~1((0,00)) is an open subset of (R? U {xini}) x RY.

3. Let v € REU {wini}, v € RY, and uw € W. If p(z,uy) > 0, then pF(z,y) > 0, where
kE=ul+1.

4. Let v € REU {minis }, and y,z € RE. If p*(z,y) > 0 for some k € N and p'(y,z) > 0 for
some | € N, then p**!(x,2) > 0. In particular,

(ﬁ(x,y) >0, ply,z) > 0) = p(x,z) > 0.

Proof. 1. Observe by performing the change of variables ¢ = £’z in the integral defining p*+?
that the functions p* satisfy the recursive relation

P () = / @ 2ol y)eb(d). (1.3)

Let (z,y) € (R U {zinit}) x R? be such that p**1(z,y) > 0. Thus, the integrand in (1.3)
cannot be almost everywhere zero; there exists z € R? such that p*(z,2)p(z,y) > 0.
Therefore, by Assumption (A), p is positive on an open neighborhood A; x As of (z,y).
In addition, if p* is such that (p*)~1((0,00)) is open, then p* is positive on an open
neighborhood B; X By of (x,z). For all (z/,y’) € By x Asg, since By N A; is an open set
on which p*(2’, 2)p(z,3y’) > 0, the relation (1.3) yields p¥*1(2’,4') > 0. This proves that
(p**t1)71((0,00)) is an open set, hence by induction (p¥)~1((0,00)) is an open set for all
keN.

2. Since § > 27FpF for all k, the first point implies that 5~1((0,00)) is an open set of
(Rd U {minit}) x R4,

3. When k = 1, we have p!(z,y) = p(z,y) > 0. Let k > 2. By definition,
pHxy) = /w p(@,£1)p(&1,€2) - - - p(€k—2, Er—1)p(§k—1,y)Leb(dE).
k—1

The integrand is positive at £ = u. By Assumption (A), there exist open neighborhoods A;
of each letter u; such that the integrand is positive on A; X ... x Ax_1. Hence, the integral
is positive.



4. By the change of variables & = ¢’y/¢” in the integral defining p*+!(z, 2), we have

P (x, 2) —/WH/Rd /Wl_lp(fv,dﬁ’)p(ﬁé_l,dy’)p(y’,df”)p( I1,2)
= /R , pF(z,y")p' (v, z)Leb(dy).

By the first point, the integrand is positive on an open neighborhood of y, hence the integral
is positive.
O

1.2.2 Pseudo-uniformity

If K is a compact subset of C', we denote by K; the compact set C'; N K, and by K the singleton
{Tinit }. We also set, for j € Jx :={B}U{j € T | K; #0},7

=Ky, K = K
ieg 7eT
I~ J )

We say that a compact set K C C is admissible if Jk is finite and totally ordered.

Assumption (B). For all admissible compact sets K C C, there exist a constant ck, an integer
Ti and a measurable function

U K7 xEK; = {1,...,7«}

JETK

such that, for all j € Tk,

sup SUPPk(Ihy) < CKPT(IQ’y)(IQ,Z/% (z2,y) € K; x Kj. (1.4)
xleK; keN

We notice that, if (B) is satisfied, then the bound (1.4) also holds when the letter y € Kj is
replaced by a word u € VW whose first letter belongs to K.

Assumption (B) is a far weaker assumption than the usual uniformity assumption (U).
In order to compare them, Proposition 1.3 below provides an alternative formulation of (B).
Assumption (B’) of Proposition 1.3 and Assumption (U) differ in two critical ways. First, the
bound (1.5) is not required to hold uniformly on C' x C, but only on compact sets. Second, the
bound (1.5) is only required to hold for suitable z1,25: those from which y is reachable. In
particular, this assumption may be satisfied in non-irreducible contexts, whereas (U) obviously
cannot. See the examples in Appendix C.

Proposition 1.3. Assumption (B) is equivalent to:
Assumption (B’). For all admissible compact sets K C C, there exist a constant ¢ and an integer
Tr such that, for all j € Jk,

I
¥ (z1,y) < Zp 2,Y), 1,22 € K, ye K, ke N. (1.5)
Proof. Assume (B). For all j € Jk, for every x> € K and almost every y € Kj;, we have
sup supp (ml, y) < cKpT(Iz’y (z2,y) CKZP (z2,y

fleK keN

which implies (B’) with ¢y = cx7x. We now assume (B’) and prove (B). For all j € Jk, for
every z € K, and almost every y € Kj;, we have

I

sup sup p*(z1,) < Zp (z,y).
$1€K keN

"Recall that we write 8 ~ j when (%init, Cj) > 0.



Let 7 be the function defined for every x € K ; and almost every y € Kj; as the exponent i
maximizing p’(x,y), or the smallest of such if there are several:

T(z,y) =min{i € {1,..., 7} | Vi' € {1,...7k}, p'(z,y) > pi/(x,y)}.

This defines a measurable function 7 almost everywhere on | J ez K x Kj. This function 7 is
such that for all j € Jk, for every x3 € K, and almost every y € Kj,

RS

¢ ; »
sup sup p¥(x1,y) < =) p'(w,) < ciep” 2 (22, ).
I1€Kj_ keN TK i—
Therefore, (B) is satisfied with cx = . O

Showing that (B) holds may seem convoluted. However, it is often quite simple in practice,
as (B) is actually a consequence of the boundedness and semicontinuity of p.

Lemma 1.4. If p is lower semicontinuous and bounded on (R U {ini}) x R?, then (B) is
satisfied.

Proof. Let j,j' € Jx be such that j' ~» j. For all (z,y) € K;» x K, there exists [ = (z,y) € N
such that p'(z,y) > 0. Indeed, by definition of the order, there exists some z € C; such that
plx, z) > 0; since we also have p(z,y) > 0, we get p(x,y) > 0, which in turn implies the existence
of [. Therefore,

Ky xK; C U U {(z,y) € Kjy x K | pl(z,y) > 1/n}.
leNneN

The set on the left-hand side of this inclusion is compact. By Fatou’s Lemma, the lower
semicontinuity of p' follows from that of p. Hence, the sets appearing on the right-hand side
of the inclusion are open. We extract a finite cover from this open cover; by taking m as the
smallest 1/n appearing in the finite cover, we deduce

N
Kj/ XKjg UB“ Bi:{(x,y)GKj, XK]' \pl’(;v,y)Zm}
i=1

We set 7(z,y) = [;, for some i satisfying (x,y) € B;. For all (z,y) € K;» x K, we have
PV (,y) = m. (1.6)

This construction holds for any j,j’ € Jx such that j' ~ j, thus we have defined a function 7
satisfying (1.6) on |J ez K % K;. By the boundedness assumption on p, we consider a constant
M such that p < M on (R? U {xinic}) x R%. Then, p* < M on (R?U {zini:}) x R? for all k € N,
thus

sup sup p®(21,y) < M, ye K.
z1€K; kEN

Taking cx = M/m yields (1.4). O

1.2.3 Measure of the boundaries

Assumption (C). The boundary OC of C has Lebesgue measure 0.

We view this assumption as mild. One simple counter-example is when p(z, -) does not depend
on z (thus the Markov chain is actually an i.i.d. sequence) and is supported on the complement
of the fat Cantor set. In that case, there is exactly one communicating class C, which is the
complement of the fat Cantor set itself, hence OC has positive Lebesgue measure.



1.2.4 Behavior outside of the communicating classes

Assumption (D). For all i € P(R?) such that u(C) < 1, there exists a neighborhood V of ju (in
the weak topology of P(RY)) such that

lim llogP(Ln eV)=—o0. (1.7
n—oo N
Assumption (D) may seem tailor-made for the conclusions of Theorem 1.6. This assumption
allows us to avoid addressing the problematic case of measures that are not supported on C.
However, we believe that making such an assumption is not restrictive in practice, as it is very
natural for Markov chains to satisfy it. Of course, when C' = R<, there is nothing to prove. But
even in more complicated practical cases, (D) is often easily proved. Examples C.2 and C.4 in
Appendix C present some arguments that can be used to prove (D) in dimension d = 1. In fact,
we were unable to find any simple instance of a Markov chain whose density is both bounded and
lower semicontinuous on (R% U {zin;:}) x RY, that satisfies (C) while violating (D).

1.3 Main results

Before stating the result, let us introduce the admissible measures. Intuitively, admissible measures
are the elements of P(R?) that can be approximated by L, for arbitrarily large n, with positive
probability. Their definition is similar to that of admissible measures in the discrete case [13, 12].
Let us recall that p is such that p(x,-) is assumed to be absolutely continuous with respect to
the Lebesgue measure for all € R? U {zi,;;}. The communicating classes (C;) are defined in
Section 1.1.3 and Assumptions (A), (B), (C) and (D) are defined in Section 1.2 above.

Definition 1.5. A measure u € P(R?) is said to be admissible if
1. w is absolutely continuous with respect to Leb;
2. supp p C C;
3. for all j € J such that 1(C;) > 0, we have B ~ j;
4. the relation ~» is a total order on {j € J | u(Cj) > 0};
The set of admissible measures is denoted by A C P(R?).

Notice that the set of probability measures satisfying the first three conditions is convex. The
set of probability measures satisfying the fourth condition may not be convex. Nevertheless,
if the fourth condition is satisfied by two measures pu; and po and by a third measure in
[p1, 2] \ {11, po}, then it is satisfied by every measure of the line segment [11, po]. This is because
the set {j € J | Api(Cj) + (1 — XN)p2(C;) > 0} is the same for all A € (0,1). Therefore, the set A
may not be convex, but it satisfies the same property.

We can now state the main theorem of the present paper.

Theorem 1.6. Assume (A), (B), (C) and (D). Then, (L,) satisfies the weak LDP with rate
function I satisfying

1. if u & A, then
I(p) = oo

2. if p1, e € A and X € [0,1] are such that Ay + (1 — XN € A, then

IO + (1= Npiz) < M(ur) + (1= N (ja2);

3. if pi, po € A are such that Api + (1 — Npe € A for some A € [0,1] and if no class C;
satisfies p11(C;)p2(C;) > 0, then

IO + (1= Mpiz) = M(jar) + (1= NI (jz2).

Considering Lemma 1.4 and the discussions of Section 1.2, a direct corollary of this theorem
is the following.



Theorem 1.7. Assume that p is lower semicontinuous and bounded on (R? U {zinit}) x R, In
addition, assume (C) and (D). Then, the conclusions of Theorem 1.6 hold.

This is to be compared with existing results for discrete non-irreducible Markov chains from
[13, 14, 12]. In particular, the set of admissible measures A plays the same role and we recover the
same properties of I as in the discrete case. We believe that, as in the discrete case, I coincides
on A with the Donsker-Varadhan entropy. However, the proof of this a posteriori identification
by [12] cannot accommodate the continuous case, as it involves a minimal cycle decomposition,
which is a purely discrete object.

The rest of this article is dedicated to proving Theorem 1.6. The theorem follows from
Propositions 2.3, 2.4 and 2.5, that are stated in Section 2 below and proved in Sections 2.1, 2.3
and 2.4; this is where the subadditive method is actually performed. Once Theorem 1.6 is proved,
Theorem 1.7 follows by Lemma 1.4.

2 The Ruelle-Lanford function

The weak topology of P(R?) is metrized by the Lévy-Prokhorov metric dpp (see Appendix B).
Recall that all p, v € P(R?) satisfy dip(p,v) < drv(p,v) == | — v|ry, where | - |py denotes the
total variation norm on the set of finite signed measures of R¢. The open Lévy-Prokhorov ball of
radius 6 and center y is denoted by Brp (i, d).

Definition 2.1. For every measurable set A of P(R?), we set

1
s(A) = liminf — logP(L,, € A),

n—oo N

5(A) = lim sup 1 logP(Ly, € A).
n

n—oo

Let € P(R?). We set

s(p) = gi_%ﬁ(BLP(/% d)),

5(n) = lim 5(Brp (1, 9))-

If s(u) =3(u), we set Igr,(p) = —s(u) = —3(u) and we say that the Ruelle-Lanford function of
(Ly) exists at p.

Ruelle-Lanford functions are named after Ruelle and Lanford, who used a subadditive approach
to define and compute limits of logarithmic moment generating functions [17, 18, 19| before
they were used in large deviations. See [20] for a detailed historical account. Our use of the
Ruelle-Lanford function lies in the following standard lemma.

Lemma 2.2. If the Ruelle-Lanford function of (L,,) exists at all u € P(RY), then Iry, is lower
semicontinuous on P(R?) and (L,,) satisfies the weak LDP with rate function I = Igy,.

For a (simple) proof of this lemma and related properties, see [4, Section 4.1.2]. This is the
cornerstone of the subadditive method. To prove the weak LDP of Theorem 1.6, it suffices to prove
the existence of the Ruelle-Lanford function. This is achieved by deriving supermultiplicative
inequalities for some sequences (P(L, € Brp(y,9)))® in the next sections. The additional
properties of I stated in Theorem 1.6 are properties of Igy, that come with the proof of its
existence. We state these properties here, and prove them in the next sections.

Proposition 2.3. Assume (A) and (D). Let u € P(R?)\ A. Then, the Ruelle-Lanford function
of (L) exists at p and Igy(p) = oo.

Proposition 2.4. Assume (A), (B) and (C). Then, the Ruelle-Lanford function Iry, of (L)
exists at all p € A. Moreover, for all uy,us € A and X € [0, 1] such that Aup + (1 — ANus € A,

Trp(Apa + (1 = Ap2) < Mre(pa) + (1= A)Ire(p2). (2.1)
8Thus, subadditive inequalities for the sequence (—logP(L.,, € Brp(i,9))).




Proposition 2.5. Assume (A), (B) and (C). For all p1,pu2 € A and X € [0,1] such that
A+ (1 = XNpe € A, if no communicating class C; satisfies p1(Cj)u2(Cj) > 0, then

Trp(Apa + (1 = Apz) = Mre(pa) + (1 = A)Ire(p2). (2.2)

Combining Propositions 2.3, 2.4 and 2.5 yields Theorem 1.6. Note that Propositions 2.3
and 2.4 alone are already sufficient to establish the weak LDP, while Proposition 2.5 is only needed
to derive the last property of the rate function. We prove Proposition 2.3 in Section 2.1. We prove
Proposition 2.4 in Section 2.3, using the tools provided in Section 2.2. We prove Proposition 2.5
in Section 2.4, using the tools provided in Section 2.2.

2.1 The Ruelle-Lanford function for non-admissible measures

Proposition 2.6. Let u € P(RY). Suppose that pu is not absolutely continuous with respect to
the Lebesgue measure. Then, Iry,(p) exists and Iry (1) = 0o.

Proof. Let Ipy denote the Donsker-Varadhan entropy:

Tov(s) = sup / o pj;(( )) (da), (2.3)

where the supremum is taken over the set of measurable functions f : R? — (0,00) satisfying
e < f < 1/e for some ¢ > 0. It is well known [5, Theorems 3.2, 4.1] that the large deviations
weak upper bound is always satisfied with rate function Ipy. Hence [4, Lemma 4.1.24] yields
the following implication: if Ipy(p) = oo, then $(u) = —oo, further implying that Igy,(u) exists
and is infinite. Let us show that Ipy(p) = co. Let A be a Borel set such that u(A) > 0 and
Leb(A) = 0. Let a > 0 and f(z) = ala(z) + 1. This defines a function that is measurable,
bounded, and bounded away from 0. We have

pf(x) = a/Ap(a:,y)Leb(dy) +1=1.

Thus,
f(z) _ _
log p(dz) = [ log f(z)u(dr) = u(A)log(1 + a),
R4 pf(z) Rd
which can be arbitrarily large. This shows that the quantity in the supremum of (2.3) can be
arbitrarily large. Hence Ipy (1) = 0o, which concludes the proof. O

Proposition 2.7. Assume (D). Let i € P(R?) be such that suappp € C. Then, Iry, (i) ewists
and Igy(p) = oo.

Proof. Since supp u € C, we have u(C) < 1, hence Assumption (D) applies. By definition of Igy,,
we have Igp, (1) = oo. O

Proposition 2.8. Assume (A). Let u € P(RY) be absolutely continuous with respect to the
Lebesgue measure. Assume that u(C;) > 0 for some j € J satisfying 5 ¥~ j. Then, Igr(p) exists
and Igy,(p) = oo.

Proof. We prove the contrapositive. Assume 3(p) > —oo. Let 6 be as in Lemma B.1 with O = Cj.
By definition of s, there must exist a word u € W such that L[u] € Brp(u,6). By Lemma B.1,
Liu](C;) > 0, thus at least one letter of u belongs to C;. Up to taking a prefix of u instead of u,
we can assume that the last letter of u, denoted by x, belongs to C;. By Lemma 1.2, we have
P*(Zinit, ) > 0, where k = |u|. Assumption (A) further yields p*(zinit, Cj) > 0; in other words,
B~ J. [

Proposition 2.9. Assume (A). Let p €
Lebesgue measure. Assume that 1(Cj,) p(
under (~). Then, Iz (n) exists and IRL(

P(R ) be absolutely continuous with respect to the
Cj,) > for some j1,j2 € J that are not comparable

) =00
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Proof. We prove the contrapositive. Assume 5(u) > —oco. We use Lemma B.1 to find § > 0 such

that all v € Brp(p, d) satisty v(C;, )v(Cj,) > 0. By definition of 5, there must exist a word u € W
such that Lu] € Brp(i, ). By Lemma B.1, Lu](Cj,) > 0 and L{u](Cj,) > 0, thus both C;, and
()}, contain at least one letter of u. We denote by x; and z2 two such letters and we assume, for

instance, that z; comes before x5 in u. Since v € W, Lemma 1.2 shows us that p**1(z1,22) > 0
where k is the number of letters between x1 and 25 in u. By Assumption (A), we further have
pF (21, Cy,) > 0, thus ji ~ jo. If we assumed that x5 came before z7 in u instead, we would
have obtained j3 ~» ji. In both cases, j; and jo are comparable. O

2.2 Slicing and stitching words

In this section, we introduce the slicing, stitching, coupling and decoupling maps, which are
operations on words. Like in [12], these operations will allow us to recombine portions of words
together in order to build a long word from several small ones. Given u € W \ {e}, we set

Jul

Llu] |u\ Z uj
Given a sequence of non-empty words® u = (u!,...,uF) € W\ {e})*, we set

ko k
E: Wl ful= D
i=1 i=1

Throughout this section, K C C' is an admissible compact set. For convenience, we relabel
elements of Jx as 8,1,...,r,s0 that 8~ 1~ ...~ 1.

2.2.1 The slicing map

Definition 2.10 (The slicing map). Let u € W,,. For each 1 < j <1, if u has no letters in Kj,
let u? = e. Otherwise, let u? be the subword of u whose first letter 1s the first letter of u within
K; and whose last letter is the last letter of u within K;. We define F,(u) = (u',...,u") € W".

Implicitly, the slicing map depends on the choice of the compact K. Since we have a total
order on (Cj)1gj<r, every u € W, can be written

w= ¢ wu ¢ u)u?. .. ¢ (¢ (u),

where (7 (u) are some words of length at most n. See Figure 1a for a visual depiction of the slicing
map applied to two words u', u? € W,. In the next proposition, we formulate bounds in terms of
a simple continuous function h : (0, 00) — [0, 00), defined by

1
x):‘f—l‘-i—\l—ﬂ. (2.4)
X

The function h will provide rough bounds that are more convenient than the precise ones obtained
in the proof. Notice that lim,_,1 h(z) =0

Proposition 2.11. 1. Letn € N and let u € W, be such that w := F,(u) # (e,...,e). Then,

dup (Ll Liw]) < drv (L], L)) < h(22). (25)

2. Let k € N and let u := (u',u?,...,uk) € );\V/’Tf be such that w' := F, (u') # (e,...,e) for all

i. Then, .
i )< 13 (5(%21) (2 20

where v € W is the concatenation of the lists w', ... ,Qk,

9Except when explicitly specified, exponents on words do not denote powers, but simply a numbering. Indices
are reserved for numbering the letters of a given word: u; is the j-th letter of the i-th word. Underlined letters

will always represent lists of words; v is the list (v!,...,v*).
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Proof. We begin by proving (2.5). We have drp < drv on P(R?)2. Moreover,

v ul]

NS HAN

j=11i=1

1
<1-ldy
TV

drv(L[u], Llw]) = | L[u] |f| Z |u? | L[u?]

On the right-hand side, each Dirac mass in the second sum also appears in the first. Hence,

arv(zlu]. Zul) <1 - 24 L ) < (12,

n

The bound with A(|w|/n) is due to |w| < n. We have proved (2.5). We now prove (2.6).
Using (2.5), we have

k k i
dup(Llu], L)) < drv(Llu), L)) = | > %L[ui] - %LW] -
k i
<2 (- il o - i)

We have thus proved (2.6). O

2.2.2 The stitching map

In this section, we assume (B). The function 7 and the constants 7 and ck are defined in

Assumption (B) and depend on K. In the discrete case of [12], the output of the stitching map

was a word. Here, we need G, r(v) to be a set of words in order to later make the inequality
P(Gg,r(v)) > 0 possible. See Figure 1b for a visual depiction of the stitching map.

Definition 2.12 (The stitching map). Let k € N. We say that a finite sequence of words v =
(vh, ..., k) € WF is stitchable if there exists a nondecreasing function j : {1,... k} — {1,...,r}
such that for each 1 < i < k satisfying v* # e, the first and last letter of v* belong to Ky, Let
T € N. We set

Skt = {v € WF, v is stitchable, |v| + ktr < T}.

Let v € Sgr. We define the measurable set Gy r(v) C Wr in the following way: for each
1<i<k,

1. if v' = e, we set 7, = 0;

2. otherwise, let y = vi and let x be the last letter of the last non-empty v? before v® in the
sequence (or Tt if there are none). Then, (z,y) € U§=1 K x K; (because the sequence is
stitchable) and we set T, = T(x,y).

Finally, we set Tp41 =T — (| +71 + ...+ 7%) 20 and
Grr(v) =Wy, x {01} x W, x {0®} x ... x W, x {vF} x W, € Wr.
Proposition 2.13. Let v € S, be such that v # (e, ...,e). Then, for all w € Gy r(v), we have

k+1

dup(Llu], Lie)) < 20 ().

Proof. Using that drp < drv, we obtain

Jw] k|0

Tl 2B = 22 ]

i=1 j=1

T T)

dup(Llul L) < (77— 7

Since words v* are non-overlapping subwords of w, the two sums in the TV norm on the right-hand
side differ only by Dirac terms corresponding to letters of w that are not in its subwords v°.
There are at most T' — |v| such letters and hence the second term is at most (7' — |v|)/|v|. This
completes the proof because 1+ 1/T < 2

12



(a) The action of the slicing map on two words u' and u?. The slicing
map removes the gray bits of the trajectories and yields a list of four
subwords v = (u''!,ub?, u?!, u*?). The letters acllj used in the proof of
Proposition 2.17 are indicated.

Cy

(b) The action of the stitching map on the stitchable list o(v) =
(utt,u? w2 u??). The dashed lines represent the insertion of W-,
between words of o(v). The letters 37 used in the proof of Proposi-
tion 2.17 are indicated.

Figure 1: Example of use of the coupling map, with N = 2 and r = 2.
Trajectories are depicted as smooth curves for easier readability, even though
they are discrete in time. Given u = (u',u?), the slicing map produces
four subwords of u! and u? in (1a). These subwords are reordered and then

reassembled by the stitching map in (1b).

2.2.3 The coupling map

In this section, we assume (B). The coupling map is a composition of the slicing map and the
stitching map. Given N words of length n, it provides a set of words of length T involving
subwords of the initial words. See Figure 1 for a visual depiction of the coupling map.

Lemma 2.14. Let N,n € N. There exists o : F,(W,)N — WN" such that the elements of o(v)
are exactly the elements of v and o(v) belongs to Snr 1 for every integer T > Nn + Nrrk.

Proof. Let u = (u',...,u™) € WN. Applying F to each u' yields an N x r matrix of words ui.
If u™J # e, then the first and last letters of u* belong to K;. We set o(F,(ul),..., F,(u™))
to be the list obtained by reading the entries of the matrix (%) column by column. This list
contains N7 elements and is stitchable. Moreover,

< Z |u'| = Nn.

lo(Fp(ul),. .., Fy(u))| = Z Z |

1IN 1<5<r 1<i<N

Hence o(F,(ul), ..., F,(u’)) € Snpq if T > Nn + Nrrg. O

13



Definition 2.15 (The coupling map). Let N,n,T € N be such that T > Nn + Nrrg. Let
u=(ul,...,ulN) e WV, Let v = (F,(u'),...,F,(u)). Then, o(v) € Snr1, and we set

\Ian T( ) GNTT(O'(’U)) = GNT,T(O'(Fn(ul), I Fn(UN))) S B(WT)

Proposition 2.16. Let u = (u',...,uN) € Wflv be such that u' = F, (u?) # (e,...,e) for all i,
and v = (ul,...,u"). Then, for allw € ¥y, r(u), we have

et o) < % 50 (00 1 (1)) 20 (1), 2

Proof. Since L[v] = L{o(v)], we have
dup(Llu], Lw]) < dup(L{u], L[v]) + dip (Lo (v)], L[w]).

It then suffices to combine the bounds of Propositions 2.11 and 2.13. The bound (2.7) follows
since |o(u)| = |u]. O

The following proposition is the core of our subadditive method. It states that the long words
w resulting from the coupling of small words u’ are approximately as probable under P as the
small words u’ independently picked according to P. One can prove it without using densities,
provided a bound such as in Assumption (B) is satisfied.

Proposition 2.17. Let W be a measurable subset of W, and let
U={ueW) | Unnr(w) CW}.

Then,'0
PEN(U) < (e (7x + 1) (n + D> ) Y P(W). (2.8)

Proof. Let us begin by introducing some useful notation. Throughout the proof we will manipulate
a generic u € U, on which several variables will implicitly depend. For 1 < ¢ < N, we set
(ubt, ... ubT) := F,(u') and we define the words (%7 by the expressions

ut = COlyBlh2yh2 iyl 1<i<N, (2.9)

where by convention (*J = e when u*/ = e (this choice avoids some ambiguity when some u®/ is
empty). The words ¢*7 implicitly depend on u. We also set

v=(F(u'),....F(u)) = (ub u? . a™r Tl e Wi

which also implicitly depends on u. The cornerstone of the present proof will be the use of
Assumption (B), which involves two letters z; and z3. We now introduce letters wzl ' and :L'i 7 for
later use. We denote by .le the last letter of the last non—empty word preceding u*/ in the list
F(u® ) or Zinjt if there are none. In particular, notice that x = Zinit for all 4. Similarly, we
denote by zzj the last letter of the last non-empty word preceding u%7 in the list a( ), OF Zinit if
there are none. See Figure 1 for a visual depiction of the definitions of 277 and 7. Notice that
27 € K;, and 25’ € K, for some jy, jo ~ j.'2 To manipulate words of fixed lengths, we define
the sets

5k:{u€W£V|V1§Z<N’1<j<T+1 |C’L,J 7]{:2]}
fz—{uEVN\/fy|V1§i<N’1<j<r W = 1),
_{ueWN|V1<z<N,1<j<r’ r(ah i) = if > 0},

10Note that the factor in (2.8) is simpler than the corresponding one in [12]. This is because our stitching map
allows empty words as input.

We now view the object v = (Fy, (ul), ..., Fy(uN)) as the concatenation of the lists Fy,(ul), ..., Fy(uV), which
is a list of Nr words, rather than a N X r matrix of words.

2Including the case when j; = 3 or jo = §.
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where k = (k; ;), | = (l;;) and 7 = (73 ;) are N x (r + 1) and N x r matrices of integers such
that kiqn +lLii+ ... +kir + L+ kirp1 =nforall i and 7, ; < 7 for all (4,5). We set

Ui =UNENFNG,  V,=VnFNG,),

where
= {’U S SNTT | GNrT( ) C W}

By definition, v € U if and only if o(v) € V if and only if U ,, 7(u) C W. The goal is to bound
the quantity

N

PON (Uy,.) = / Lung, (w) [ [ p(winie, du’). (2.10)

ExNF, i=1

Here, the indicator function only involves the subwords 1%/ and does not constrain the subwords
¢%J. This means that 1yng, (u ) can be replaced by 1y, (o(v)) in the integral. Let the symbol Zhd
denote the letter preceding u*7 in (2.9), or Tint if there are none — as for earlier notations, the
letter 2%/ implicitly depends on u. These notations allow the change of variable

P(Tinie, dut) = p(zhh, dCNp(2ht, dutYp(xh?, d¢H?) .. p(2hT, dut)p(2h”, AT

in integrals over W, with fixed lengths of subwords.'® Performing these changes of variables
in (2.10) yields

pEN Uk l 7' / /].V )) H <Hp(xlld,dé'ld)p(z%]7dul,J)>p(zllﬂ”+1,dCz,r+1)'

In this expression, there are N(2r 4 1) integrals that are taken over Wy, ,, Wi, ,,..., Wiy .,
Wi .rs1- Since the words (% are not constrained by the indicator function, the integrals over
Wy, ; simplify; by definition of p* we get

N r
PN (Uy17) :/.../]_VT(O'(Q))HHpki,j(xivj,dui,j)’

i=1j=1

where the Nr remaining integrals are taken over W, ,, Wi, ,,..., Wy .. Note that, during this

simplification, the integrals over Wy, ., became p(x] i1 s Wi = 1. We are now ready to use

irt+1 )
Assumption (B) in each of the remaining integrals. We recall that z5” is a letter depending on u
that was defined in the beginning of the proof. By definition, for all 1 < j <, the first letter of

u® belongs to K; if u # e and xl’] and xij both belong to K. By Assumptlon (B), we have

QN Nr A Ti g (et .5
PON Uy ) < ¥ /.../1‘/,(0(@))]‘[1‘[1) (257, dub), (2.11)

i=1j=1

where the integrals are still taken over Wy, |, W}, ,,..., Wi, .. Before expanding back each p™i
into an integral over Wy, ., we need one last notation. Given Words €57 such that |¢%] = 7, ; and
another word ¢L7+! such that

T = =T = (i +ha + v + ),
we define 49 as the letter preceding u*7 in the word
wim (VT IE 2T NN (gl gy 2r | N Nyl (2.12)

Or Tini¢ if there are none — of course, the letter 4*7 depends implicitly on the choice of words
&7, With this notation, we have

P (o’ dut) = / p(wy’, A p(y™, du').
W

(2%

13To address the case when some ki ; or some l; ; are null, we recall the convention that p(z,-) = de over
Wo = {e}, for all z € R% U {xini1 }-
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Injecting these expansions in (2.11), we get

r

i=1

where there are now 2Nr integrals over Wr, ,, Wy, 1, Wr, 1, Wi, 1y ooy Wiy s Wiyy,.- Using the
fact that all x € R? U {x,;.} satisfy

L= pa, Wy ) = / pl, deV7 1),
W.

T1,r4+1

we can even insert one last integral over £ e W, 4, in this bound. Moreover, by definition
of V., the indicator function in the integrals satisfies 1y_(o(v)) < 1w (w), where w is the word
defined in (2.12). By performing the change of variable induced by (2.12), we get

PON (U1.0) < e / Ly (0)p(inis, dw) = CYTB(W).
Wr

This bound holds for every choice of k,l,7. Since the sets Uy, , provide a partition of U, we
just need to count the number of different choices of k,l, 7 to obtain a bound on P®¥ (U). There
are at most (n + 1)@+ joint choices of k and I, and at most (1x + 1)N" choices for 7. By
multiplying these factors, we recover the constant of (2.8). The proof is complete.

O

2.3 The Ruelle-Lanford function for admissible measures

In this section, we prove Proposition 2.4. Assume (A), (B) and (C). Let u1, 2 be two admissible
measures such that the probability measure p := %ul + %/1,2 is admissible too. We will take
1 = ue = i to prove the existence of the Ruelle-Lanford function. We will then choose p; and
e arbitrarily to prove the convexity property of Proposition 2.4. Since p is absolutely continuous
with respect to Leb, Assumption (C) yields that pu(0C) = 0 so that u(C) = 1. Let € > 0. We
choose a finite subfamily of pairwise comparable classes of (C;);e7, which we now relabel as
C1,Cs, ..., C,, such that u(C;) > 0 for all j < r and

(C) + .+ p(Cy) > 1

, B 1lam 2 oo,

=~ ™

The existence of such a subfamily of (Cj);ecs is granted by the admissibility of . Since
= 3p1 + pug, we have

pi(Cr) + .o+ pi(Cr) 2 1 ke {1,2}.

€

2 )
The measures 1 and ps are inner regular because they are absolutely continuous with respect
to the Lebesgue measure. Hence, there exists a compact set K° C C; U... U C, such that
w1 (K% >1—¢ and pua(K®) > 1 —e. As a consequence, we also have pu(K%) > 1 —¢e. Let § > 0.
Without loss of generality, we assume that

1—
O<<5<min(d(KO,Rd\(Clu...UC,.)), . 5),
so that
K:={zeR?|dz,K) <6} CCLU...UC,.

The set K is an admissible compact set. As before, we set Kg = Cg = {zinit} and K; = C; N K
for all 1 < j < r. The slicing, stitching, and coupling maps are henceforth defined with respect to
these choices of sets Cj, K; and K.

In this context, Proposition 2.16 results in an -6 bound, for proper choices of n and T': this
is Corollary 2.18 below. Corollary 2.18 states that the coupling map turns any list of words u
whose empirical measures approximate pq and ps into a set of words w whose empirical measure
approximates p. We recall that h is simply the continuous function satisfying hA(1) = 0 introduced
in (2.4). Notice that the right-hand side of (2.13) vanishes as (g,d) — (0, 0).
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Corollary 2.18. Let n € N be such that Tk /n < 6 and n(l —e —96) > 1, let T € N be such that
n+rrg < T6, and let™*
v
n+r7i

Let u= (ul,...,ul) € VNV,]lV be such that dyp(L[u'], 1) < 6 when i is odd and dpp(L[ut], p2) < &
when i is even. Then, for allw € Uy, r(w),

dip(Lfu]. ) < 4h((1— e — 51—

1+r<5> 136 = f(e,6). (2.13)

Proof. By definition of K and since each L[u i] is d-close to pu1 or ps, we have L[ WK ) 1—e—34.

u
Hence at least one letter of each u® belongs to K, implying that u’ := F,,(u%) # (e,...,e). By
Proposition 2.16, we have

dup(Llwl, ) < fvfj( (N|lf|”')+h(| 1)) w2 iz,

where v is as in Proposition 2.16. Since Llu] = %-L[u'] 4+ ... + & L[uN] and p = Ju1 + Lpo,
Lemma B.2 allows us to bound the last term by
Lol [ o]
S+ |z — 2 — - =2= — < 36.
* ‘2 N Tz v |SOtR S

For the other terms, we need to prove that the quantities Nllvu‘il, % and %‘ are close to 1. Let
< N andlet £ =1if7is odd and k = 2 if 7 is even. By the choice of K as the §-neighborhood

of KO, the bound dpp(L[u'], u) < 6 yields

L' )(K) 46 > pup(K°) > 1 —¢,

hence u® has at least (1 — & — d)n letters in K. Thus, by definition of u’, we have

i
| e_s< oy
n
Since |v| = |[ut| + ...+ |u”]|, we have
Nlu! 1
1—-e—-0< | <

o S1-c-0

Moreover, by definition of N, T" and n, we have

1-0 _ |v
1—¢e— < =<1
(1-2-9) 1+r6 = T
Considering the monotonicity of & on (0,1) and on (1,00), as well as the fact that h(1/z) = h(z),
we have N
1 N|w'| '] o] 1-34
— =1 =« —e— .
v 2 () +2(50)) 20 () < am(0 -2 =07 5)
The bound of the corollary follows. O

Lemma 2.19. Let n, T and N be as in Corollary 2.18. Let

AD () = {u € Wy | dup(L[u), 1) <0
AD(8) = {u € Wy | dup(Lu), pi2) <0
Br(e,0) ={w € Wyp | dip(Lw], p) < f

ul, p

Then,
P(ALD(8))NPTR(AD (8)) N2 < G P (Br (e, 6)),

Cor = (che(ric +1)"(n+ 1)F )N (2.14)

14This choice of N satisfies T > Nn + Nrrx.
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Proof. By Corollary 2.18,
Unpn1(An,n(9)) C Br(e,d),
where A, n(8) := AW (8) x AP (8) x AV (8) x AP (8) x ... x AR-NFT2N/2])(§),
Hence, by Proposition 2.17, we have
PEN (An, v (9)) < PEN ({u € WY | U1 () € Wavn1(An,v (9))})

< (k(rr +1)"(n+1 2r+1) (U7 ( nN((S)))
< (el + 1) (n+ 1> ) P(By

The proof is complete. O

Lemma 2.19 provides the supermultiplicative inequality'® mentioned in the discussion below
Lemma 2.2. We now use this inequality to prove Proposition 2.4, effectively completing the proof
of the weak LDP.

Proof of Proposition 2.4. We shall divide the logarithm of (2.14) by T and pass to the limit as
n — oo and T — oo to prove the existence of the Ruelle-Lanford function. Before proceeding,
notice that using N = LM%J in the definition of C,, 1 yields

1 r r 2r+1
ZJL{I;OTIOgO"T mlog (CK(TK+1) (Tl"‘l) ),
thus
i fim 108 Cur =0 219

We can now proceed to the proof of the existence of the Ruelle-Lanford function. Let p1 = po = p
in Lemma 2.19 and let A4,,(9) := Asll)(d) = Ag)(é). For suitable integers n and T, this lemma

yields

1 T
T LHTTKJ logP(A,(9)) < log Conr+ = logIP’(BT(s 9)).

In this inequality, we take first the limit inferior as T" — oo, and then the limit superior as n — co.
By (2.15), we have

5(Brp(p,9)) < 0+ s(Brp(p, f(e,9))). (2.16)
Since lim._,o lims_o f(g,4) = 0, taking the limit in (2.16) as 6 — 0, and then as e — 0 yields
S(p) < s(p), which shows that the Ruelle-Lanford function exists at p. We now prove that the
rate function Igy, satisfies (2.1). For any choice of admissible p; and po such that p := %ul + %,ug
is admissible, and for proper choice of n and T, Lemma 2.19 yields

N N
% log P(AD) (6)) + % logP(A(5)) < 108 Cor + 7 IogB(Br (=, ).

In this inequality, we take first the limit inferior as T" — oo, and then the limit inferior as n — oo.
By (2.15), we have

—_

S 5(Ben(u1,0) + s(Bip(1m2,8)) < 0+ s(Bue(u, (=, 6))).

l\D

Since the Ruelle-Lanford function exists at w1, pe and p, taking this bound to the limit as § — 0,

and then as ¢ — 0 yields
1 1
—olre(p) = SIre(p2) < —Ire(p)- (2.17)

Let now vy,v2 € A and A € (0,1) be such that v := Ay + (1 — ANy € A. By the discussion
following Definition 1.5, we have [v1, 5] C A. Therefore, by repeatedly applying (2.17) along the
dyadic approximations of A, we obtain that

)\IRL(Vl) + (1 — )\)IRL(VQ) = limianRL(V/).
v'—v

Since Igy, is lower semicontinuous, this proves (2.1). O

15(2.14) is not stricto sensu a supermultiplicative inequality, yet it is enough for the purpose of proving the
existence of the Ruelle-Lanford function.
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2.4 An additional property of the Ruelle-Lanford function

In this section, we prove Proposition 2.5. The results of this section are not used in the proof
of the weak LDP itself. Assume (A), (B) and (C). Let A1, A2 € (0,1) be such that A\; + Ao =1
and let u1, s be two admissible measures such that the probability measure g := A1 + Agpo is
admissible too. We assume that 7 is partitioned into two disjoint sets J; and J3 such that

suppps € | J €5, suppm2 € | J @
jeET JET>2

By Proposition 2.4, the quantities Iy, (1), Irr,(p1) and Irp(u2) exist in [0, 00]. We shall prove
that they satisfy (2.2). Let e > 0. Without loss of generality, we assume that

O<6<min<%,%) — min (;u< U Cj>,;u< U q)).

JETL JET2

Since uy and po are absolutely continuous with respect to Leb, Assumption (C) yields that
w(0C) = p1(0C) = ue(0C) = 0 so that u(C) = pu1(C) = pu2(C) = 1. We choose a finite subfamily
of pairwise comparable classes of (C;) ez, that we now relabel as C1,Cs,...,C,, such that
1(C;) > 0 and

p1(Cr) + p(Co) + .o+ pa(Cy)
p2(C1) + p2(Ca) + ... + pa(Cy)

B 1lam 2 oo,

The existence of such a subfamily of (C});cs is granted by the admissibility of . The set C :=
CyU...UC, is split in two according to the partition J = J; UJo. Welet n: {1,...,r} — {1,2}
be the map defined by n(j) =1if j € 71 and n(j) =2 if j € Jo, and we set

ch= 1) ¢cc, c®= |J ccce

jen—t(1) jen—1(2)

Since \; and A, are no larger than 1, we have u(C’(l)) > A1—¢/2>0and u(C’(Q)) > A—¢/2>0.
Since p is absolutely continuous with respect to the Lebesgue measure, Assumption (C) implies
that CM and C® are continuity sets of y. By the Portmanteau theorem, there exists § > 0
such that |[p(CM)) — u(CM)| < e/2 and |[V(CP) — u(CP?))| < £/2 for all v € Brp(u, ), further
implying

v(CW) > X —e>0, v(CP)>X—e>0, veBp(p,o). (2.18)
The measures @y and po are inner regular because they are absolutely continuous with respect to
the Lebesgue measure. Hence, there exists a compact set K C C such that p; (K°) > 1 — ¢ and
p2(K%) > 1—e. As a consequence, we also have u(K°) > 1 —e. Since K does not depend on 4,

let us assume that
0 <26 < min (d(K°, R\ C), A1 —¢, A2 —¢),

without loss of generality. We set
K ={zcR?|d(z,K° <d} CC.

The set K is an admissible compact set. As before, we set Kg = Cg = {zinit} and K; = C; N K
for all 1 < j < r. By the assumption on ¢, note that d(K;,0C;) > 6 for all 1 < j < r. The set K
is also split in two according to the partition J = J; U Ja; we set

KW= ] K;, K®= |J K,
jen—1(1) JjENT1(2)
2.4.1 The decoupling map

We reuse the slicing and stitching maps of Section 2.2 and compose them in an alternative way
to define the decoupling map. For v € {1,2}, we set r, = #n~!(y) and we denote by j. (i) the
i-th integer j satisfying n(j) = =, so that

{1,y = {0, 51 (r)} U{G2(1), - G2 (r2) }-
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(a) The action of the slicing map on a word u. The letters z%7 used in

the proof of Proposition 2.22 are indicated.

(b) The action of the stitching map on the stitchable lists (u', 4, u*) and
(u®,u”). The dashed lines represent the insertion of W, between words.
The letters 23" used in the proof of Proposition 2.22 are indicated.

Figure 2: Example of use of the decoupling map with respect to the partition
{1,2,3,4,5} = {1,3,4} U{2,5}. Trajectories are depicted as smooth curves
for easier readability, even though they are discrete in time. Given a word wu,
the slicing map produces five subwords u?!,...u% in (2a). These subwords are
then reassembled by the stitching map in (2b).

For all u € W, we denote by |u|, = |u|c) the number of letters of u that belong to C'?), and

|ul

> Lo (43)du, € P(RY),

=1

1

L [u] = W
~

when |u|, > 0. We fix two integers T7,T5 such that Ty > (A, +&)n +r,7x for v € {1,2}.

Definition 2.20 (The decoupling map). Let n € N. Let u € Wi, be such that luly < (A +
e)n for v € {1,2} and set (u',...,u") = F,(u). Fory € {1,2}, we denote by v\?) the list
(w0 Then (v v®@) € S, 1y X Sy 1y and we set

o (w) =G (0Y), 2P (w) =Grn(@?),  @alw) = (2 (1), 2P (u)).

In this definition, we have indeed (v, v(?)) € Spy1y X Sry 1, because the two lists v are
properly ordered and satisfy [v()] < |ul, < (A, + &)n, for v € {1,2}.

Proposition 2.21. Let u € W, be such that luly < (Ay+e)n fory € {1,2} and set (u',... ,u") =
F.(u). Forvy € {1,2}, we denote by v\ the list (u?M) ... u/"()). Assume that v # (e, ..., e)
for v € {1,2}. Then, for all w € ®,(u),

dip (L[], Ljw]) < h('T:j') + 2h(|“;:)). (2.19)

Proof. Since dpp < drv, we have

drp (L [u], Liw]) < dpy (L], L)) + drov (L], Liw)). (2.20)
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The first term of this bound yields the first term on the right-hand side of (2.19). Indeed, as in
the proof of Proposition 2.11, we have

Ju|

1
dTv(L(’Y)[u],L[Q(’Y)]) < |’U(7)| Zlch) Uk uE Z Z(suk

v ‘u|7 |u‘7 jeEn—1(y) k=1

On the right-hand side, since all the letters of u’ belong to Cj, every Dirac term that appears in
the rightmost sum also appears in the left one. Hence,

1 1 lu™)| lu™)|
dry (L [u], L)) < — 1= < h(—).
( )< <0

The second term of the bound (2.20) yields the second term on the right-hand side of (2.19) by
Proposition 2.13. O

Proposition 2.22. Let W be a measurable set of Wr, x Wr, and let
U= {u €W | ®nz, () C W}

Then,
P(U) < (n+ 1)* T (1 + 1) PE2(W).

Proof. Since the Borel o-algebra of Wr, x Wr, is generated by the m-system of Cartesian
products of the form W = W x W5 where W, is a measurable set of Wr. , v € {1,2}, we make
the assumption that W = W; x W, without loss of generality. The general structure of this proof
is the same as that of the proof of Proposition 2.17. The notation of this proof mirrors that of
the proof of Proposition 2.17; we manipulate a word u € U on which several variables depend.
We set (ul,...,u") = F,(u) and we define ¢/ by the expression

w=CulCu? . T (2.21)

where by convention (¢ = e when v/ = e. The words ¢? implicitly depend on u. For v € {1,2},
we set v(7) to be the list of those u’ such that n(j) = . As in the proof of Proposition 2.17,
we also introduce some specific letters that implicitly depend on u. We denote by ] the letter
preceding ¢7 in u, or xin; if there are none, and we denote by 27 the letter preceding w/ in u, or
Tinit if there are none. In addltlon for v € {1 2} and 1 <@ < 7y, the word w (@ is an element of

the list ("), so we denote by xg the last letter of the non-empty word preceding /(9 in v(?),

or Tinit if there are none. Letters :1:1 and x2 ' are illustrated in Figure 2. To manipulate words of
fixed length, we define the sets

Ek—{ueWn|V

Fi={uew, |V
Gy, ={uew, |V
QTQZ{uEWn|V

r+1, |CJ| = kj}’
T, |u3| =1},

)

<
<
<y, eyt ud V) = 1),
<

1<y
1<
1<
1< 2,1 32(1) _ .
B ) T2, T(xQ aul ) - 7—271}7

where k = (k;), { = (I;), m = (m1;) and 7o = (72,) are sequences of integers such that
Fi+bL+...+k+1l+ky1=nand 7,; < 7 for all v € {1,2} and 1 < i < ry. We set, for
ved{l,2},

Uiy, =UNENFNG, NGy, VO =VINE,@G,),

where V() = {y(’Y) €S 1 | G 1, (y(’Y)) C W,}. We must estimate P(Uy, ). Performing the
change of variables induced by (2.21), we have

P(Uk,,-) = / 1ung, (u)p(Zinit, du)
ExNF,

= /--~/1V(1)(Q(1))1V(2)(2(2))19"(“)

(H”%W %w®<ﬁwwm
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where there are 2r + 1 integrals over Wy, Wi, ..., W, Wk, , in the second line. The integrals
over W, can be simplified by definition of p¥i. We get

Uk I, ) / / 1y0)(v 1V(2) Hp J duj (2.22)

where only the r integrals over W, ..., W, remain. Before going further, we use that {1,...,r}is
partitioned into {ji(1),...,41(r1)} and {j2(1),...,j2(r2)}, so that the product involved in (2.22)
can be split into

r
Hp xl du] <Hp g1 (4 ) ‘71( ) duh( i) ) (f[kaé(i) (1']12(1),(:111,72(1)))
i=1 i=1

Now we can use Assumption (B) for each p¥~»® in (2.22). By definition, the first letter of u/»(?)
belongs to K (; and both x{”m and xJ" belong to K (i), for all i <r,. By Assumption (B),
we obtain

r1
P(Up,1+) < C;(// <1V(1)(v(1))HpT1,i (xéﬂ,dujl(l))>
i=1
X (1V<2> (@) Hp”"’(:cg’l,du”(’)))

i=1
where the r integrals are still taken over W,;,,..., W, . Thanks to the Fubini-Tonelli theo-
rem and the partition of {1,...,r}, we can also consider that the r integrals are taken over

Wiy Wi oy and Wi oo W Notice that the variables involved in the first prod-
uct do not depend on those involved in the s_econd one and vice versa. Indeed, by definition, each
xy" is a letter of a word of v™) and each 3" is a letter of a word of v(?). Therefore, the multiple
integral can be split into a product of two factors Z; and Z,, where each factor Z, consists in the

., integrals taken over W 7V\thm):

(1)t

P(Ug,.-) < i, where Z, = / ./lvw)(g(”)) HpTW (a:g’i,duj”(i)). (2.23)
i=1

In both factors Z,, we want to expand each p™* into an integral. For convenience, we set

Tyl = Ty = (Ty1 + oo+ Typy) — (ljw(l) + ...+ ljw(rv))' Given words €71, ... £Vt of
respective lengths 7., 1,..., 7y, +1, we introduce the word
wY = &V I M 1237 2) vy g () g1y L (2.24)

Let 377 denote the letter preceding u77(?) in w?, or @y if there are none. The letter 37" depends
implicitly on u and on the choice of €7*. By definition of p™, we have

Ty
7, < /.../1vm(v”))(Hp(xg’l,dé”’l)p(y”,du“(”)),
i=1

where there are 27, integrals taken over WZMU’ ceey lew(“r) and Wr. ,..., WT%W. Since 1 =

p(z W, . ) forall w € R? U {Tipit }, we can even insert a (27, + 1)-th integral over the variable
Erratl Wr. ., .. in this expression. The indicator function satisfies 1y () (1) < 1w, (w?).

Performing the change of variables induced by (2.24), we get
L< [t 0o du) = BOV,).
Wr,
Hence, (2.23) becomes

P(Ug1.r) < i P(W1)P(Wy) = i P2 (W).

It remains to estimate the number of possible choices of k, [, 7. There are at most (n + 1)
joint choices for k and I, and at most (7x + 1)" joint choices of 7 and 75. Therefore,

P(U) < (n+ 1)* T (1 + 1) PE2(W),

2r+1

which concludes the proof. O
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2.4.2 Proof of Proposition 2.5

The bound of Proposition 2.21 can be turned into an e-0 bound when n and 73,75 are properly
chosen and u is a word whose empirical measure is close to p: this is Corollary 2.23.

Corollary 2.23. Let n € N be such that ne > 1+ r7x and let
T, =Ty(n) = [n(\, +¢)| + 7,7k, v e {1,2}.

Let u € W, be such that dup(L[u], 1) < 6. Then, @, 1,1, (u) exists and for each v € {1,2} and
all w’ € @gf)Tﬂ/ (u),
dLP(L[w’YLM’y) g f’y(57 5)7

where f is a function that satisfies

lim lim f,(e,8) = 0.

e—=06—0

Proof. Let v € {1,2}. By (2.18), since dpp(u, L[u]) < 8, we have
n(Ay —¢) < luly <n(ry +e).
thus (I)EZ%} (u) is well defined. Let w? € <I>£Z)T7 (u). We have

dip (L[w], py) < dup(L[w?], LD [u]) + dip (L [u], ). (2.25)

We estimate the first term of this bound by Proposition 2.21. For the quantity on the right-hand
side of (2.19) to be small, we need the quantities [v(?)|/|ul, and [v(")|/T, to be close to 1. By
definition of K and because dpp(p, L[u]) < §, we have

Ll (K)) > Ay (K©) =6 > Ay — 2 — 4,

Since v contains all the letters of u that are in K7 and all the letters of v(?) belong to C),
we deduce
n(h — e = 8) < 00| < nLE(CD) = Jul,
Thus,
>\'Y B €+5 < |y(’7)|
Ayte Ay—e T fuly

Moreover, since Ty, < n(\, +¢) + 1+ r,7x < n(\, +2¢) and [v7)] < T, we have

)\7_5_5<|y(v)|<1
Ay+2e T, O

By (2.19) and the monotonicity of h on (0, 1), we have

A e+46 Ay—e—90
dup (L"), L)) < (52— = 0 ) 2h( S,
¥ Y v

which vanishes as ¢ — 0 and € — 0. The estimate on the second term of the bound (2.25) comes
from Lemma B.3 applied to v = L[u]. This Lemma B.3 yields the bound (B.1) with v, = LO)[u].
Therefore, (2.25) becomes

A e+6 Ay—e—90
2l < e 5
dpp(L[w ]aﬂv)\h()\,ere A7—5)+2h( Ay +2¢ )

€ 1
S Aay) (14 )
+ )‘v( +A3—y) + + X
Denote by f(e,d) the right-and side of this bound. The proof is complete. O

We can now use Proposition 2.22 and Corollary 2.23 to prove Proposition 2.5.
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Proof of Proposition 2.5. For n, Ty, Ty defined as in Corollary 2.23, we set
An(6) = {u € Wy | dup(Llul, p) < 8},

[
BY)(e,6) = {w' € Wr, | dip(Llw'], i) < fi(e,8)},
BP(e,6) = {w? € Wr, | dip(L[w?], u2) < fo(e,6)}.

By Corollary 2.23, ®,, 1, 1,(A,(d)) C B(Tll) (g,0) x Bg) (¢,0). Hence, by Proposition 2.22, we have
2
P(An(8)) < CaP®*(@p 7, 1, (An(9))) < CaP2 (BY (2,0) x BY (¢,9)),

where C,, := (n + 1) (75 + 1)"c%, satisfies

1
lim —log (), = 0.

n—o0o N,

In this inequality, we take the logarithm of both sides, divide by n, and we take the limit superior
as n — co. We get

1 1 1
5(Brp(p,9)) < ILm ElogC’n+limsup logIP’(B(Tll)(s,é)) + lim sup log]P’(B(Ti)(s,é))

n—oo N n—oo N

=0+ (M1 +)3(Brp(u1, f1(£,9))) + (A2 + )3(BLp (12, f2(¢,0))).
Since Iry, (1), IrL(p1) and Iry(us2) exist, by Proposition 2.4, taking 6 — 0 and then ¢ — 0 yields

—Inn(p) < —AMIgn(p1) — Al (p2).

This concludes the proof. O

Appendix

A A measure theoretic lemma
We recall here the statement and the proof of Lemma A.1, which are standard [21, 22].

Lemma A.1. Let p be a stochastic kernel on R such that p(z,-) is absolutely continuous with
respect to Leb for all x € RY. Then, p has a jointly measurable density; in other words there
exists a function f : R? x R? — [0,00) that is B(R? x R?)-measurable'® and such that

p(z, A) = /Af(x,y)Leb(dy), zeRY Ae B(Rd).

Proof. By the Radon-Nikodym Theorem, for all € R?, the measure p(z,-) has a density, which
we denote g(z,-). The measurability of g as a function of R? x R? may fail if functions g(z, -) are
not precisely chosen. Let D,, denote a countable partition of R? into cubes of side 27", and set

fola,y) =2 3" de(p(@,C),  z,yeR™
CceD,

Since it is a countable sum of measurable functions, f, is measurable. Hence, the pointwise limit
superior of f,, is also measurable. We denote it f and we show that it is a density of p. Let
r € R% For all y € RY, let C,,(y) denote the cube of D,, containing y. We have

h@uﬂ=2“M%CMw)=Tm/ g(z,2)Leb(dz),  y € R
Ch (y)

By the Lebesgue differentiation theorem, ( f,,(z,-)) converges almost everywhere to g(z, -), implying
that f(z,y) = g(w,y) for almost every y € R? (while x € R? is fixed). Therefore, for all A € B(R?),

/fuwmwmw:/ﬁ@wmwmw:pmA»
A A

16B(R? x R?) denotes the Borel g-algebra of R? x R4,
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B The Lévy-Prokhorov metric
The Lévy-Prokhorov metric is defined on P(R¢) by

dip(p,v) = inf{d > 0 | VA C R? Borel set, u(A°%) +6 > v(A)}, u,v € P(RY),

where A° denotes the d-neighborhood of A. The Lévy-Prokhorov metric metrizes the weak
topology on P(Rd). It satisfies dpp < drv where drv is the total variation distance. We recall
that Brp(u,d) denotes the open Lévy-Prokhorov ball of radius ¢ centered at f.

Lemma B.1. Let u € P(R?) be absolutely continuous with respect to the Lebesque measure. Let
O be an open set such that u(O) > 0. Then there exist k > 0 and § > 0 such that v(O) > k> 0
for all v € Brp(p,9).

Proof. By inner regularity of y (the measure u is inner regular because it is absolutely continuous
with respect to the Lebesgue measure), there exists a compact set K C O such that u(K) > 24(0).
Let § = min(3d(K,0°), $1(0)) and let v € P(R?) be such that dpp (v, 1) < 8. Thus,

v(0) > v({z e R? | d(z, K) < 6}) > wK)—-6>

O
Lemma B.2. Let § >0 and N € N. Let (11;), (v;) € P(RY)N be such that dyp(u;,vi) < & for all

i. We set
N N
p=> N, v="> v,
i=1 1=1

where (\;) and (v;) are sequences of nonnegative real numbers such that \y + ... + Ay =
Y1+ ...+vn =1. Then,

N
drp(p,v) < 5+Z |Ai — il
=1

Proof. Let A be a Borel set, and set B = {z € R? | d(x, A) < 6§ + Zfil [A; —~il}. Since B
contains the d-neighborhood of A, we have p;(B) > v;(A) — § for all 4. Thus,

N N
p(B) = Aivi(A) =6 = v(A) = > |y — Al — 6.
i=1 i=1

This holds true for any Borel set A. O

Lemma B.3. Let ¢,8, u = A1 + dapro, CV,CP KM K@) be as in Section 2.4. Let v < Leb
be such that dip(p,v) < 8. For~y € {1,2}, we let a, = v(CY) > 0 and v, = iy( ncm).
In addition, let a3 = 1 — a1 — as and vs denote either the normalized restriction of v to
R4\ (CM UC®P) if ag # 0, or any probability measure on R\ (C) U CP)) otherwise, so that

V= a1V + aols + a3ls.

Then, for v € {1,2},

dip (i, vy) < (1+)\3,7)+5(1+ i). (B.1)

£
X\ X

Proof. The fact that a; and ag are positive is a consequence of dpp(u, ) < § and the definition

of 4, from which we have
ay 2 Ay —e>0, v e {1,2}. (B.2)

We denote by m the quantity on the right-hand side of (B.1). Let A be a Borel set of R? and
let A’ and A” respectively denote the §-neighborhood of A and the m-neighborhood of A. To
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prove (B.1) for v = 1, we must bound j; (A”) from below. Since 1 (A”NC®?) > 0 = v, (ANC?),
we can assume that A € C(!) without loss of generality. Since dpp(u,v) <, we have

p1(A") = pn(A) = —pu(A") — T pa(A)
M\ M
1 1. X ,
> I
>3 v(A) N ) Alua(A )
_ ™ o2 o3 R Y
N v(4) + N v2(A) + " v3(4) " 0 N pi2(A). (B.3)

Let us estimate all five terms in (B.3). The first term can be bounded by using (B.2), which yields
that a;/A; > 1 —&/A;. The second and third terms are null because v5(CM) = v3(C™M) = 0.
We leave the fourth term untouched. We have to bound the last term. On the one hand, A’ does
not intersect K(? because d(A’, K(?)) > d(C™, K() —§ > 0 by the assumption of §. On the
other hand, we have py(K () > 1 — ¢ by construction of K(?). This implies that u»(A’) < ¢ and
bounds the last term. Altogether, these inequalities yield

o A
i (A" > vy (A) — s _2_ 2202 v(A)—m+6 = v1(A) —m.
A1 N
The bound (B.1) is proved for v = 1. Exchanging 1 and 2 yields (B.1) for v = 2. O

C Examples

In this section, we present three examples of non-irreducible Markov chains to which Theorems
1.6 or 1.7 apply. Along the way, we present a technical result (Proposition C.3), which is a useful
tool for proving (D).

As mentioned in the introduction, non-irreducible Markov chains are commonly found in
applications. Example C.1 is one of the many examples of competition models where extinctions —
which are definitive by nature — make the Markov chain inherently non-irreducible. Example C.1
also provides an instance of non-convex rate function.

Example C.2 illustrates the somewhat extreme case where there are no communicating classes.
We show that Theorem 1.6 applies and yields the weak LDP with rate function I = oc.

Example C.4 involves a dynamical system on R perturbed by some bounded additive noise.
In this example, the communicating classes are explicitly identified.

Example C.1 (Competitive model with extinctions). We consider a system of d > 2 interacting
species governed by competitive Lotka-Volterra dynamics with nonnegative interaction matrix
(ai,;) and positive intrinsic growth rates r1,...,74. The population dynamics is described by the
system of differential equations

d
dz; Z .
dll; (t) = rixi(t) (1 — ai,jxj(t)>, 1 < 1 < d.
j=1

Let F: R x R? — R? denote the flow of the system. We fix an initial measure 3 € P(R%),
which we assume is absolutely continuous with respect to the Lebesgue measure, with lower
semicontinuous and bounded density. If nothing were to interfere with the dynamics, the
distribution of the populations at time ¢ would be B o F(t,-)~* € P(R%). However, we shall now
introduce random perturbations. Let (Z, ;) be a family of i.i.d. positive, absolutely continuous,
random variables and let g denote their common density. We assume that at each integer time,
a catastrophic event occurs (pesticide application, hunting, flood, etc), effectively reducing the
population of species ¢ by an amount Z,, ;. Let X,, = (X 1,...,Xn.q4) € R¢ denote the population
size of each species immediately after the n-th perturbation. If X, ; < 0, we say that species 7 is
extinct at time n.'” Extinction is definitive, and extinct species do not influence the dynamics
anymore. The population dynamics is driven by the relation

Xni1,i = F(L,X)Y) = Znsa, 1<i<d,

17Instead of representing extinct species by a null population size, we choose to represent them by arbitrary
nonpositive values. We do this to maintain absolute continuity with respect to the Lebesgue measure without
modifying the dynamics. In the interpretation, negative values should be understood as zero.
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where x7 = (max(x1,0),...,max(z4,0)) for all z € R?. Notice that whenever X,, ; < 0, we have
F;(1,X;}) = 0 so that Xn+1i = —Zn+1,i < 0 (extinctions are indeed definitive). The sequence
(Xn)n>1 is a Markov chain. Since extinctions are definitive, the Markov chain is not irreducible.'®
The density of the Markov kernel is given by

d

p(x,y) = Hg(Fi(lvar) - yz)

i=1

If g is lower semicontinuous and bounded, then so is p. The Markov chain satisfies the assumptions
of Theorem 1.7. Hence, (L, ) satisfies a weak LDP with rate function I satisfying the conclusions
of Theorem 1.6. Let us discuss admissibility. There are 2¢ communicating classes, indexed by the
subsets of {1, ..., d} indicating which species are extinct, and the relation (~) is the inclusion. Let
p € P(R?) be absolutely continuous with respect to the Lebesgue measure. Given I C {1,...,d},
weset A,y =R_ifieTland A;; =Ry if i ¢ I. The measure p is admissible if and only if, for
all I,Io C {1,...,d} such that p(Ay 1, X...x Agr) > 0and p(Ar 1, X...x A4 ,) >0, we have
Il g IQ or IQ g Il.

We now consider the simple case d = 2 and show that the rate function is not convex. Assume
that a1 1,a22 > 0 and that g is positive on some interval (0,¢), and let us find two measures
1 € P(Ry x R_) and ps € P(R_ x R;) such that Iy, (p1) and Irp(p2) are both finite. For all
x € Ky =[5, -] x [-1,0], we have

2a1,17 a1,1

71

p(;v,KﬂZp(( ,0),K1) =: a1 > 0.

2&171

Since P(K) is compact, the weak LDP upper bound yields

1
— inf T > li —logP(L, € P(K1)) > —1 > —o00.
Bl T > T Vg B, € PUL) > —logen > —oc

Therefore, there exists pu; € P(Ry x R_) such that I(u;) < co. By the same argument, there
exists g2 € P(R_ x Ry) such that I(us) < oo. Let p = Sp1 + p2. The measure p is not
admissible, hence I(y) = oco. This shows that the rate function I is not convex.

Example C.2. Let d = 1. Let 0 < a <1 and set h: 2+ 1(1)(z)(1 —a)z™. Let (E,) be an
i.i.d. sequence of random variables of density h. Let 8 be a probability measure with bounded
lower semicontinuous density with respect to the Lebesgue measure and let (X,,) be the Markov
chain defined by

X1~ B, Xn+1 :Xn+En+17 n = 1.

In other words, the stochastic kernel is defined by the density

l-«a
(2,y) = p(z,y) = h(y — ) = 1z or1) () T
Let us apply Theorem 1.6. Assumption (A) is satisfied because p is lower semicontinuous on
(R U {Zinit}) x R. The sequence (X,,) is strictly increasing, thus there are no communicating
classes and C' = (), where C is as in (1.2). Hence, Assumptions (B) and (C) are trivially satisfied.
It remains to prove (D). In order to do so, we first consider the Markov chain (Y;,) = (X, ), where
k= [1/(1 — )], which is easily shown to have bounded, lower-semicontinuous, kernel density.
The Markov chain (Y,,) is increasing. Let U be an open interval and x > 0. By Proposition C.3
below,

lim llogIP’(Mn(U) > f) .

where M, is the empirical measure of (Y;,) up to time n. For n € N, since (X,,) is increasing, if
there are at least kn terms of (X7, ..., X,,) inside the interval U, then there are at least xkn/k — 1

8Denoting by 1 the common law of —Z, ;, the Markov chain is actually 1®d_irreducible. This remark allows
us to use existing results of the literature to derive the large deviations of (L) under the assumption that the
initial measure (and hence the process at all time) is supported on R4 [5]. However, R? is precisely the domain
where the Markov chain does not have a meaningful practical interpretation, as a point in R% corresponds to all
species being extinct. The large deviations with an arbitrary initial measure cannot be deduced without studying
the theory of non-irreducible Markov chains
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terms of (Y1,...,Y]|n k) inside U. Therefore,

P(LA(U) > 5) < B( My (0) > & = 1),

Therefore,

lim - log P(Ly(U) > ¥) < lim 5logP(Mn(U) > f) = 0, (C.4)

n—oo N n—oo N k‘

further implying that Assumption (D) is satisfied.!® By Theorem 1.6, (L,) satisfies the weak
LDP with rate function I = 00.2°

The following proposition is used in the example above. We will also use it later in Example C.4.

Proposition C.3. Let d = 1. Assume that (X,,) is increasing, almost surely. Assume, in
addition, that p is bounded on (RU{zinit}) X R. Then, for any open bounded interval U C R and
any Kk > 0,

lim 1 logP(L,(U) 2 k) = —00. (C.5)

n—o00 N

In particular, Assumption (D) is satisfied and (L,,) satisfies the weak LDP with rate function
I = oco. The same conclusions hold if (X,,) is strictly decreasing.

Proof. Let k > 0. We first assume that U is of the form U = (zg, z¢ + a) where 2y € R and a > 0
is such that p(z,y) < 1/a for all z,y € R. Let T denote the hitting time of U. If T is infinite,
then L, (U) = 0 for all n € N, hence we assume T' < co. We set

Zo=Xr,  Zi=Xrin— Xrgppo1, k> 1.
Since (X}) is (strictly) increasing, the increments Zj are positive for k > 1. We have
P(L,(U) 2 k) <KP(Z1 + ...+ Z[un) < a).

Let v denote the law of Zy and let px(2) = p(20 + ... + 251,20 + ... + 2;) for z € RI*71+1 5o
that

[wn] [wn]
]P(Zl +.o+ ZMM < a) = /( 141 1(O,a) ( Z Zl) V(dZO) H 1(O,a)(zk)90k(z)Leb(dzk)'
Rfrm i=1 k=1

In this expression, the factors 1(g q)(2x) underline the fact that the event {Z1 +...4 Z[.,) < a} is
incompatible with any event {Zj > a} because the increments Zj, are positive. Since pr(z) < 1/a
by definition, we have

[n] [n]
1
. 10,0) ( Z zi>7(dz0) H al(o’a)(zk)Leb(dzk)
" k=1

i=1

=P(Z] +...+ Z[,1 < a),

P(Zy+ ...+ Zjn <a)</
R

where (Z},) is a sequence of i.i.d. random variables of uniform law over (0,a). Let € > 0. For n
large enough, we have a < ¢|kn]. By Cramér’s Theorem [4, Theorem 2.2.3],

1
limsup —log P(Z1+... + Z[,, < a)

noee . . (C.6)
s ! / — *
< llﬂsolip ﬁlogIP(W(Zl +o+ Zn) < E) = —krA"(e),

where

et — 1)

AER a AER*

‘1
A*(e) = sup ()\5 - log/ e”dx) = sup ()\5 —log
0

19For more details on why (C.4) implies (D), see the end of the proof of Proposition C.3.
20Notice that, in this example, the weak LDP with rate function I = co can also be deduced directly from (C.4).



Since A* is lower semicontinuous and A*(0) = oo, taking the limit as € — 0 in (C.6) yields

1
limsup ~logP(Z] + ...+ Z,,, < a) = —o0.
n—oo N
This completes the proof of (C.5) for any x > 0 and any interval of the form U = (zg,zo + a)
where 2y € R and a > 0 is such that p(z,y) < 1/a for all 2,y € R. In the general case, writing
U as the union of overlapping such small intervals Uy, ..., Us and using (C.5) for each U; and
k' = k/s yields

1 1 > K
i — > <1li — ) > —
limsup — logP(L,,(U) > k) < limsup - log ;:1 ]P’(Ln(Uz) > )

n—oo T n—00

. 1 K
= max hern:olip - log]P’(Ln(Ui) > g> = —00.
Therefore, (C.5) holds for any open bounded interval U. Let us now prove (D). By the strict
monotonicity of (X,), we have C = 0 and u(C) = 0 for all 4 € P(R). Proving (D) is proving
Equation (1.7) for all y € P(R). Let u € P(R) and assume that 4 < Leb (otherwise, Proposi-
tion 2.6 yields the conclusion). There exists an open bounded interval U such that p(U) > 0. By
Lemma B.1, there exist £ > 0 and ¢§ > 0 such that v(U) > & for all v € Brp(p,d). Therefore,
by (C.5),

1 1
limsup — logP(Ly, € Brp(i,9)) < limsup —logP(L,(U) > k) = —o0.
n—oo N n—soo N

Equation (1.7) holds with V' = Brp(u,d). As a consequence, the weak LDP holds with rate
function I = Iy, (p) = co. O

Example C.4. Let d =1 and f : R — R be a continuous nondecreasing function. Let ¢ be a
lower semicontinuous bounded probability density such that ¢ =1((0,00)) = (—1,1). We consider
a Markov chain whose stochastic kernel is given by

p(z,y) =@y — f(z)), T,y € R.

In other words, for all n € N,
Xn+1 == f(Xn) + Zn—i-la

where (Z;) is an i.i.d. sequence of random variables of law ¢ independent of X;. See Figure 3
for a visual representation of the dynamics. Let us study the behavior of such Markov chain.
We shall begin the analysis by the observation that points a € R such that f(a) —a < —1 or
f(a) —a > 1 work like ‘ratchets’ in the system.

Lemma C.5. Leta € R. If f(a)—a < —1, then all x < a satisfy p(x, [a,00)) = 0. If f(a)—a > 1,
then all x > a satisfy p(x, (—oo,a]) = 0.

Proof. If a € R is such that f(a) —a < —1, since f is nondecreasing, all x < a satisfy f(z)+1 < a,
implying that p(z, [a,00)) = 0. Thus, by induction, if X,, < a for some n, then X < a for all
k > n. In other words, all z < a satisfy p(z, [a,00)) = 0. The proof for the case f(a) —a > 1 is
symmetrical. O

A first consequence of this observation is that C' C B := {z € R | f(z) —x € (—1,1)},
where C is as in (1.2). Indeed, all z € R\ B satisty either p(z, (—oo,z]) = 0 or p(z, [x,00)) = 0.
In both cases, p(z,z) = 0 thus x ¢ C. We now describe the class structure of this Markov
chain in Proposition C.6, and use Theorem 1.7 to prove that (L, ) satisfies the weak LDP in
Proposition C.7.

Proposition C.6. The communicating classes are the connected components of B. Two consec-
utive communicating classes Uy, Us with sup Uy < inf Uy satisfy Uy ~ Uy (resp. Uz ~ Uy) if and
only if f(x) —x =1 for all x € [sup Uy, inf Us] (resp. f(x) —x < —1 for all x € [sup Uy, inf Us]).
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Figure 3: The Markov chain of Example C.4 for an example function f. The three
parallel lines are the lines of equations y = — 1, y = x and y = = + 1. The thick
horizontal segment at y = f(X,,) (resp. y = f(X,+1) and y = f(X,+2)) denotes the
support of X,,11 (resp. X, 42 and X,,13). There are two classes C and Cy, and 2 ~ 1.
To the left of C7, the Markov chain can only move to the right. Between C; and Cs
and to the right of Cs5, the Markov chain can only move to the left.

Proof. We begin by proving that, if U is a connected component of B, then 5 > 0 on U2. Let
z € U and let A, denote the open set {y € U | p(x,y) > 0}. Since p(z,z) = p(z — f(z)) > 0,
the set A, contains x. We prove that A, is closed. Let z € U \ A,. We have p(z,z) > 0, thus, by
Lemma 1.2, p(-, z) > 0 on a neighborhood V' C U of z. If some y € V satisfies y € A, then both
plx,y) > 0 and p(y, z) > 0, thus p(x, z) > 0 by the transitivity property of Lemma 1.2. This is a
contradiction with z ¢ A, hence we proved that V- C U \ A,. Therefore, A, is closed. Since U is
connected and A, is not empty, we have A, = U, further implying that 5 is positive on U?2. This
proves that C' = B. To complete the identification of communicating classes as the connected
components of B, it only remains to prove that two such connected components are not parts of
the same class.

Let Uy, Us be two distinct connected components of B. We use Lemma C.5 to prove that
U, and Us are not part of the same communicating class by showing that Uy + Us or Us + Uy.
Without loss of generality, we assume that a := sup Uy < inf Us < oco. Then, f(a) —a € {-1,1}.
If f(a) —a = —1, it is impossible to reach Us from any point of U; because Uz C [a,00). If
f(a) —a =1, it is impossible to reach U; from any point > a because U; C (—o0,a]; in
particular, it is impossible to reach U; from any point of Us. This shows that the communicating
classes are exactly the connected components of B.

We now describe the partial order on the set of communicating classes. Let U; and Us be two
consecutive connected components of B, such that a :=supU; < infU; =: b and f(z) —x > 1
for all € [a,b]. By continuity of f, we have f(a) =a+ 1 and f(b) =b+ 1. Let 2o € Uy and let
us show that p(zg,Usz) > 0. Since U; is a communicating class, we can choose x arbitrarily close
to a without loss of generality. In particular, we can assume that z( is such that f(xq) > a, since
f is continuous and f(a) = a + 1. Let (z1) be the real sequence defined by zp+1 = f(zx). We
have p(zo, ) > 0 and xp41 — xp > 1 for all k such that z; < b. Let n be the first index such
that f(x,) > b. Since f is nondecreasing, we have b < f(x,) < f(b) = b+ 1. In particular, we
have p(z,,y) > 0 for all y € (b,b+ 1). The set (b,b+ 1) intersects Us, thus p(zg,Us) > 0. By a
similar reasoning, we prove that Uy ~ Uy if f(z) — 2 < —1 for all z € [a, b]. O

Proposition C.7. The Markov chain (X,,) satisfies the assumptions of Theorem 1.7. The
sequence (Ly,) satisfies the weak LDP with rate function I satisfying the conclusions of Theorem 1.6.

Proof. The function p is lower semicontinuous and bounded on (R U {Zinit}) X R by definition
of ¢. Since C' is the countable union of open intervals, OC' is countable thus (C) is satisfied. It
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remains to prove (D).

Let 1 € P(R) be absolutely continuous with respect to the Lebesgue measure and be such that
there exists an open bounded interval U C R\ C satisfying p(U) > 0. We seek a neighborhood
of u satisfying (1.7). Since f is continuous, either U C {zx e R | f(z) —z > 1} or U C {z €
R | f(z) —a < —1}. Since the second case mirrors the first case, we only discuss the first case. By
Lemma B.1, there exist £ > 0 and 6 > 0 such that {L,, € Brp(i, )} C {L,(U) > £}. Let us prove
that BLp(u, 6) satisfies (1.7). Let T = inf{n € N | X,, € U}. Since {L,, € BLp(,0)} C{T < oo},
we can assume that 7' < oo. Let (Y;,) be the Markov chain defined by

X1tk, if Y, eU;

Y: = Xr, Yii1 =
! r ht {Yk +&kt1, otherwise,

where (&) is an i.i.d. sequence of uniform law on (0,1) independent of (X,,). The Markov chain
(Y,,) satisfies the hypothesis of Proposition C.3, thus

1
lim —logP(M(U) > k) = —o0, (C.7)
k—oo k

where M}, denotes the empirical measure of (Y;) up to time k. We now compare L, (U) and
M,(U). Let " =inf{n > T | X,, ¢ U}. We have {T' = oo} C {Vk € N, M;(U) = 1} thus
T’ is almost surely finite. By Lemma C.5, we have p(Xp/,U) = 0, implying that the times
n € N such that X,, € U are exactly the times n € {T,...,T" — 1}. Therefore, we always have
L, (U) < M,(U). Hence,

P(Ly, € Brp(1,0)) < P(Ln(U) > k) < P(Mp(U) > &).

By (C.7), the neighborhood Byp (1, ) satisfies (1.7). Assumption (D) is satisfied. By Theorem 1.7,
(Ly,) satisfies the weak LDP with rate function satisfying the conclusions of Theorem 1.6. O

In the special case f = id, Example C.4 describes a random walk on R with bounded increments.
Proposition C.6 shows that there is only one communicating class, which is the whole state space.
Notice that neither (H*) of [3] nor (U) is satisfied. However, Theorem 1.6 applies.
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