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Abstract

We study the large deviations of Markov chains under the sole assumption that the
state space is discrete. In particular, we do not require any of the usual irreducibility and
exponential tightness assumptions. Using subadditive arguments, we provide an elementary
and self-contained proof of the level-2 and level-3 large deviation principles. Due to the
possible reducibility of the Markov chain, the rate functions may be nonconvex and may
differ, outside a specific set, from the Donsker-Varadhan entropy and other classical rate

functions.
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1 Introduction

Let X = (X,,)n>1 be a Markov chain on a discrete countable state space S associated with a
stochastic kernel p and an initial distribution 8, and let P denote the law of X. From the seminal
work of Donsker and Varadhan [16, 17, 18, 19] to the recent publication of a comprehensive
monograph by de Acosta [10], large deviations of Markov chains have become a standard subject
in probability theory. A Large Deviation Principle (LDP) describes an exponential rate of decay
of probabilities. This work primarily focuses on weak LDPs. We recall that weak LDPs differ
from standard LDPs in that the upper bound is only required to hold for all compact (instead of
all closed) sets; see Definition 1.1. Following standard terminology, we will occasionally refer to
the standard LDP as the full LDP to emphasize the contrast with the weak LDP.

For Markov chains, it is usual to study the large deviations of the time average of a given
function f : S — R, of the occupation times, and of the empirical process, respectively defined
as

Anf==df(X), L =-D 0k, LY =-3 one, n=l (LD
=1 =1 =1

where T is the shift operator acting on SN by T'(z1,2s,...) = (x2,23,...). Here, A,f is a
d-dimensional vector, L") n is a probability measure on S, and Lﬁ{”’ is a probability measure on
SN, Following the terminology of [20], we refer to the (weak) LDPs of the three sequences in (1.1)
as level-1, level-2, and level-3 (weak) LDPs respectively.

The level-1, level-2, and level-3 full LDPs for Markov chains have been extensively studied in
the literature. Most existing results are stated under assumptions that ensure two properties: one
of irreducibility and one of exponential tightness (see Section 1.1 for definitions). The irreducibility
property can be a consequence of the uniformity assumption (U) as in [13, 11], or assumed
directly, while requiring the kernel p to be matriz-irreducible or p-irreducible,! as in [10]. Typically,
irreducibility yields the convexity of the rate functions; simple examples of Markov chains which
are not matrix-irreducible, and which satisfy LDPs with nonconvex rate functions were already
exhibited in [14]. The property of exponential tightness can be implied by various hypothesis; one
is (H*), originally introduced by Donsker and Varadhan in [18], but assumption (U) of [13, 11]
is also sufficient. Broadly speaking, exponential tightness guarantees that the LDPs are full and
that the rate functions are good. In the absence of exponential tightness, the validity of the full
level-2 and level-3 LDPs, as well as that of the (weak) level-1 LDP, seems to depend on the fine
details of the Markov chain. We recall in Appendix D some well-known? examples of Markov
chains (on countable spaces) which lack exponential tightness or goodness of the rate function,
and for which only the level-2 and level-3 weak LDPs hold, and which even fail to satisfy the
level-1 weak LDP.

In this paper, we prove that (X,,) always satisfies the level-2 and level-3 weak LDP; see
Theorems 1.4 and 1.5 below. Besides discreteness of the space S, no assumption is made on the
kernel p or on the initial distribution 8, and in particular, the results hold without exponential
tightness or irreducibility. In view of the above discussion, the stated weak LDPs are the best
achievable results in this situation. These LDPs will be obtained as consequences of an auxiliary
result, which is interesting in its own right, namely the weak LDP for the pair empirical measures;
see Theorem 1.3.

In the derivation of the above weak LDPs, we will introduce the sets A%) of admissible
measures; see Definition 1.2. These sets contain the measures that are relevant for the LDPs, and

1Most authors simply call irreducibility the notion of g-irreducibility. Even if it may be improper we will keep
the name p-irreducibility to avoid any ambiguity.
2See for instance Section 3 of [3], Example 1 of [5], Exercises 13.14 and 13.15 of [28] and Example 10.3 of [10].



the rate functions are trivially infinite on their complement. Since LDPs describe exponential
decay of probabilities, we stress that measures that give positive probability to transient states
may be admissible and have a finite rate function. Examples are provided in Appendix D.

The conclusions of Theorems 1.3, 1.4, and 1.5 are not new in themselves. In 2002, de La
Fortelle and Fayolle [21] claimed the weak LDP for the pair empirical measure with modified
version of the relative entropy as rate function; unfortunately their proof appears to contain
some small gaps. In 2005, Jiang and Wu [22] proved the level-2 and level-3 weak LDPs with
modified versions of the Donsker-Varadhan entropy as rate functions. This proof was based on
some functional analysis arguments from a previous rich article by Wu [30]. Eventually, in 2015,
the level-2 weak LDP made its way to the book of Rassoul-Agha and Seppéldinen [28], where a
proof is outlined as an adaptation of the proof for the irreducible case. All these works define a
notion of admissible measure. We believe that the novelty of the present article lies in two major
features. First, we provide a proof based on subadditivity, which is self-contained and purely
probabilistic. Second, we provide an exhaustive identification of the LDP rate functions.

More precisely, the first feature consists in the use of the subadditive method, which requires
significant adaptations in order to handle reducible Markov chains. In large deviations theory,
the subadditive method consists in applying a version of the subadditive lemma (see for example
Lemma 6.1.11 in [11]), in order to prove the existence of the Ruelle-Lanford function (RL function),
which, in turn, implies the desired weak LDP; see Section 2.2. Subadditive techniques have been
employed extensively in the study of large deviations of irreducible Markov chains, leading to
concise and elegant proofs of weak LDPs. For instance, under assumption (U), subadditive
arguments are used to derive the level-2 and level-3 LDPs in Chapter 4 of [13] and Chapter 6
of [11]. The method also appears in [6] under some decoupling assumptions which cover irreducible
Markov chains on finite state spaces. Some subadditive arguments have also been used outside
of a full application of the method, as in Chapter 2 of [10] (building on ideas from [15] and [9]),
where subadditive arguments yield a LDP lower bound. The classical subadditive method, and the
variations used in all the above references, inherently relies on irreducibility and always produces
convex rate functions. The improvements to the method that we provide involve carefully slicing
and stitching finite-length trajectories, in a way that accomodates (possible) reducibility. To the
best of the author’s knowledge, this work provides the first instance of a subadditive argument
beyond irreducibility and convexity. In addition to offering an elegant and self-contained proof of
the level-2 and level-3 weak LDPs; we hope that these developments will pave the way for future
extensions and applications of the subadditive method.

The second feature of the present article is the comprehensive identification of the rate
functions. We identify the rate functions with all known standard expressions on the set of
admissible measures A*), and show that they are infinite outside A*). The latter property is at
the root of the above-mentioned nonconvexity of the rate functions in non-irreducible cases. In
addition to the possible lack of convexity, the rate functions that we obtain may not be good,
and the LDPs may not be full. The lack of these properties makes the identification of the rate
functions more delicate than usual.

This article proceeds as follows. In the remainder of the current section, we provide some
notation and definitions, and state the main results of this article. In Section 2, we present the
modifications of the subadditive method required to accommodate the generality of our setup
and derive the weak LDP for the pair empirical measure, defined in (1.5). Section 3 is dedicated
to the computation of the rate function of this weak LDP. Sections 4 and 5 use this weak LDP to
derive respectively the weak LDP for the occupation times, and the weak LDP for the empirical
process.

1.1 Definitions and main results

Let us recall the definition of exponential tightness, goodness, and of the weak and full LDP.

Definition 1.1. Let (Y,) = (Y,)nen be a random process on a Hausdorff space X, endowed with
its Borel o-algebra.

1. We say that (Y,,) is exponentially tight if for all o < oo, there exists a compact set K C X
such that 1
limsup —logP(V,, ¢ K) < —a.
n

n—oo



2. We say that (Y,,) satisfies the weak (respectively, full) LDP if there exists a lower semicontinuous
function I : X — [0,+00] such that

1
limsup —logP(Y,, € K) < — inf I(z), (1.2)
n

n— 00 rEK

for every compact (respectively, closed) set K in X and

1
el S .
hnrr_1>10réf . logP(Y,, €U) > I11615 I(z), (1.3)
for every open set U of X. If so, I is called the rate function of the LDP. We say that the
rate function is good if its level sets are compact, i.e. if {x € X : I(x) < C} is compact for
every C' € R. We refer to (1.3) as the lower bound and to (1.2) as the upper bound of the
(weak) LDP.

When a random process satisfies a full LDP or a weak LDP on a Polish space, its rate function
is unique: see Lemma 4.1.4 and Exercise 4.1.30 of [11].

Let k € N:={1,2,...}. Let P(S*) denote the set of probability measures on S* embedded
in the vector space M(S*) of finite signed measures on S*. Let B(S*) denote the set of bounded
real-valued functions on S*.3 We define the dual pairing

(V)= (V) = D V(wp(u),  V eB(S*), peM(sh), (1.4)
ueSk

and we call weak topology the coarsest topology on M (S*) making (-, V) continuous for all
V € B(S¥).* We equip M(S*) with the weak topology. A convenient metric to work with is the
total variation (TV) distance, denoted || 1. Since S is discrete, |-|y, metrizes the weak topology
on P(S*); this is because ||, can be expressed as half the ' norm on P(S*). In P(S*), the
open |-|p-ball for of radius p centered at p is denoted by B(u, p). When S; is a subset of S, we
identify P(S¥) with the set {u € P(S*) | supp pu C SF}, where supp u = {u € S* | u(u) > 0} is
the support of . The space P(S*) is complete; see for instance Theorem 6.5 of [25].

Most of the work in this paper is done in P(S?), with the pair empirical measure L,, defined
as

1 n
L,=L? = - ;a(xkﬁxk“) €P(S?), n=x=1. (1.5)

The measure L,,, which counts the transitions between each pair of states, carries more useful
information than the occupation times LSB). Following [21], we say that a finite measure y on S?

is balanced if its first and second marginal are equal i.e if
wAxS)=pu(SxA), ACS. (1.6)

We call (V) the measure on S for which u(*(A) is given by the left-hand side of (1.6) (or either
side of (1.6) when p is balanced). The set of all balanced probability measures is closed and we
denote it by Ppai(S?). It will play a central role in the weak LDP of Theorem 1.3 below because,
by definition, L,, is %—close to a balanced measure.

As we consider Markov chains that may be reducible, the decomposition of S into irreducible
classes plays a central role in the following. The stochastic kernel p defines a relation ~» on S with
x ~ y if there exists a finite sequence © = x1, za,..., 2,41 = y in S satisfying p(z;, x;41) > 0 for
all 1 <i < n.> We then say that y is reachable from x. An irreducible class is a maximal subset
C of S such that o ~ y for all (z,y) € C?. We denote by B the set of all points x € S that do
not belong to any irreducible class; these are the points such that = +* x, meaning that they can
be visited by X at most once. The state space S can be partitioned as

SBU(UC]), (1.7)

JjET

3We do not mention measurability nor continuity since S¥ is discrete!

4The dual pairing of (1.4) can also be used to define a weak topology on B(S¥); see Appendix B.

5Note that, unlike other definitions of communication, this one requires the sequence to have at least two
elements. In particular, we do not have x ~» x in general.



where the C; are the irreducible classes and J is countable.b We say that the class C} is reachable
from C; and write C; ~» Cj: if some y € O}/ is reachable from some z € C;.” The relation ~~ is
a partial order on (Cj);cs. We also define reachability from £ by writing 5 ~ y if y € supp 8 or
if there exists z € supp 3 such that z ~» y, and 3 ~» C; if some y € Cj is reachable from 3.% If
there is a j such that x ~~ C; for all x € S, the Markov chain is ¢-irreducible. If there is only one
class and B is empty, the Markov chain is matriz-irreducible.

Using this decomposition into irreducible classes, we can now define admissible measures. In
this definition and in the following, if p is a measure and A is a set, u|4 denotes the restriction of
u to A, which is the measure defined by p|a(-) = p(AN-).

Definition 1.2 (Admissibility). Let k € N. Let u € P(S*). We say that p is pre-admissible if
there exists a set of indices J, C J such that

H= Z M|c]lv7

J€Tn

in which case we impose that J, is minimal. Moreover, if i is pre-admissible, we say that i is
admissible if the order ~ is total on (Cj)jeg, and B~ Cj for all j € J,. We denote by A

the set of all admissible measures, and we set A](i)l =A@ n Prai(S?).

Those definitions are general, but we will mostly work with Kk =1 or Kk = 2. When k =1,
(pre-)admissible measures vanish on B. When k = 2, (pre-)admissible measures are supported by
pairs of points that belong to the same irreducible class. Properties of A®) are further explored
in appendix A.2. In particular, setting

D@ = {ue M(S?) | ¥(z,y) € S%, p(z,y) = 0= p(z,y) = 0}, (1.8)

Proposition A.7 shows that A]Ei)l N D®) consists of precisely those measures which can be

asymptotically approximated by LS?) with positive probability, and hence which are relevant for
the corresponding LDP; see Remark A.3.
From a technical point of view, the central result of this paper is the following theorem.

Theorem 1.3 (Weak LDP for the pair empirical measures). The sequence (Lf)) satisfies the
weak LDP in P(S?) with rate function I?) given by

A2y _ 72 _ p2) ; (2)
1) = {( V'(r) = TP () = ROGu)if e AT, 19)
0 otherwise,
where the functions A?), J®) and R?) are defined by equations (3.1), (3.2) and (3.5) respectively
and -* denotes the conver conjugate as in Definition B.1.

This theorem embodies two statements: first, (LSIQ)) satisfies the weak LDP, and second, the
rate function of this weak LDP can be determined explicitly.

The first point is developed in Section 2, where a self-contained proof of the weak LDP for
(Lg)) is provided (Theorem 2.5) through the use of RL functions (Section 2.2). The second point,
the identification of the rate function, is investigated in details in Section 3. The expressions in
the first line of (1.9) are standard in large deviations theory:

e The function (A®®)* is the convex conjugate of the scaled cumulant generating function

(SCGF) of the sequence (Lg)), defined in (3.1).% Since they provide information on the
exponential scale, SCGFs are common objects in large deviations theory. Their convex
conjugates are often identified as rate functions of LDPs, for instance via the Gartner-Ellis
Theorem (see V.2 in [12] or Chapter 2.3 of [11]) or Varadhan’s Lemma (see II1.3 in [12], or
Chapters 4.3 and 4.5 of [11]). SCGFs are also relevant in the specific context of Markov
chains, as in Theorem 6.3.8 of [11] and in Chapters 2 and 3 of [10].

6Note that (1.7) is not the Doeblin decomposition. The family (C;);c s contains both transient and essential
classes. In particular, the sets C'; are not the absorbing classes of the Markov chain, and may not be absorbing at
all.

7Or equivalently, if all y € Cr are reachable from all z € Cj.

80r equivalently, if all y € C; are reachable from 3.

9A is also often called pressure, although this terminology is not physically accurate in general.



e The function J®) is the Donsker-Varadhan entropy (DV entropy), defined in (3.2) and
first introduced by Donsker and Varadhan in [16].19 Since then, it has been presented as
the standard rate function of LDPs in Markovian setups (see for instance Theorem IV.7
of [12], or Chapter 6.5 of [11]). In the literature, it is common to find that the DV entropy
satisfies the LDP lower bound, under very mild assumptions; see Chapter 3 of [10]. See also
Chapter 13.2 of [28].

e The function R is defined in (3.5), and is expressed in terms of relative entropy. Going
back to Sanov’s theorem, relative entropy is always expected to play a role in level-2 large
deviations. This function appears for instance in the LDPs of Theorem IV.3 of [12], of
Chapter 6.5.2 of [11], and of Chapter 13.2 of [28].

We further notice that the functions (A®)*, J® and R® do not depend on 8, so the rate
function 7®) only depends on § through the set A](D?l The second line of (1.9) is also interesting by
itself, and is specific to the reducible case. It says that outside of A{)Za)l, the rate function is infinite.
This is only a sufficient condition and I(? can be infinite inside A(?; see Remark 3.2. A brief

analysis of the geometry of -’41(;.2;1 (see Appendix A.2) reveals that this property prevents the rate
function from being convex in many cases, with the consequences discussed in the introduction.
The consequences of Theorem 1.3 are the level-2 and level-3 weak LDPs:

Theorem 1.4 (Level-2 weak LDP). The sequence (Lfll))n% satisfies the weak LDP in P(S) with
rate function IV given by

AV () = TD () = RD ; &
0 = {( V() =T = RO () if e A, (110
00 otherwise,
where the functions A, JO) and RV are defined by equations (4.2), (4.4), and (4.5), respectively
and -* denotes the conver conjugate as in Definition B.1.

Theorem 1.5 (Level-3 weak LDP). Let P(SY) be equipped with the weak topology; see Section 5.2.
The sequence (L%w))ngl satisfies the weak LDP in P(SN), with rate function I1(°°) given by
(V¢ (y) = () (1) — R(5<) : (c0)
00 otherwise,

where the functions (A(%))*, J(°) " and R() are defined by equations (5.18), (5.19), and (5.20)
respectively and the set ‘Al()ij) is introduced in Definition 5.4. Moreover, assuming that pu € Al()ij)

and H(uM|B) < oo, we have the additional expression
1
1) (p) = lim —H(u®|By), (1.12)
k—oo k

where p\®) is a marginal of pu that will be defined in Section 5.2 and Py, is the marginal of P on
the first k coordinates; see (2.2). The relative entropy H(-|-) is defined in (3.4).

The same comments as for Theorem 1.3 can be made: the sets AM) and Agﬁ) which appear
in (1.10) and (1.11) may cause the rate functions to be nonconvex for reducible Markov chains.

The path we follow to derive Theorems 1.4 and 1.5 from Theorem 1.3 will come as no surprise
to the experienced reader:

e The weak LDP for (LS)) is obtained using the contraction principle (see IIL.5 in [12] or
Theorem 4.2.1 of [11]), which has to be adapted, since we only have the weak LDP and the
rate function may not be good.

e The weak LDP for (L%OO)) is obtained using the Dawson-Gértner Theorem (see for instance
Theorem 4.6.1 of [11]). We follow the tracks of Sections 6.5.2, 6.5.3 of [11] or Section 4.4
of [13], where the level-3 LDP for Markov chains is proved under the uniformity assumption
(U). Once again, in the absence of this assumption, some technical adaptations are required.

10The function J(?) is actually the DV entropy for the pair empirical measures; the traditional DV entropy is
the function J(1) defined in (4.4).



We briefly comment on the fact that if the state space S is finite, then all LDPs are full
and all rate functions are good. In addition, in this case many technical aspects of the proofs
can be considerably simplified; see Appendix C for a discussion. However, the main conceptual
modifications of the subadditive method that we develop to handle reducible Markov chains,
namely the slicing and stitching procedure below, remain necessary.

2 Weak LDP by subadditivity

In this section, we prove the first part of Theorem 1.3, i.e. that the sequence (L,,) defined in (1.5)
satisfies the weak LDP. We use a subadditive method.

2.1 Notations

Trajectories of (X,,),>1 are sequences of elements of S. In the following, we will often refer to the
elements of S as letters, and to finite sequences of elements of S, i.e. finite pieces of trajectories,
as words. The set of all words is denoted by Sgy, the set of words of length ¢ by S* and the length
of a finite word u by |u|. We will use the symbol e for the empty word (which has length 0). We
extend the definition of p to finite words by setting

p(u) = plug, uz) X ... X p(Ujy)—1, Uju|), u € San, |u] =2, (2.1)

and p(u) = 1 if |u] < 1. The function p, seen as a function over Sg,, satisfies the following
property: for u,v € Sqn, p(uv) = p(u)p(v)p(ujy, v1), where the quantity p(uy,|,v1) depends only
on the last letter of u and the first letter of v. The law P induces a probability measure P; on S*
by

Pi(u) =P(Xy =uq,..., Xy = u) = B(ur)p(u). (2.2)

An empirical measure can be associated with each word. We define

t
1
Mlul =Y Su i) €M(S?),  Llul= Mu €P($?),  wes™.  (23)
i=1
If w has length 1 or 0, we set L[u] to be the null measure. We will extensively use the fact that
|M[u]|lpy = |u| —1if u#el!t Givent €N, S; C S, pe P(S5?) and p > 0, we define the following
sets of words:

® Shn + is the set of words u such that p(u) > 0.
o Wi;(u,p) is the set of words u € S such that L[u] € B(u, p) and Ps41(u) > 0,
e W,.s, (1, p) is the intersection of W (u, p) and Sitt.

Observe also that St is exactly the set of words u € S? such that L[u] € P(S?).

Remark 2.1. One could apply the argument of the current section to L%l) instead of Lg)7 and
thus obtain the level-2 weak LDP in a straightforward manner. However, from there, identifying
the rate function and deriving the level-3 weak LDP would be more complicated, and in fact the

pair empirical measures (L%Q)) would come into play in the process anyway. We choose to study

the weak LDP for (Lf)) first, as it carries enough information on both the level-2 and level-3
weak LDPs, as made clear in Sections 4 and 5.

2.2 Ruelle-Lanford functions and weak LDP for the pair empirical
measures

Definition 2.2 (Ruelle-Lanford functions). For all Borel sets A C P(S5?), let

s(A) = lim inf 1 logP(L,, € A),
n

n— oo

5(A) = limsup 1 logP(Ly, € A).

n—oo T

HWe also have |M[e]|ty = 0 = |e].



For all v € P(S?), we define s(v) and 3(v) as the monotone limits s(v) = lims_,o s(B(v,d)) and
3(v) = lims—03(B(v,0)). We say that (L,) has a Ruelle-Lanford (RL) function if s =3 on
P(S?), in which case the function s =5 is called the RL function of (Ly).

The notion of RL function was first introduced by Ruelle in [29] as an expression for the
entropy. Later, in [23], Lanford revealed how efficient it can be in the theory of large deviations.
This gave rise to the subadditive methods, originally developed for independent and identically
distributed random variables in [23], [2] and [1]. It has later been subjected to some adaptations
to derive results for a larger class of random variables; see the introduction for some examples of
use of subadditivity for large deviations for Markov chains. See [24] for a more detailed historical
account.

The interest in considering RL functions in our case resides in the following standard result;
for a proof, see, for example, Theorem 4.1.1 in [11], Proposition 3.5 of [26], Theorem 3.1 of [24]
and, more recently, Section 3.2 of [6].

Lemma 2.3. Suppose that (L,,) has a RL function s. Then, s is upper semicontinuous and (L)
satisfies the weak LDP with rate function —s.

Thanks to this lemma, the goal of this section is now simply to prove that (L,,) has a RL
function. The proof of the existence of the RL function and the derivation of its basic properties
are achieved via the following technical proposition, whose proof will be covered by the next
sections and concluded in Section 2.5.1. It states a key decoupled inequality, which is the core of
our subadditive method.

In the following proposition, for the purpose of the sole existence of the RL function, one can
consider p1; = p2'? and Sy = S (and thus overlook the existence of Sy).

Proposition 2.4. Let 0 < 6 < 1/12, and let, for any integers n,t,
t+1 N
N=N@mnit)=|—" 1, N:PJ, Ny =N — Nj. 2.4
(n,2) [n(145)—‘ 1= 2 ! (24)

Let piy, iz € A® such that p = %,ul + %,ug € AP Then, there exist an integer ng, a sequence of
integers (t,), and a finite set Sy C S such that for all n > ng, all t > t,, and all set Sy D Sp,'3

Pt+1 (WLSQ (,LLv 205)) Z Cn,tIPn-‘rl (WH,SQ (/u‘la 5))Nl Pn+l(Wn7S2 (N’27 5))N2v (25)

for some constants C,, ; satisfying

1
lim lim n logCy,t = 0. (2.6)

n—o00 t—o0

Taking Proposition 2.4 for granted, we can derive the existence of the RL function of (L)
and the weak LDP for (L,,).

Theorem 2.5. The sequence (L) has a RL function s := s =3 and satisfies the weak LDP with
rate function I?) =

Proof. Let u € A®. We set y; = 1o = p and S = S in Proposition 2.4. Then, (2.5) yields
P(L; € B(u,200)) = CpsP(Ly, € B(u,0))N.

—S.

By taking the logarithm on both sides, dividing by ¢ and letting t — oo, we obtain

1
5(B(u,200)) > lim - log Cne + — log Ppy1(Ly € B(p, 6)).

1
(1 49)

By taking the limit superior as n — oo and using (2.6), we have

(B(11.200)) > =5 (B (. 0).

Further taking the limit as § — 0 yields s(u) > 5(p). Since, obviously, we also have s(u) < 5(p),

the sequence (L, ) has a RL function s and the weak LDP with the rate function —s follows from
Lemma 2.3. O

12Taking two different measures in the construction is a common technique in subadditive methods, as it can
often be used to later derive the convexity of the rate function; see [6]. Even though our rate function is not
convex, this technique still delivers useful properties; see Property 1 of Proposition 2.7.

13The radius 206 in (2.5) is far from being optimal, but any multiple of § acceptable for the purpose of the
subadditive method; see how the factor 20 eventually does not matter in the proof of Theorem 2.5.




By Theorem 2.5, the function I(®) is the unique rate function'* associated with the weak LDP
for (Ly). Theorem 2.5 does not provide much information to compute I (?) in practice. However,
we can access a few useful properties of 12 as direct consequences of Proposition 2.4, and of
Proposition 2.6, which we state here and will prove in Section 2.5.2. Inequality (2.7) can be seen
as a reciprocal inequality of (2.5) in the case of disjoint supports and will indeed be obtained by
reversing the construction used to derive Proposition 2.4.

Proposition 2.6. Let Ay € (0,1) and let \oa =1 — Ay, Let 0 < § < min(A\1/12,\3/12) and let,
for any integer n,
t; =ti(n) = |n(A\; —20)] — 1, 1€ {1,2}.

Let piq, pio € A® be such that p:= A\ p1 + dapo € A® and Ty N Ty = 0. Then, there exists an

integer ng such that for all n > ng,'®
125 125 ~
Pryr (Wey (111, 5570) ) Pracet (Wha (112 55°0) ) = CuPrs (W (1,9)), (2.7)
1 2
for some constants C, satisfying
1 ~
lim —logC,, = 0. (2.8)
n—oo N

Taking Proposition 2.4 and Prop 2.6 for granted, we deduce the following properties of the
rate function ().

Proposition 2.7. The rate function I?) of Theorem 2.5 satisfies the following properties.

1. Let p € A® and let F = {v € A® | 7, C J,}. Then, I?|x is convex. In particular, we
have the following. Let Ay € [0,1] and let Ay = (1 — \y). Let py, puz € A be such that
pi= A + Aopg € A Then,

() < MID (1) + A2 1P (). (2.9)

2. Let A\; € [0,1] and let Ay = (1—\1). Let j1, pz € A@) be such that p = A1 + Aapz € AP
and Ju, N Ty, = 0. Then,

TP () = MIP (1) + A T® (a).

3. Let u € P(S?) \.Al(i)l Then,
1P (1) = oo.

4. For all Borel set A C P(S?), let s, (A) be the supremum of s(ANP(K?)) over all finite
K CS. Let p € P(S?). Then, the function r — s (B(u, 7)) is nondecreasing and

IP(u) = —lim s (B, 7).

r—0"

One should read these properties with extra care. Property 1 does not say that I is convex;
see Example D.1. The affinity stated in Property 2 does not hold between every two measures;
any two-states matrix-irreducible Markov chain is already a convincing counter-example. Also
notice that Property 3 only states a sufficient condition for 7(?) to be infinite; see Remark 3.2
and Example D.4.

Proof of Proposition 2.7. 1. We begin with Property 1. Let v1,v5 € F and fix v = %(l/l + 19).
We first prove that

1
19() < SO @) + 1P(w2). (2.10)
To do so, we use Proposition 2.4. Considering (2.5) for v, vy, s with So = S, we have

P(L; € B(v,200)) = C,,+logP(L,, € B(v1,08))*P(L,, € B(vs,0))2.

141 particular, I(?) is lower semicontinuous.
15 As for the factor 20 in (2.5), the factor 125/)\? surely is not optimal, but this does not matter for the sequel;
see the proof of Property 2 of Proposition 2.7.



By taking the logarithm of both sides, dividing by ¢ and letting t — oo, we get

1
s(B(v,200)) = tli)m n log C, 1 + logP(L,, € B(v1,0)) + logP(L,, € B(v2,0))).

1
2n(1 — 45)<

Taking the limit inferior of this expression as n — oo yields

s(B(r,200)) > (s(B(v1,6)) + 5(B(v2,9))).

(1—49)

Since I(®) = —s, finally taking the limit as 6 — 0 yields (2.10). Let p;,us € F. Then,
A+ (1= XN € F for all A € [0,1]. Using a bisection argument based on (2.10), together
with the lower semicontinuity of I, we obtain, for all A € [0, 1],

Ty + (1= Apz) < M (1) + (1= N1 (p2),

which shows that )| is convex. In particular, we have the following. For all \; € [0, 1]
and Ay = (1 — A1), gy, 2 € AP such that p = A\ + Aopip € AP, both py and py are
absolutely continuous with respect to u, hence they belong to F and satisfy (2.9).

. We now prove Property 2. Let 1, uo and A, A2 be as in the statement of Property 2. By
Property 1, we only have to prove that

M (1) + Aol () < 1P (). (2.11)

To do so, we use Proposition 2.6. For convenience, we set §; = 1256/\? for i € {1,2}.
Taking the logarithm on both sides in (2.7), dividing by n, and then letting n — oo yields

(A1 = 20)5(B(p1,01)) + (A2 — 20)5(B(p2, 62)) = 0+ s(B(p, 9)).
Since I?) = —s, taking the limit as 6 — 0 yields (2.11).

. Property 3 is equivalent to s(u) = —oo for all u € P(S?%)\ A}(Di)l. Let u € P(S?) \Afa)l.
by contrapositive of (1 = 2) in Proposition A.7, there exists £ € N and 6 > 0 such that
all words w satisfying |w| > £ and L[w] € B(u, ) must satisfy Py, (w) = 0. Hence, for all
n > ¢, we have P(L,, € B(u,d)) = 0. Therefore, 5(B(u,d)) = —oo, implying s(u) = —oo.

. We now prove Property 4. Let p € P(S%). The monotonicity of r + s (B(u,7)) is
immediate by definition, hence Property 4 reformulates as

lim s (B(1, 7)) = lim s(B(u, 7).

The bound s, (A) < s(A) for all Borel sets A C P(S5?) is immediate, thus we have to show
that
lim s (B(p, 7)) = lim s(B(u,7)). (2.12)

r—0" r—0
When u ¢ A,(i)l, there is nothing to prove because the right-hand side limit is s(u) = —oco

by Property 3. Assume that p € Al(i)l. Let 6 > 0, and take Sy as given by Proposition 2.4.
Fix n and t as in Proposition 2.4. There exists a finite set Sy C 5, possibly depending on n,
such that S; C S, and

1
Priq (Wn,Sz (Ma 5)) = §Pn+1 (Wn (Na 5))

Thus, by (2.5),

Py (We,s, (1,200)) = CtPrst (Was, (11, 6))™
C,
= TNtPnJrl(Wn(M7 6))N

Taking the logarithm of both sides yields, dividing by ¢ and taking the limit inferior as
t — oo yields

500 (B(11,208)) > 5(B(,208) N P(S3))
log 2 1

w1 =10) T n(i—ag) 08 Fn(Wn(,0))-

1
> lim zlog Cnit—

t—o00
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By further taking the limit inferior as n — oo (both ends of the chain of inequalities are
independent of So, hence no problem ensues from the dependence of Sy on n), we get

500(B(p,200)) = s(B(u, 0))-

We obtain (2.12) by taking the limit as § — 0.
O

From now on, our goal is to prove Propositions 2.4 and 2.6. This will be achieved in
Sections 2.5.1 and 2.5.2 respectively.

Remark 2.8. Note that, while Proposition 2.4 is used in both the proofs the existence and
properties of the RL function (Theorem 2.5 and Proposition 2.7), Proposition 2.6 is only used
to derive one property of the RL function (Property 2 in Proposition 2.7). The reader solely
interested in the proof of the weak LDP can skip Section 2.5.2.

2.3 Two preliminary examples

Section 2.2 made clear that obtaining an inequality of the form (2.5) is the pivotal argument of
our subadditive method. Before embarking in the proof of Proposition 2.4, let us illustrate our
strategy on simple examples.

Example 2.9. Let S be finite, and assume that (X,,) is matrix-irreducible and aperiodic. In
other words, we assume that there exists 7 > 0 such that, for all z,y € S, there exists £, , € S7
satisfying p(z&,,,y) > 0. Let p € P(S?) and 6 > 0. Then, for all u,v € Sgy, there exists £ € ST
such that'6

Plufsiorsr(060) > (@B (0),  cim i p(ota,p) >0, (2.13)
Notice that if u,v € Wy, (1, d) for some n > (27 + 1)/20, then ufv € Wapy (11, 29). Building on

the above inequality, one can derive that for any family of words (u?) € (S™)", there exists a
family of words (¢%) € (ST)N~! such that

N
IP’NnHN,l)T(ulglquQ . uN) > N1 HIP”(UZ)

i=1
By summing this inequality over W,,(u,8)", one can find

IP)Nn+(]\771)7'(VVNnJr(Nfl)'r(,Uﬁ 26)) 2 Cn,N]Pn(Wn<Ma 6))Na

where C), y satisfies
1
li lim —————1logCy n =0.
nbo Nosoo N+ (N — 1)7 2N
This inequality resembles (2.5) and is sufficient for using the machinery of Setion 2.2. Therefore,

(L) satisfies the weak LDP.

This example is well-known in the literature. A general construction for decoupled systems,
which include the case of Example 2.9, is provided in [6]. The specific case of finite matrix-
irreducible (but not necessarily aperiodic) Markov chains is mentioned in Example 2.20 as an
application of the general construction. See also Examples 3 and 4 of [26].

The central inequality in the construction of Example 2.9 is (2.13). However, it is clear
that the assumption of matrix-irreducibility was crucial in deriving such an inequality. In
absence of irreducibility, how can we obtain an inequality that resembles (2.13) enough to enable
Proposition 2.47 The purpose of the rest of the section is to adapt this construction to reducible
setups. As an introduction, let us illustrate the method with another simple, reducible, example.

Example 2.10. Let S ={1,2,3,4,5,6,7} and consider a Markov chain represented on Figure 1,
the initial measure S being the uniform law on S. The irreducible classes of the Markov chain are
({1},{2},{3},{5,6},{7}) and B = {4}. The chain is neither matrix-irreducible nor p-irreducible

16Note that we used B(v1) < 1.
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Figure 1: The 7-letter Markov chain of Example 2.10. The transition probabilities of each arrow
do not matter for this example, as long as they are positive on each edge of the graph and zero
otherwise.

and thus, the existence of linking words £ as in Example (2.9) is not guaranteed. The two
challenges brought by reducibility are the following. First, there is a notion of irreversibility.
Since it is impossible to ‘come back’ to 1, the words v = 1112 and v = 1245 cannot possibly
satisfy (2.13). Second, some letters are incompatible with each other. Since neither 2 ~» 3 nor
3 ~» 2, no word of positive probability can contain simultaneously the letters 2 and 3. Thus we
will not be able to derive an inequality of the form (2.13) with the words u = 2222 and v = 3333.

Let us consider a measure pu € Al()2a)l and 6 > 0. For instance, we take
1 1 1 1 1 (2)
n = 45171 + 862’2 + 455,6 + 456,5 + 856’6 S 'Abal'

It is immediate that j is balanced, preadmissible with (C})je7, = ({1},{2}, {5,6}), and admissible
because 3 ~ {1} ~ {2} ~» {5,6}.

Let u = 1112224565665665 and v = 1111334565656566. Both words have their empirical
measure close to y. Let us try to find a word w such that L[w] is almost as close to y, and P}, (w)
is comparable to the product P, (u)P|,(v). The word w will play the role of ufv in (2.13). The
key idea is to slice words u and v into subwords that are easy to reassemble: we write

u = (111)(222)(4)(565665665), v = (1111)(334)(565656566).

We can drop the subwords 4 of u and 334 of v, as they consist of letters not appearing in the
support of 4 (in addition, the letter 3 in v is incompatible with the letter 2 of u. Also notice that
neither u nor v has the letter 7, as it is incompatible with their letters 5 and 6). We then stitch
together the remaining subwords 111, 222, 565665665, 1111 and 565656566 while respecting the
total order on ({1}, {2}, {5,6}), and adding transition letters when needed. We set!'”

w = (111)(1111)(222)(4)(565665665)(6)(565656566).

The transition letters 4 and 6 were added in the word w because p(2,5) = p(5,5) = 0. The
measure Lw] is reasonably close to pu. We also have

P (w) = kp(111)p(1111)p(222)p(565665665)p(565656566),
where k is a product of a few missing factors of the form p(x,y) and 8(1). Since
Py (u) < p(111)p(222)p(565665665), Py (v) < p(1111)p(565656566),

we find P, (w) = kP, (u)P),(v). This maneuver can be reproduced for any u,v € Sk, whose
empirical measures are close to . By bounding k away from 0, we obtain an inequality that is
similar to (2.13).

In Example 2.10, the construction of a longer word w satisfying the desired properties resulted
from two operations. First, the operation of slicing the words v and v into smaller subwords,
and second the operation of rearranging and stitching those smaller subwords together. These
operations were carried out in such a way that p(w) is close to p(u)p(v) and L[w] is close to
$L[u] + $L[v]. The next section provides a general construction for these slicing and stitching
operations.

170One can notice that w is shorter than |u| + |v|, in contrast with more standard subadditive arguments.
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2.4 The slicing map and the stitching map

We begin by introducing a slicing map and a stitching map, whose properties will be used to
prove Proposition 2.4 in Section 2.5. The slicing map is used to turn a word u into a collection
of subwords u/, which contains most of the letters of u belonging to the class C;. The stitching
map is used to turn a collection of words into a longer word containing all of them as subwords.

In this section, K is a finite subset of S and we denote by Jx the set {j € J | C; N K # 0}.
Also in this section, we let Jy C Jx be such that the order ~+ is total on (C;);ecz,. Notice that
Jk and Jy are necessarily finite. We also assume that they are not empty. For convenience, we
rename the elements of 7 so that

jo = {1, . ,’I"}7 (214)
Cj ~ Cj+1 Vj e {1,...,7‘—1}.

We denote C; N K by Kj for all j € Jy. For later purposes, if 5 ~» C, we also denote by Ky the
singleton {zo} where zg is an arbitrary reference letter in supp 8 such that zy ~ Cy.

2.4.1 The slicing map

Definition 2.11 (The slicing map). The slicing map is the map Fz, : Sgn + — Sﬁjr‘: defined as
follows. Let uw € San . For all j € Jy, if u does not have any letter in K;, we define u/ = e.
Otherwise, we define v’ as the largest subword of w whose first and last letters are in K;. We set

Fg,(u) = (W) jeg,-

In the following, except in Section 2.5.2, the set Jy will be fixed, so we will simply write F
instead of Flz,.

Remark 2.12. Let u € Sgy + and (v/);jez, = F(u). It follows from the definition that when
ul # e, the first and last letters of u/ belong to K; C Cj, but the letters in between may not
belong to K;. However, since u € Sky,+ implies that w; ~» u;4q for all 1 < ¢ < |u| — 1, we
observe that all letters of u/ belong to Cj, and that the only letters of u that belong to K are
those contained in u/. In particular, the subwords «/ are non-overlapping. The word « can be

decomposed as follows:
w=CulCu? . T (2.15)

where the ¢’ are the remaining subwords of u, in between the subwords u?. In order to prevent
any ambiguity in (2.15), we set (7! = ¢ when u/ = e.

A visual representation of the application of F to two words u' and u?, decomposed respectively
into F(u') = (ub!,ul?) and F(u?) = (u*!,u??), is given in Figure 3(a). Two useful properties
of F are provided in Lemmas 2.13 and 2.14 below. In the following, we let

r=J K. (2.16)
ji€Jdo

Lemma 2.13. Let u € Sgn 4+ and let (u/)jeq, = F(u). Then, for all j € Jo,

|Mullos = MW]|_ < Mul(C2\K), (2.17)

and

< M[u](S%\I). (2.18)
TV

‘M[u] = > M[w]

j€Jo

Proof. Let j € Jo. By Remark 2.12, we have M [u/] < M[u]\cg in M(S?), because every term
O(up,unsy) Of the sum M(u/] also appears in the sum M[uHCJz. Thus, the left-hand side of (2.17)
is equal to M[u](C?) — M[u?](C?). Since we also have

M[w')(CF) = MW )(KF) = Mlul(K}),

we obtain (2.17).
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In the same way, > . 7 M[uw'] < M[u], so the left-hand side of (2.18) is equal to M [u](S?) —

¥jeq M[w)(S?). Since
M[W’)(S%) > M[W](K?) = M[u](K7),

we obtain (2.18). O

1
g

In the following, if u = (u uk) € S’gn is a list of words, we let k,, = k be the number of

entries in v and
k
ul = || (2.19)
i=1

be the total length of words of w.

Lemma 2.14. Let F,, be the restriction of the map F to S"™ N Say, 1. Then, for allv = (v7) ez,
Ppi1(F () < e HP(Uj)7 (2.20)

where cg = (n +1)" 1

Proof. Inequality (2.20) is trivial if v is not in the range of F,,. Assume v is in the range of F,
and let u € Sy, 4+ be such that F,(u) = v, i.e. such that w =7 for all 1 < § < r, where we let
u? be the subword F(u)’. We begin by comparing P, 1(u) and the product of every p(u’) by
identifying their common factors, and bounding the remaining ones. Consider the decomposition
(2.15) of u. The quantity p(u) is a product of factors p(u?), p(¢?), and p(x,y),  and y being the
first or last letters of some u’ or ¢7. In this product, we bound by 1 each factor p(x,y) except
the ones for which y is the first letter of some ¢/. We have

Posi(u (HW> Q) = [ €. (2.21)

1<gsr
where, for any 1 < j < r, the function ¢/ is defined on Sg, as follow:

o if (7 # e and j > 1, then ¢/ (¢) = p(z€), where z is the letter preceding ¢? in u (such a
letter necessarily exists, since by convention ¢/ = e when u/~! = ¢);

o if (/ #eand j =1, then ¢ (&) = P (£);'®
o if (7 = e, then ¢J(£) =1 for all £ € Shy.

Notice that, for all 1 < j < r,'?
PAGESE (2.22)
£eslddl
Inequality (2.21) already resembles the conclusion (2.20). However, the map F;, is far from

injective, because of the complete loss of data carried by the ¢?, which prevents us from deriving
(2.20) from (2.21) by simply bounding Q(u) by 1. We will prove that

Z Q(u) < (n+ 1)1, (2.23)

weF; ! (v)

Taking (2.23) for granted, we obtain (2.20) by summing (2.21) over all u € F; ().
Thus, it only remains to prove (2.23). From now on, since u € F,, ' (v) may vary, we will
write ¢7 (u) instead of simply ¢? to prevent any confusion. To compute the sum on the left-hand

18Notice that the initial distribution 8 only appears in Q(u) if ¢! # e. If ¢! = e, the inequality (2.21) bounds
B(u1) by 1, while if ¢! # e we include B(u1) in Q( ) in anticipation of some summation below.

91n other words, for any j, the function qu defines a probability measure on SI¢’ 'I. Also notice that ¢ s
involved in (2.22) only through its length.
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side of (2.23), we partition F, *(v) according to the length of the (’(u). Let us define integers
l1,...,0.41 > 0 such that

O+ + b+ v =n+1,

and consider all preimages u of v such that the length of each ¢/ (u) is exactly £;. Notice that all
u satisfying this constraint have the same functions ¢/ (-), which we simply call ¢7(-). Under this
constraint, identifying a specific datum u amounts simply to identifying its subwords ¢/ (u). The
sum of Q(u) over this specific set of preimages is, by (2.22),

r+1 o r+1 o r+1
X Y Me@=1I 3 de)r=]]1=1
¢tesh ¢2este ¢rtiegtre j=1 i=1¢icst j=1

This means that the left-hand side of (2.23) is bounded above by the number of possible ways to

choose (¢1,...,4,41). A crude upper bound on this number is obtained as follows. There are at
most n+ 1 possibilities for each £;, thus there are at most (n+1)"! possibilities for (¢1,...,¢m41).
The bound (2.23) is proved, and the proof is complete. O

2.4.2 The stitching map

Recall that zy was defined at the beginning of the section to be a letter in supp 8 such that
zo ~» Cy and Ky = {20}. Also recall that if v is a list of words, k, denotes the number of entries
in v and |v| denotes the total length of v, as in (2.19).

Lemma 2.15 (Transition words). Assume that 8 ~ Cy. Let A be the set of pairs (x,y) where
r€K;,ye Ky, forsome0<j<rand1Vj<j <r. Then, for all (z,y) € A, there exists a
finite word &, such that

n:= inf p(x&,y) >0, T:= sup |&,|+1< 0. (2.24)
(z,y)€A (z,y)EA

Proof. For all (z,y) € A, we have z ~» y, so the definition of the relation ~» yields a word &, ,
satisfying p(z€s,,y) > 0. Since A is finite, the conclusion is immediate. O

Definition 2.16 (The stitching map). Lett € N. We say that a finite sequence of non-empty
words v = (v',...,v%) € SE is stitchable if there emists 1 < j(1) < j(2) < ... < j(k) such that
for each 1 < i < k, the first and last letter of v* belongs to Kjiy. We let

40 — {v c U Sk

keN

v 1is stitchable, |v| >t + 1}

denote the set of stitchable sequences of total length greater than t + 1. We define the stitching
map Gy : AW — ST the following way. When v € A® | for 2 <i < ky, let £ be the word
sy from Lemma 2.15 where x is the last letter of v'=' and y is the first letter of v'. Denote by
&' the word &, .y, where y is the first letter of v'. Let

G(v) = 206 0 €202 . ghuhe,
and let G¢(v) be the prefix of the word G(v) of length t + 1.

Note that G4(v) is well defined when v € A®) because in that case, |G(v)| >t + 1. A visual
representation of the stitching map is provided in Figure 3(b).

Lemma 2.17. Letk € N and t € N. For allv € A®,
M[G(v)] = > M| < vl = (t+1) + 2k,7, (2.25)

=1 TV

where T is as in (2.24).
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Proof. We first compute the distance between M[G(v)] and Y, M[v']. As they are both sums of

Dirac measures, we only have to count the number of terms that differ between the two. They

share every Dirac term 0, Vi) thus, their difference consists of the sum of terms involving at
AN

least one letter of some &' or z. Since the words 2ot €2, ..., &F each contribute to at most 7

terms in the sum defining M[G;(v)], we find

< kyT. (2.26)
v
Since G¢(v) is a prefix of G(v), the TV distance between M[G¢(v)] and M |G (v)] is the difference

between the length of G(v) and t+1. By definition of the stitching map, we have |G (v)| < |v|+k,T,
hence

|M[Gt(v)] —M[G(v)]| <v—@E+1)+kT (2.27)
TV
Combining (2.27) with (2.26) yields (2.25), as claimed. O
Lemma 2.18. Let t, ky,l, € N. Let
BY, ={veA® |k, <k, |u <L}. (2.28)

Then, for all w € S*+1,

ky
Pipa(w) Zce Y. [[p@"), (2.29)

QEB](:*)J* =1

Gt (v)=w

where

i . ) ok, 2k
cse = B(z0)n U+ 7hy)2 (e(l* + (1 + 2)k*)) .

Proof. First, notice that for all v € B,(:*)J*, we have Pig () (G(v)) = B(20)p(G(v)) and

=
<

ky
p(G(v)) = 0™ [ [ p(v") = 0™ Hp(vi)- (2.30)

—

=1

Let w € S**1. The remainder of the proof consists in summing (2.30) over all v € B,(i)’l* such

that G¢(v) = w, in order to obtain (2.29). Assume w € Gt(B,(:*)l*), and consider a word k € Sgy
satisfying |k| 4+t + 1 < I, + 7k.. Let us show that

= , o Lo + (7 + 2) ks )\ 2k~
> i — 1 k. 6( ) )
Bn(wr) > >[I0, o= k) o () (2.31)
UGB,&))Z* i=1
G(v)=wk
Indeed, by summing (2.30) over all v € G~ (wk) N B,Si),l*7 we get
kﬂ
#(G7(wr) N B,(CZ)J*)p(wK:) > Z Hp(vl). (2.32)
veB® | i=1
Gv)=wr

To prove (2.31), it suffices to provide an estimate of the cardinality of G=!(wk) N B,(ci)’l*. Let

k < k.. To determine a preimage v of wk by G such that k, = k, it suffices to specify the

indices where the words v® and ¢? start in the word G(v) = wk = zo& vl ... ¥v*. This piece of

information is given by the datum of a nondecreasing sequence of 2k elements in {0, 1,.. ., |ws|—1}.
Thus,

_ 2k

#{v e G N (wk) | ky =k} < (|w/<; ;;k 1> < (%]j?k*)) g )
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In the bound above, we have used that (”’;y) < (e(z+y)/y)Y for any integers y < x, and that the
function defined in the right-hand side of the bound is nondecreasing in x and y. Hence, we have

2, )\ 2k
#{ve GV (wr) | ky <k} < k(%) .
By inclusion, this is also an upper bound on the cardinality of G~ (wk) N B,(Ct*)’l*. Hence, since
|lwk| = |k| +t+ 1 <l + Tks, we have

e(ls + (T + Z)k*))%*-

o) < (et

sl
Applying this bound to (2.32) and multiplying the inequality by 5(zp), we obtain (2.31) with
the announced constant c¢. Now, we can use the estimations on P}, (wx) provided by (2.31) to
bound the value of P;;1(w). Observe that for all m > 0,

> Prrym(wr) =Pra(w) Y plwirik) = Py (w).

KES™ kES™

Hence, by summing both sides in (2.31) over all possible suffixes x, we have:

(le + 7k — (t+ 1)) Pryq (w) = Z Py (W)

KESfin
Jwk| <l +Tky

> Yy ﬁp(vi)

KE Stin UEB(t) =1
SlatThy ), Joxols
|lwr| <7 Clo)

2
= 2 [I»)
veB®, =1

Gi(v)=w

The last equality holds because all v € B,(f*),l* satisfy |G(v)| < l« + Tk«. A rough upper bound on
the obtained constant yields (2.29) with constant cy. O

2.5 Coupling trajectories

Using the slicing and stitching maps of the previous section, we build here the coupling and
decoupling maps. In Section 2.5.1, the properties of the coupling map are used to finally prove
Proposition 2.4, thus allowing the machinery of Section 2.2 to provide the existence of the RL
function and the weak LDP for (L,,). In Section 2.5.2, the properties of the decoupling map yield
Proposition 2.6, which is used in the derivation of the additional properties of the rate function,
in Proposition 2.7.

2.5.1 The coupling map and proof of Proposition 2.4

The goal of this section is to prove Proposition 2.4. Let us fix §, p1, g2, g, N, N1, and Ny as in
Proposition 2.4. Note that this choice of parameters yields the two convenient bounds?’

1 n Nn
— < 1+66, > - 1< — <1+86. 2.
Y + 60 t 5 = ; + 86 (2.33)
We also fix a finite set K C S such that
p(K?) >1-6, pa(K?)>1-4, (2.34)

and we set Jo = J, N Tk, where Jx = {j € j | K N C; # 0}. The measure p being admissible,
Jo satisfies the same assumptions as in Section 2.4, and we keep the notations of (2.14).

20The first one is the reason why we chose § < 1/12.
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Lemma 2.19. Let k € N. There exists a map o : F(San 4 )* — U:io Sén7+ such that, for all

w € F(San+)*, the list o(w) is stitchable and the elements of o(w) are exactly the non-empty
elements of w.

Proof. Let u = (u!,...,uF) € S§n7+. Applying F to each word u’ yields a k x r matrix (u®7)
whose lines are (u7)1¢j<, = F(u'). If u*J # e, then the first and last letters of u*/ belong to
K;. We set o(F(ul),..., F(u*)) to the be the list obtained by reading the entries of the matrix
(u*7) column by column, while skipping empty words. O

We introduce the coupling map in Definition 2.20 below. The coupling map takes N words of
length n 4+ 1 and turns them into one word of length ¢ 4+ 1, using the slicing and stitching maps.

Definition 2.20 (The coupling map). Let t,n € N. Let u = (ul,...,u™N) € (San 1)V satisfy
|u'l| =n+1 for all1 <i < N. Let v =o(F(u'),...,F(uY)), where o is the reordering map of
Lemma 2.19. If [v| 2 t+1, we set ¥, 1(u) = G¢(v), where Gy is the stitching map from Definition
2.16. We call

Uyt (Sany NS™HYN = Sy

the coupling map.

F,
ul n (u1,1’u172’ 7qu)

F,
u2 n (u2,1,u2,2’ 7u2 r) G

o 1 & t w
(’U ) y U )

F,

uN . (UN’I,’LLN’Q, o ’uN,r)

Figure 2: Definition of the coupling map.

The definition of the coupling map as the composition of several maps is sketched in Figure 2.
Another useful illustration of the way the coupling map acts on trajectories is provided in Figure 3.

Lemma 2.21. There exists a finite set S1 C S such that for all integers n,t and So O S1, for all
w=(ul,...,ulN) € (SyTHN, the word W, +(u) belongs to S5 if it ewists.

Proof. We fix S to be the union of K, {29}, and the set of all letters involved in the transition
words &, , with z,y € K. Then, S; is a finite set. Let So O Sy and let u = (u?, ... ,ulV) € (S;’“)N.
By construction, any letter in the word ¥,, ;(u) belongs either to a transition word ¢, , or to
some u’. In both cases, it is an element of S,. O

Lemma 2.22. Let n,t be integers. Letu = (u',...,u™N) € (S"tN satisfy Zf\il M[u'|(T) > t+1,
where I' was defined in (2.16). Then, Uy, +(u) is well defined and

<2(Nn—(t+1)) +2N(rr +1). (2.35)

Proof. Let v = (v!,...,v") be the stitchable list o(F(ul),..., F(u")) as in Definition 2.20.21 We
first argue that v € A®, so that ¥, ;(u) is well defined. By its definition, v is stitchable, hence it
suffices to show that |v| > ¢ + 1, i.e. that

k N r
ZW\ => > |MFu(u) )]y +E =t + 1. (2.36)

i=1 j=1

21Since the number of empty words in the list may vary, k is not fixed here. The number k depends on the data

(ul, ..., ul).
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(b) The action of the stitching map on a stitchable list (v!,v2,v3,v%).

Figure 3: Example of use of the coupling map, with two words u! and u2. The slicing map
produces two subwords u!*!, u? of u' and two subwords u?!, u?2 of u? in (3(a)). These are then
reordered as the stitchable sequence (v!,...,v*) and reassembled by the stitching map in (3(b)).
Here, we assume that the length of the obtained word is ¢ + 1 so the operation of taking the
prefix of length ¢ + 1 is not represented. Trajectories are depicted as smooth curves for easier
readability, even though they are discrete.

By Lemma 2.13 and the assumption on u,

N r
PIPLZICHLED

i=1 j=1 i=

=

1 (|MW]|Tv - ‘M[ui] =3 MI[F,(u')]

Jj=1

)

N
> (n= (= M) > t+1

i=1 j=1 i=1

On the one hand, by Lemma 2.17,

k
‘ Slyl—t+1)+2kr < N(n+1)—(t+1)+2Nrr.
v

M a(w)] = Y- M
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On the other hand, by Lemma 2.13,

N r ] N N r

DD M[F ()] =) M) > M| [u']

i=1 j=1 i=1 TV =11 =1 vV

Z Mu')(S*\T)
< Nn —(t+1).
Combining these two bounds yields (2.35) and completes the proof. O
Lemma 2.23. For all w € S in the range of V,, 4,
Pi1(w) > Co PN (U 1 (w)) (2.37)

for some constants Cy, ; satisfying (2.6).

Proof. To prove (2.37), we compute the probability of the preimage W;lt(w) of a fixed word w

in the range of U, ;. Let u = (u!,... ,u™) be a preimage of w by U, +, that is to say u satisfies
G(o(F,(ub),...,F,(u"))) = w. Since we only consider words u® of length n + 1, that are each
sliced by F,, into at most r subwords, the stitchable sequence o (F,(ul),..., F,(u")) is of total

length at most N(n + 1) and has less than N7 entries. In other words, every preimage u of w by

v, + satisfies
o(Fo(ut), ..., Fo(u™)) € BY) 0iny: (2.38)

where B,(:*)J* is defined by (2.28). Then, by (2.38),

CRCTIEED DD i | (AT

veA® u€o~t(v)i=1

Gi(v)=w
= > > HIP’ (2.39)
veBNr N(n+1) u€o iy
Gi(v)=w

Let v € Bz(vl N(n+1) be such that G;(v) = w and let u = (u*J) € 0~ (v). By Lemma 2.14,

Py (Fy ' (u')) < sl Hp(ui’j)

forall 1 < i < N. There lS a one-to-one correspondence between the family of non-empty
subwords u®7 and (vh, ..., vk2), hence,

N N r ky

[[Pa(F ' w)) < [T ] pw™) = X T p(@?).

i=1 i=1j=1 j=1

Therefore, by injecting this bound into (2.39), we obtain

PN W) < Y #a-%v)cﬁ(ﬁp(w)). (240)

(t)
VEBNL N(nt1)

Gi(v)=w

We need a combinatorial argument to bound the factor #o~1(v), i.e. the number of N x r
matrices of words U = (u"7) such that o(U) = v. If we know which of the words u*? are empty,
there is only one possibility, that is filling the matrix of words with entries v! in the right order
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while leaving blank the specified entries. Hence #0~!(v) is simply the number of choices of which
of the Nr words are empty, knowing that there must be Nr — k, of them. Using the crude bound

4ol (0) = (JZ) <o

in (2.40), we obtain

ko
POV (w) <2V Y0 [ e().
=1

(t)
VEBYNL N(nt1)

Gi(v)=w
Hence, applying Lemma 2.18 with k., = N7 and I, = N(n + 1), we obtain

2Nr N

_ cs
PRV (0, ) € TP (w),
The bound (2.37) is proved with
C,, =t 27N (n 4+ 1)~ NUFD(N(n + 1+TT))_2ﬁ(Zo)7]NT( 2r >2NT.
T 2NreN e(n+14(t+2)r)

It remains to show that C,,, satisfies condition (2.6). Notice that C,,; is actually a function of
variables (n, N) that only depends on ¢ through the definition of N. By (2.4), at fixed n, we have

1 1

1 .
A7 108 e = L gy W OB e
1 2r
=— | —rlog2— 1)1 1 1 2r 1 .
n(1—46)< o8 (r+1)log(n + 1) + rlogn + TOge(n+1+(T+2)r))
Further taking the limit as n — oo, we get (2.6). O

We can finally prove Proposition 2.4, using the properties of the coupling map established
above.

Proof of Proposition 2.4. Set ng to be an integer such that 4(r7 4+ 1)/ng < J. For all n € N, set
t, to be an integer such that n/t, <. Let S; be given by Lemma 2.21. Let n > ng, t > t,, and
Sy D Si. Denote by W the set W, g, (11, 8)M x W, s, (12,8)V2. Proposition 2.4 relies on the
following statement:

\Ilnyt(w) c WSQ,t(.u“v 205)’ (241)

which we will prove below. Once (2.41) is proved, we have
Prir (Wi s, (1, 200)) 2 Pryr (Un,e (W),
hence by Lemma 2.23,

CrdPEY (U5 (T, (W)

Piy1 (Wt,Sz (,200)) ;
Co PN (W),

>
2

This yields (2.5), with the constant C), ; from Lemma 2.23, which satisfies (2.6). It only remains

to prove (2.41), which we do now. Let u = (u!,...,u") € W. Equation (2.41) encapsulates three

properties:
1. The word ¥, ;(u) is well defined.
2. L[, (u)] is at most 20d-close to p.

3. Every letter of ¥,, ;(u) belongs to Sa.
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Once the existence of W, ;(u) is proved, Property 3 will be an immediate consequence of Lemma
2.21. We now prove Properties 1 and 2 by showing that u satisfies the assumptions of Lemma
2.22, namely that ZZ]\; M[u'](T) > t+ 1. Let i < N and let v; denote p; or s depending on
whether ¢ < Nj or i > Nj. Since v; is admissible, and by (2.34), we have v;(T') = v;(K?) > 1 — 6.
Thus,

Lu] () = v; () — |L[u'] — vi|pv =1 -8 — 6.

Hence M[u‘](T) > n(1 — 26), and
> M) > Nn(1—26) > t+1.

L0 s0)] = iy < V0 = (¢4 1) 42N+ 1) 4|3 Y M) =] (242

Using (2.33) and n > ny, the first term on the right-hand side of (2.42) above is no larger than
1+85— 1+ 4. Since u € W, the second term satisfies

1 N 1 N1 ) 1 Ny A
'tZMW}—M <;Z‘M[Ul]—n#1|Tv+¥ Z |M[uz]—n/¢2|TV
i=1 i=1 i=Nj+1
’nﬂl+ npa — [
TV
Nl N N1 1 N2 1

< (1+86)0+ 585 + 586 + 4.
Combining the bounds on the two terms the right-hand side of (2.42), we obtain

|L[‘I’nt( )= M|TV 200,

and we have finally shown Property 2. This completes the proof of (2.41) and concludes the proof
of the proposition. O

Remark 2.24. In irreducible cases, the construction of the coupling map is considerably simplified,
yet not trivial. Assume here that there is only one irreducible class C; in (1.7) (in particular,
this assumption is satisfied when the Markov chain is @-irreducible). Then, the slicing map is
reduced to simply removing a prefix and a suffix from the argument. The use of the slicing map
on u := (u',...,u’V) results in a stitchable sequence of at most N words and the coupled word

U, +(u) is simply the prefix of length ¢ of the word
2ot .. vk

where (vy,...,v") is the list (F(ul),..., F(u")) with empty words removed.

If S is finite and the Markov chain is matrix-irreducible, as in Example 2.20 of [6], we recover
the map ), ¢(u) from [6]. Indeed, one can take C; = K; = K = S. Then, the slicing map is the
identity, and we have

\I/n,t(ﬂ) - ZO&(ZO’U%)QZJn,t(M)? u e (Sn)N

2.5.2 The decoupling map and proof of Proposition 2.6

The construction of the previous section achieved to prove Proposition 2.4, which is already enough
to derive Theorem 2.5 in Section 2.2. The goal of the present section is to prove Proposition 2.6,
which is used in the proof of Property 2 of Proposition 2.7. To do so, we present another
construction that uses slicing and stitching maps.
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Let A1, Ao, 0, t1, ta, p1, e and p be as in Proposition 2.6. For convenience, we also set

1255

% =570

ie{1,2}.

Note that, by the choice of § and the definition of ¢;, if n > 1/§, we have the following two bounds
for i € {1,2}.22

1 n 4
— < — <n-— — < . .
LSSy (1 L 5) 0<n—t; —ts < 8né (2.43)

Let K C S be a finite set such that u(K?) > 1—4§. We set

uZ:ijjp,,; Fl: UKJQa le{laQ}a
JET:
where Jx ={j €j | KNC; #0}. Weset Jp:=T1 U and r:=|J1 U J2| < oo. For all j € Ty,
let K; = K NCj. In the following, when J’ C 7, and v is a measure, we denote

v|g = V|UJGJ, cz-

In order to prove Proposition 2.6, we introduce the decoupling map. It acts in the opposite
way of the coupling map: while the coupling map takes words approximating p; and ps and
creates a word approximating u, the decoupling map takes a word approximating p and creates
two words approximating p1 and ps respectively (given that p = A1y + Aope and pq, ug are
supported on disjoint classes).

Definition 2.25 (The decoupling map). Let u € S"™' N Sgy, 4. Applying the slicing maps F,
and F7, from Definition 2.11 to u defines two sequences v, and vy of subwords of u indexed by J1
and Jo, respectively. Both lists o(v,) and o(vy) are stitchable, where o is as in Lemma 2.19.% If
lvy] =t + 1 and |vy| > ta + 1, we define the words

Vin(u) = Gi(ow)),  an(u) = Gr(o(wy)),

where Gy, is the stitching map from Definition 2.16, and we call U, :u—s (\Tlln(u), \Tlgn(u))
the decoupling map.

Beware that the decoupling map is by no means the inverse of the coupling map. Figure 4
provides a sketch of the definition of the decoupling map.

U rU,l \Ijl,n(u)

o B

u
v
&
\ . / G, R /

V2 v Uy (u)

Figure 4: The definition of the decoupling map as composition of slicing and stitching maps.

Lemma 2.26. Let u € Sin be such that M[u](I'1) > t1 + 1 and M[u](I'2) > t2 + 1. Then, for
ie{1,2}, Zn( ) is well defined and

‘M [@i,n(u)] ~ M|

Proof. Let i € {1,2}. Let v} = o(F7,(u)). Since v} is stitchable, we only have to verify that
[vi] = t; + 1 in order for ¥, ,(u) to be well defined. Using the reverse triangular inequality, the
bound (2.18) in Lemma 2.13 applied to Fz, yields

ey — 3 | Mw]|py < Mul(S2\Dy) < n— (8 + 1),
JET;

Ti| oy S 2(Jul =1 —t1 —t2) +2r. (2.44)

22The first bound is the reason why we required § to be no larger than \;/12.
23Here the action of o is simply to remove empty words, since the lists are already in the right order.
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so that indeed, we have in particular |vi| > >, | M [u |T > t; + 1. We now prove (2.44).
Since M|u)| 7, is the sum of Mu ]|C]z over j € J;, the bound (2.17) of Lemma 2.13 yields
- M) = 3 (Ml — Mgy < 3 MElCE) - MT). (245)
JET: ™ jeg; JET:

The elements of S? that are in a C]2 for some j € J; are not in any KJZ/ with 5/ € J3_;. Hence we
have a bound on the first term of the right-hand side of (2.45):

ZM < (Jul—-1) = ZM < |u| —t5-4.
Jj€T: Jj'edi
Also bounding the second term of the right-hand side of (2.45) by —(¢; + 1), we have

ZMUJ

JE€T:

g |u\ — tl — tg —1. (246)

i
TV

Moreover, by Lemma 2.17,

’ = Mu]

< il — (ti+ 1) + 2r7

FISNVE v
Slul=({1+1)— (t2+ 1)+ 2r7. (2.47)
The last inequality holds because |v}| + |v5] < |u|. Combining (2.46) and (2.47), we obtain (2.44).
O
Lemma 2.27. For all (w!,w?) € Sh+1 x 2+l
P, 1 (P11 (w?) = Co Py (8 (w0, w?)), (2.48)

for some constants C,, satisfying (2.8).

Proof. If (w',w?) is not in the range of U,,, (2.48) is trivial, so we now assume that (w®,w?) is
in the range of ¥,,. For convenience, we define, for i € {1,2},

. i . i J
Vi={ve S%i | Gulo(w) =w', Vi€ Ji v € O},
o . i
V= {v eSn+ | J' C TJiy G, (V) =, ‘v’jej’,e;«évjeCj‘.v .
Notice that o is bijective between V; and V! since its action only consists in removing empty
words from the list. Let u € U 1 (w!, w?). There are v; € V; and vy € Vy such that Fz, (u) = v,
and F7,(u) = v,. Notice that then, F7, (u) is the list v = (v7);c 7, obtained by combining and

reordering the (possibly empty) words of v; and v,. Since J; N Jo = 0, the map h: (uy,v5) = v
is a bijection. It follows that

P (9, (wh, w?)) = Z Pry1(F,  (h(v1,2,))),

v, €Vy
v, E€V2

where F,, is the restriction of Fiz, to Sgn 4+ N S™™! as in Lemma 2.14. By Lemma 2.14 applied to
each term of the sum, with (v7);c 7, = h(vy,v,), we have

]P’n(\fl 1(w w?)) € cq Z Hpvj

v, €EV1 €T
Egevz
= cs1< > 11 p((vl)j)>< o110 p((vz)j)>
v, EV1 JET v,€V2 jET2

oy kuy
Csl( > Hp((v’l)j)>< > Hp((v’g)j)>-

vievy j=1 voEV) j=1
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We have V! C G (w') for i € {1, 2}, so we can crudely bound the two last sums using Lemma 2.18.
By Lemma 2.18 with k., =r and I, =n + 1. We get

— C,
B (W, (wr, w2)) < 5 Pr, ()P (w).
st

The bound (2.48) is proved with C,, = ¢ /cq. It remains to show (2.8). The constant C,, satisfies

1 ~ 1 4
—log C, It log(n +1) — —log(n + 1+ 77)
n n n
2 2r 4r 2r
=1 —1 —1 .
* n 0g (o) + n og(n) + n 08 e(n+ 1+ (7+2)r)
This quantity vanishes in the limit as n — oo. O

Proof of Proposition 2.6. Let ng be an integer such that (2r7/t;) V (2r7/t2) < 6, with 7 as in
Lemma 2.15, and let n > ng. We will show that

Uy, (Wi (2, 0)) € Wi, (1, 01) X Wi, (pi2, 62). (2.49)

Once (2.49) has been proved, we can apply Lemma 2.27 to obtain

Ptﬁ-l (39 Ptz-&-l(\pn (Wn (Ma 5)))
6nPn+1(Wn(M7 5))

Py, 1 (W, (p1,01)) Py g1 (W, (12, 62)) >
>

This gives us (2.7) where the constant C,, satisfies (2.8). To check that (2.49) holds, we first need
to make sure that W, (u) is well defined for all uw € W, (u, d): since

L{u)(Ts) > u(0y) — |Lfu] = plpy > s — 5 =6, (2.50)

we have M[u](I;) = n(\; — 20) > t; + 1, thus by Lemma 2.26, ¥,,(u) is well defined. We now
prove (2.49). Let u € W, (u,0) and ¢ € {1,2}. We have to compare L [\iln(u)} and ;. We shall
first establish a few preliminary bounds. By (2.50), we have

L[U]( U Cf) > Lu)(T; UTy) > 1 — 44.
JE€EITu
Hence, since J,, and J,, are disjoint,

Mg = Llul| g, | oy + [Popie = L)l g, | 0y = |10 = LW 7, 070, |y
< 4+ 49,

thus both terms are no larger than 54. In particular, we have L[u]|7, (A) < Aipi(A) + 59 for all
A C 5%, Together with (2.50), this implies

Tv:L[u]( U CJZ) —L[u]( U C?)

JE€ETy,; Jj€T;
<A+ 50 — ()\z —26)
76.

| Lullz,, — Llu]

Ti

We can now compare L {\Ilm(u)} and g;. On the one hand, by Lemma 2.26,

~ n 2 2rT
‘L [Fin()] = FLUlg| < =(n—ti—t) +
T TV 2 7

< gma 1.

7
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The bound on n — t; — t2 is obtained thanks to the choice of 6 and n that enabled (2.43). The
choice of n > ng also enabled the bound on 2r7/t;. On the other hand,

n n 1 n
Rl -] < P 1Ll Ll | + | (5 - ) Eldla,
i TV i 1 2 TV
1
W Lullg,, — Nty
n 4 1
< =76+ —d+ —56.
ti * A2 * i

The term 45/A? in the middle is obtained thanks to (2.43). The two other therms are obtained
thanks to the preliminary bounds stated above in the proof. Combining these two bounds yields

~ n
) — < =
‘L [Fin(w)] = i < '235+ A25+ A.55+5
/\2 5 + —286 +4.
The bound on n/t; is obtained thanks to (2.43). Roughly bounding both 1/); and 1 by 1/\%, we
get the bound 1255/\%, which proves (2.49) and completes the proof. O

3 Identification of the rate function

Theorem 1.3 was only partially proven in the previous section; Theorem 2.5 states that (Lg))
satisfies the weak LDP with rate function I(?), but it remains to prove (1.9). This is the goal of
the current section. For convenience, we set I := I?) in this section.

3.1 Usual rate functions

Let us properly define the functions involved in (1.9). In the following, E[] denotes the expectation
associated to the law of (X,,). Fix pu € P(S?). Recall that M(S?) denotes the space of finite
signed measures on S? and that B(S?) denotes the set of bounded functions on S2. In addition,
E(S?) := exp(B(S?)) denotes the set of positive functions on S? that are bounded away from
0 and oco. The supremum norm on B(S?) is denoted || - ||.2* The SCGF A = A of (L%Z)) is
defined by

A(V) = limsup — logE [ "<L""V>} , V € B(S?). (3.1)

n—oo T

We also define the truncated SCGF Ao = A2 of (ng)) by

1
A (V) = limsupg logE |:€n<Ln’V>]1p(K2)(Ln):| , V € B(§%), K C S finite,
n—oo
and
A (V) =sup{Ax(V) | K C S, |K| < co}.
Clearly, Ax < Ao < A. See Example D.2 for a situation in which Ao, and A are not equal. Their
convex conjugates A* and A} are defined by Definition B.1 and are lower semicontinuous.
As defined in [16], the DV entropy J = J®) is given by®®

J(pu) = sup <u, log — / > 1 € Poar(S?), (3.2)
Fee(s?) P
where?¢
Pf(x,y) == PO f(x,y) =D py,2)f(y,2),  (x,y) €S, fe&S?). (3.3)
z€S
24We do not equip B(S?) with the topology induced by || - ||. See Appendix B.

25The supremum in (3.2) is often taken over {f € £(S?) | f > 1} instead of £(S?). In fact, when f € £(S?),
replacing f by f/inf f does not change the value of the bracket in (3.2), hence the two definitions agree.

26 Any stochastic kernel r on a space X defines an operator on £(X) by rf(z) = 2yex (@ y)f(y). The
quantity Pf(z,y) in (3.3) has the same definition with X = S2 and r the stochastic kernel of the Markov chain
((Xny Xnt1))n>1, defined by 7((z1,91), (x2,2)) = L1y, 2, }P(@2,y2). Notice that Pf(z,y) does not depend on
z.
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The function J is the standard (see for instance [16], [17], [11], [28], [10]) DV entropy for the
Markov chain ((X,, Xn+41))n>1- The function J is lower semicontinuous as a pointwise supremum
of a family of continuous functions.

If p,v € P(S*) for some k € N, we denote by H(u|v) the relative entropy of u with respect
to v, which is defined by

> uest 1(u)log ZEZ))a if <<,

) (3.4)
0, otherwise.

H(plv) = {
In this definition and throughout the rest of this paper, we adopt the conventions that 0 xlog 0 = 0.
The fact that H(u|v) is well defined in [0, +o00] comes from properties of the real function
s — slog s, namely that it is bounded below and convex. Additional properties of the relative
entropy can be found in Chapter 5 of [28]. We use H(-|) to define a function R = R(® in the
following way. Let p € Ppai(S?). When r is a probability kernel on S, we define the probability
measure uY @ r on % by uV @ r(z,y) = p™ (z)r(x,y). We define

R(u) = H(plp™ ®@p), 1 € Poar(S?). (3.5)

By the variational formula for the relative entropy (see for instance Theorem 5.4 of [28]), we also
have, for all u € P(S?),
R(p)= sup ({1, V) —log(uV @p,e")).
VEB(S2)

This implies in particular that R is lower semicontinuous, since both the functions p — (i, V')
and p — (u(l) ® p,e¥) are continuous for a fixed V. Let g be the stochastic kernel defined by
q(z,y) = plx,y)/pW (z) if uM(z) > 0, and arbitrarily otherwise. It follows that uV) @ ¢ = p. If
p € D@ then p < ™ @ p and we have the convenient formula

Ry = 3 play)log L2Y — 5™ 001 (g(a, (e, ). (3.6)

z,y€S p(!& y) €S

As mentioned earlier, the convex conjugate of the SCGF, the DV entropy, and the function
R® are standard in large deviations theory of Markov chains. For convenience, until the end of

Section 3, we will omit the exponent and simply write A, Ay, J and R instead of A, Ag)7 J®
and R® respectively. We propose a complete identification of I.

Proposition 3.1. The function I satisfies

I(n) = {A;}(M) = A*(u) = J(n) = R(n),  if pe A,

_ (3.7)
0, otherwise.

Proof. Property 3 of Lemma 2.7 already showed that I is infinite on the complement of -’41(325»)1- The

o 2 . . .
description of I over A](Da)l requires a more involved proof. The conclusion comes as consequence
of several propositions.

e By Proposition 3.4, the function I coincides with its own convex biconjugate I** on A2,

e In Proposition 3.8, we show that I* = A, on B(S?). Hence, by the previous point, we have
I=I"*=A} on Ay .

e Finally, Proposition 3.11, establishes that

Nog(w) = A () = J(p) = R(n), e AQ. (3.8)
Put together, these equalities yield the conclusion. We prove Propositions 3.4, 3.8, and 3.11 in
Sections 3.2, 3.3, and 3.4 below, respectively. O

Remark 3.2. Note that Proposition 3.1 does not say that [ is finite on A](:i)l. For instance, if a
measure j € A](fa)l does not belong to A](fa)l ND?, one can easily check that Equation (3.7) holds
with

I(p) = AL (1) = A* () = J (1) = R(p) = oo.
See Example D.4 for a non-trivial example of a measure that belongs to .Afi)l N D®) while having
infinite rate function.
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Corollary 3.3. Let u € Abal, and let fi; = p(C ) u|cz for all j € J,. We have
I(w) = > w(CHI(). (3.9)
JE€ETL

Proof. Since the function R satisfies (3.9), this is a direct consequence of Proposition 3.1. O

3.2 The convex biconjugate of [

Let I** denote the convex biconjugate of I, defined on P(S?) as in Appendix B. In this section,
we prove the following property of the rate function I.

Proposition 3.4. Let u € A® . Then,
I(p) =17 ().

The identification I = I** does not hold on the full space P(S?), but rather on the smaller set
of admissible measures. In fact, I** is convex, whereas we do not expect I to be, by Property 3
of Proposition 2.7. Let co I denote the convex envelope of I, which is the largest convex function
under I and satisfies

k
(DIQQ::mf{EZAJQM)‘keBa(Mgeﬁxs%h(Aae(m1ﬁ,
=t (3.10)
k k
Z)\i =1, ZAM = u}, 1€ P(S?).

In the proof of Proposition 3.4, we need properties of I and co I, stated in Lemmas 3.5 and 3.6
below.

Proof. Let pn € A®). By Corollary B.2, I** is the lower semicontinuous envelope of coI. By
Lemma 3.6, co I agrees with its lower semicontinuous envelope on A®), thus I** (1) = co I(p).
Lemma 3.5 yields the conclusion. O

Lemma 3.5. Let i€ A®. Then, I(u) = col(p).
Lemma 3.6. Let u € A . Then, the function co I is lower semicontinuous at .

Proof of Lemma 3.5. By definition, co I(u) < I(p). Let us prove the reverse bound. Let ¢ > 0.
By (3.10), there exist finite sequences ()\;) € (0,1)* and (u;) € P(S?)* such that

k k k
Z)‘izl’ Z)\iﬂi:% col(u Z
=1 =1 i=1

Each u; must be absolutely continuous with respect to u. Hence, each pu; is admissible and
satisfies J,,, € J,. By Property 1 of Proposition 2.7 and Jensen’s inequality, we have

col(p (ZAZM> =1I(u

This holds for every ¢ > 0, thus coI(u) > I(p). O

Proof of Lemma 3.6. Let (u,) be a sequence of probability measures such that p,, — p. We have
to prove that
hm 1nf coI(pn) = col(p).

This is immediate when the left-hand side is infinite. Otherwise, by taking a subsequence if
necessary, we can assume that coI(u,) < oo for all n € N without loss of generality. By (3.10),
for all n € N, there exist finite sequences (A, ;) € (0,1)* and (un ;) € P(S?)*» such that

kn
Z I(pn.i)-

kn

kn
Z )\n,i =1, Z An,iﬂn,i = HUn, COI Mn
=1

i=1

SM—‘
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Since col(u,) < oo, we must have I(u,;) < oo for all ¢ < k,. Thus, by Property 3 of
Proposition 2.7, the measure p,, ; is admissible for all ¢ < k,,. Let D denote the support of p. For
all i < ky, let gn; = pn (D) and

if dn,i 7& 07 "o ﬁwﬂn,”S?\Da if Adn,i 7é 17
1, otherwise.

1 )
[— qn,i un’l D .
/u‘n,z - . 1u‘n,1
1, otherwise,

The measures u ; and p ; are admissible. We have p, ; = qn’m'n)i +(1- qnﬂ-),u;;i and
I(pn,i) = Qn,iI(M;z,i) + (1 - qn,i)I(Ng,i)'

Indeed, this is immediate if ¢, ; € {0,1}. Otherwise, g,; € (0,1) and this is a consequence of
Property 2 of Proposition 2.7 with the partition J,,,, , = (Jp,., N Tu) U (Tu,., N TS), where J¢
denotes the complement of J,, in J. Let

Z)\n idn,i = /f"n( )

Since p, — 1 as n — oo, we can set

)\/ _ An,iqn,i
n,g ’

Pn

for n large enough. Then, we have

pnz)\nzunz+z)\nl an an?
kn

anA ﬂnz ZAnl(l_qnl /u’nz pnz)\ /u‘nz

i=1

col(pn) +

S\H

For all 7 < k,, the measure u;“- is an element of {v € A® | 7, € J.}. By Property 1 of

Proposition 2.7, since E " Ay = 1, we have

col(u) + - > (meum)

Moreover,
nztunl_:u’ nl:unz Hn +|/”'_/-L7I|TV
TV
kn Ky
Z()\;W' - )‘n,iqmi)/‘;z,z‘ - Z Ani(1— qn,i),u/ri,i + |1 = pn|py
i=1 i=1 TV
K kn

< (/\;171' - /\n,iQn,i) + Z /\n,z(l - Qn,i) + |,u - ,u'n|Tv

1=1 =1
=2(1—pn) + |1t — fa)py -

Since p, — 1 as n — oo, this proves that Z " Anibln; — Has m — oo. By the lower
semicontinuity of I and Lemma 3.5, we have

n— oo

o S T _
hmmfco[(un)/hnrglor(l}fpn (Z)\nlunl) I(p) = col(p).

O

Remark 3.7. We have described I** over the set A, which is enough for the purpose of the
rest of this paper. However, it is fair to wonder whether the identification I** = co I also holds
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on the whole space P(S?). In full generality, it does not, as illustrated by Example D.2. It turns
out that co I is not always lower semicontinuous on P(S?), preventing it to agree with I**. One
can actually show that I** = o-col on P(S?), where o-co[ is the o-convex envelope of I. In
other words,

1) = omc0 1) =inf { Y- (i) | () € PISH () € 01"

Z Am = 1, Z /\m,um :M}-
m=1

m=1

For all € A®), we have o-co I(u) = co I(u).

3.3 A variation of Varadhan’s lemma

The functional A plays an important role in large deviations theory. In fact, one may expect that
I* = A by Varadhan’s Lemma. However, standard versions of Varadhan’s Lemma require the
LDP to be full with good rate function, whereas Theorem 2.5 only provides the weak LDP. The
purpose of this section is to derive a version of Varadhan’s lemma that fits the context of our
weak LDP. This requires using the function A, instead of A.

Proposition 3.8. For all V € B(S?), I*(V) = A (V).
Proof. This is a direct consequence of Lemmas 3.9 and 3.10 below. O
Lemma 3.9. For allV € B(5?%), I*(V) > A (V).

The proof of Lemma 3.9 is a simple adaptation of Varadhan’s upper bound to the weak LDP;
see for example Lemma 4.3.6 in [11]. The compactness properties usually obtained from the
goodness of the rate function in Varadhan’s upper bound are here obtained through the definition
of Ao.

Proof. Let K C S be a finite set and V € B(S?). Let § > 0. As I is lower semicontinuous and
(-, V) is continuous, for every p € P(S?), there exists an open neighborhood A, of y such that

inf 1) > I(u) — 6, sup (V) < (V) +6.
vEA, veA,

Let a € R. The set £ := {u € P(K?) | I(n) < a} is a compact subset of P(S?), hence there
exists a finite sequence 1, ..., ux € L such that £ C Ule A, Denote by C' the complement in
P(K?) of this union, which is compact. We have

P(K?) = < P2 mA,h) uC.

i=1

Therefore we have

E [0 (L) < > [ My, ()| + E [ (L)

i

< Zen(w,V)Jré)p(Ln c 73([(2) QZM)

i=1

+e"WVip(L, c C). (3.11)

We use Theorem 2.5. For all i € {1,...,k}, by the weak LDP upper bound applied on the
compact set P(K?)NA4,,,

1 _
limsup — logP(L,, € P(K?*)NA4,,) = — inf  I(p) < —1I(p;) + 6.
n—oo N pGP(Kz)ﬂAM
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Therefore,

k
lim sup 1 log <Ze”(<‘”’v>+5)IP’(Ln € P(K*) N A#i)> < max ((pi, V) +26 — I(ws))

n—oo T 1<i<k

i=1
< swp (V) — I(n) +26
HEP(K?2)
< swp (V) — () +23.
HEP(S2)

We also handle the last term on the right-hand side of (3.11) with the weak LDP of Theorem 2.5.
By definition, I(x) > « for all p € C, thus the weak LDP upper bound applied on the compact
set C' yields

1
limsup = log e"VIIP (L,, € C) < ||V — inf I(p) < ||V] — o
n pnecC

n— oo

Combining these bounds and (3.11), we get

1
Ag (V) =limsup — logE |:6n<L"’V>]lp(K2)(Ln):|

n—oo TN

<Vl -a)v ( sup ({1, V) — I(n)) +26)

HEP(S?)

= sup ((u, V) —1I(u))+ 29,
REP(S?)

where the last inequality holds for a choice of o < 0o large enough. We get Ag (V) < I*
taking the limit as 6 — 0. Since this holds for any finite set K, we have A (V) < I*(V). O

Lemma 3.10. For all V € B(S?), I*(V) < Ao (V).

The lower bound I* < A of Varadhan’s lemma holds even in the context of the weak LDP
because it only relies on the LDP lower bound (see Lemma 4.3.4 of [11]). In order to obtain the
stronger bound I'* < Ao, we follow the same approach. For this bound, we shall use the formula
of Property 4 in Proposition 2.7.

Proof. Let V € B(S?), and let u € P(S?). Fix § > 0 and let K be a finite subset of S. There
exists r > 0, independent of K, such that the open ball B(u,r) satisfies

inf SVyz inf (V)= (V) —d.
B(M,T)OP(K2)< ) B(w)< )2 V)

Therefore, by the definition of s (see Definition 2.2),

1
Ax(V) > liminf -~ log E [e”<va’V>nB(H7T)mp(K2)(Ln)]

n—oo N

inf (V) + s(B(u,r) N PK> 3.12
purBE e V) + 8Bl 1) NP(KT)) (3.12)

> (1, V) = 6 + s(B(u, 7) N PK2)).

WV

Notice that, since K is independent of r, the supremum of the right-hand side of (3.12) over
all finite K C S is {(u, V) — 6 + s (B(u,r)), where s is as in Property 4 of Proposition 2.7.
Therefore, by Property 4 of Proposition 2.7,

Ao (V) 2 (1, V) =6 + 550 (B(p, 7)) 2 (1, V) — 0 — I(p).
The proof is completed by taking the limit as § — 0 and the supremum over all u € P(S?). O

3.4 Alternative expressions of the rate function

The goal of this section is to prove the chain of identities (3.8). We will need some properties of
balanced measures stated in Appendix A.1. We will also need the following expressions for A and
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A Fix a bounded function V € B(S?) and a finite set K C S. Define two operators PV and
PY by

PV f(z,y) ="V Pf(z,y),  PY(z,y)=1Lgz(z,y)e" "V Pf(z,y),  fe&S?),

where Pf is as in (3.3). These operators satisfy
(B2, (PV)"1) =B [enEn)] (8O (PY)™) = B [e"En V) Lp e (L))
where 8?) := 8 ® p. It follows that

1 1
A(V) = limsup - log(B®, (PV)"1), Ag (V) =limsup - log(B®, (PY)"1). (3.13)

n—oo n— oo

Proposition 3.11. Equality (3.8) holds. In other words, A% (1) = A*(p) = J () = R(p) for all
2)
e Apgy-

Proof. The identity J(p) = R(p) holds in all generality and is proved in Theorem 13.1 of [28],
where I is our J, vy denotes the first marginal of a probability measure v, and « is the second
marginal of v. In this case, the condition vy = k corresponds to v € Pp,(S?), and H(v|Q)
becomes our R. We do not repeat the proof here.

Another inequality that does not need further development is Ao, > A, which is immediate
since A > A, by definition. As a consequence, in order to complete the proof, it suffices to prove
that, for all € Al()?l,

A" () = () = A% () (3.14)

We prove this chain of inequalities in three steps. The first step is to show A*(u) > J(u), the
second step is to show J(u) > A% (u) under assumption that p has a finite support, and the third
step consists in approximating p by finitely supported measures in the general case to obtain
J(p) = A% (p) for arbitrary p € Agl)l.

Step 1. We first show that A*(u) > J(u).2” Let f € £(S?). The function V = log Pif is

bounded and satisfies (PV)"f = f. Hence, as f is bounded above and below, Equation (3.13)
yields

A(V) =limsup % log(8®, (PV)"1)

n—oo

. 1 n
= lim sup —log(8®, (P¥)" )

n—oQ

1
= limsup — log<ﬂ(2), fy=0.

n—oo N

Therefore,

* f
A () = (u, V) = <u7log Pf>.
This holds true for any f € £(5?), hence we get A*(u) = J(p).

Step 2. We prove J(u) > A%, (u) under the assumption that p has finite support.?® In this
case, there exists a finite K C S satisfying u(K?) = 1. Without loss of generality, since € A®),
we can assume that K2 is contained in the union of C7 with j € J,, hence any state of K is
reachable form (. For any g € £(S?), we have (3(), P"g) = (3 P, g), where vP is defined on
P(S?) by vP(z,y) = Yoweg (@ x)p(z,y). The measure B2 P is supported by pairs of states
(x,y) such that = (resp. y) is reachable from 3 in n steps (resp. n + 1 steps). Fix V € B(S?),
and let A > Ao(V) = Ag (V). We define the function

o0

f=2 e P,

n=0

27The argument of Step 1 is standard. See for instance Lemma 4.1.36 of [13] or Theorem 4.1 of [10]

28The method used in Step 2 is a variation of a common argument. See for instance Lemma 4.1.36 of [13],
Lemma 3.3 of [22], or Theorem 4.1 of [10]. The big difference is the definition of the SCGF involved in the
inequality with J, since Ao is not mentioned by these references. See also our proof of Proposition 4.4.
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and we show that f € £(5?). Since f is bounded below by 1 and coincides with 1 outside K2, it
suffices to show that f is finite on K2. By (3.13), we have

1
lim sup — log(8®, e (PY)"1) = A (V) — A <0,

n—oo T
thus (3, f) < co. It follows that f is finite on the support of (). Moreover, for all (z,y) € K2,
Pf(a,y) =e VWP f(a,y) = VOV (f(a,y) - 1) (3.15)
It follows that f is also finite on the support of 3(2) P because

(BOP,f) = BA(U)) + (B2 P, flxe2)
= BA((K*)) + (8?, Pfle)
<1+ MIVIEBD | £y < o0,
By induction, f is finite on the support of 52 P™ for all n, thus f is finite on the set of all pairs

reachable from 3. Therefore f is finite on K2 and we can conclude that f € £(S?). Therefore, by
definition of J(u) and (3.15),

/ /(.
J(p) > <u,log P7f> = . y)ZGKz w(z, y) log P;fxf/;)
= > 2M($7y)(v($7y)—>\)+ 3 zu(x’y)bgm
(z,y)EK (2.9)eK

> (u, V) = A+0.

The inequality J(u) = (u, V) — A holds true for all A > Ao (V), hence J(u) = (1, V) — Ao (V).
Therefore, J(u) > A% (n).

At this point, we have proven (3.14) — and thus (3.8) — on the set of measures of A]E)za)l that
have finite support.

Step 3. We turn to the general case, where the support of u is no longer assumed to be
finite. Consider the sequence (i) given by Lemma A.2 in Appendix A.1. By Property 1 of
Lemma A.2, each p, has finite support and belongs to A,(fa)l (the admissibility of pu, follows
from the admissibility of u, since p, is absolutely continuous with respect to ). Hence, by the
previous step, we have R(uy) = J(pn) = A*(14n). By Property 2 of Lemma A.2 and the lower
semicontinuity of A*, we have

J(p) = R(p) = lim R(p,) = lim A*(un) > A" (p).

n— oo n—oo

This completes the proof. O]

Remark 3.12. Step 3 of the proof of Proposition 3.11 is one reason why we had to work with
pair measures from the beginning. Indeed, Lemma A.2 only works with pair measures, and has

no counterpart with the standard occupation measures (LS)).

4 Level-2 weak LDP

4.1 A weak contraction principle

In order to deduce the weak LDP for (Lg)) from that of (Lg))7 we will use a variation of the
contraction principle, adapted from the usual one and stated in Lemma 4.1 below. It is comparable
to Theorem 3.3 of [24].2°

29Theorem 3.3 of [24], uses the assumption that X and ) are locally compact to prove that the contracted rate
function is lower semicontinuous. In our Lemma 4.1, we drop this assumption and replace it with the hypothesis
that they are metric.
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Lemma 4.1 (Weak contraction principle). Let X and Y be metric spaces, and (Ay) a sequence
of random variables taking values in X and satisfying the weak LDP with rate function Iy. Let
F:X — Y be a continuous function such that F~1(K) is compact for every compact set K of Y.
Then, (F(A,)) satisfies the weak LDP in Y with rate function Iy defined by
I = inf I .
v(v) peinf x()
Proof. We only have to ensure that Iy is lower semicontinuous. Once this is proved, it suffices
to reproduce any proof of a full contraction principle while replacing the word “closed” with
“compact”. See for instance Theorem II1.20 of [12] or Theorem 4.1.2 of [11].
Let (y,) be a sequence of elements of ) converging to some y € ). We must show that

Iy(y) < liminf Iy (y,). (4.1)
n—oo

If the right-hand side of (4.1) is infinite, this is clear. Otherwise, consider a subsequence (Y, (n))
satisfying Iy (y,(n)) < oo for all n and such that liminf, . Iy(yn) = lim, 00 Iy (Ye(n)). Then
Yo(n) — Y as n — oo. By definition of Iy, there exists a sequence (z,) of elements of X' such
that, for all n, F(2,) = y,(n) and
1
IX(:E'IL) < Iy(ygo(n)) + ﬁ

The sequence (z,,) takes values in the compact set F~! ({yyn) | n € N} U{y}). Hence it has
a subsequence (zy,)) that converges to a certain x € & as n — oo. Since F' is continuous,
F(z) =y. The function Iy being lower semicontinuous, we get

Iy(y) < Ix(x)
< liminf Ty (@ (n))

n—oo

.. 1
< hnﬂ_l){Ef (Iy(ywoga(n)) + ﬁ)
= nh_{r;o Iy(yap(n))
= lim inf Iy ().

O

Remark 4.2. It is common to derive the full level-1 LDP as a corollary of the full level-2 LDP.
For this, the proof would consist in applying Lemma 4.1, or another variant of the contraction
principle to the continuous function F' : p — (u™), f), where f : S — R% is any function. However,
this is not possible in general. For instance, in Example D.5, the level-1 weak LDP fails even
though the level-2 weak LDP holds.

In fact, the route based on Lemma 4.1 is successful only in the case of a finite S,3° which is
detailed in Appendix C.

4.2 Weak LDP for the occupation times

In this section, we aim to prove Theorem 1.4, namely, to show that (LS)) satisfies the weak
LDP with rate function I(!) satisfying (1.10). Let us define the functions involved in (1.10). The

function A" is the SCGF of (LSP), defined as
1 1
AD(V) = limsup - log E "BV v eB(S). (4.2)
n—roo

Its convex conjugate is defined by Definition B.1. The kernel p defines an operator on B(S) by
pf(x) =, csp(@,y)f(y). For any function V' € B(S), let p" denote the operator defined by

pV f(x) = V@ pf(x). Like in (3.13),

(8. (0")"1) = By "BV

300ne can show that the critical assumption that F~1(K) is compact for every compact set of ) in Lemma 4.1
is satisfied if and only if S is finite.
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and AV satisfies the equation

AV (V) = limsup % log(3, (p)"1). (4.3)

n— oo

Let £(S) denote the set of positive functions on S that are bounded away from 0 and co. The
DV entropy J) is defined by

W) — los L) — log &) 3). .
JD () fngS)<u, ogpf> fzgfs)zez;u(x) o8z MEP) (4.4)

The functional R is defined on P(S) as the contraction of the function R defined in (3.5):
RW(p) = inf{RP () | v € Ppur(S?), vV =p},  peP(S). (4.5)

All these functions coincide on A", as proved in Proposition 4.4 below.

Let 7 : Ppat(S?) — P(S) be the map defined by 7(u) = pM). Tt is continuous with respect to
the TV metric. Our strategy to prove Theorem 1.4 consists in applying the contraction principle
of Lemma 4.1 to m, and use Proposition 4.4 to make the rate function explicit. Lemma 4.3 and
Proposition 4.4 are stated and proved below.

Proof of Theorem 1.4. By Lemma 4.3, (Lg)) satsifies a weak LDP with rate function given
by (4.6). Tt remains to show (1.10). Let u € P(S). If u ¢ A™M | by Proposition A.6, there are no

ve ‘A‘E)Qa)l such that = v therefore by (4.6), we have IV)(u) = oco. If u € AM, by (4.6) and
the equality 1) = R?) of Theorem 1.3, we have IV (u) = R (u). The remaining equalities
follow from Proposition 4.4. O

Lemma 4.3. The sequence (LS)) satisfies a weak LDP in P(S) with rate function IV given by
IO () = inf{IP W) | v e Ppar(S?), vV = pl}. (4.6)

Proof. We only have to apply Lemma 4.1 to «. Since 7 is defined on Pp,,1(S?), we shall work only
with balanced measures. In order to do so, we set

- 1 1
L%Q) = L%Z) o Eé(Xn,Xn#»l) + ﬁé(mel) < Pbal(SQ)'

We have LY = 7T(I~41(12)). Moreover, for all € P(S?), all § > 0 and all n > 2/, since the TV

distance between Lg) and i£?> is at most %, we have

P(L\Y) € B(p,6)) < P(LY € B(n,26)) < P(LY) € B(p,35)).

Thus,

1 ~ 1 -
s(p) < lim lim inf — log IP’(LSLZ) € B(u,20)) < lim limsup — log ]P)(L,gz) € B(u,20)) < 35(uw),

- 6—0 n—oo n 6—=0 nsco N

where s and 5 are as in Definition 2.2. Since s =5 by Theorem 2.5, (f/,(f)) has a RL function
that coincides with s = s = 5. Therefore, the sequences (LSf)) and (ES?) satisfy the same weak
LDP by Lemma 2.3. It only remains to check that m satisfies the assumptions of Lemma 4.1. By
Prokhorov’s theorem any set K C P(S) is compact if and only if it is tight. Let € > 0 and let K
be compact. Then, by tightness, there exists a finite set S; C S such that every p € K satisfies

wu(S) <e. Let v e m 1K) C Ppar(S?). Then,
v((S1 x 81)°) = v((S§ x S) U (S x 55)) < v (SE) + M (S) < 2.

Therefore 7~ 1(K) is tight, and thus compact. Thus, by Theorem 1.3 and Lemma 4.1, (Lg))
satisfies the weak LDP with rate function I!) defined by (4.6). O

Proposition 4.4. Let u € A1 . Then,

(AW)*() = TW () = R ().
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Proof. The equality JM)(u) = RM (i) holds in all generality in P(S). For the proof of this
equality, we refer the reader to Theorem 13.1 of [28]. To apply Equation (13.5) of [28] in our
context, take Iy as our J) and I as our J = J®). Then, Equation (13.5) yields

J(l)('u) - ueir’lfl.(li) J(z)(y) - uefirgg(u) R(2)(V) = R(l)(ﬂ)-

Let us show that (AM)*(u) = JM (). The first inequality (AM)*(u) = JM (1) is handled as
usual:®! for any f € £(S), we set V = log % € B(S), which satisfies p¥ f = f. Thus, as in the
first step of the proof of Proposition 3.11, by (4.3), we have

1
A(l)(V) = limsup - log(B, (p¥)"1)

n—oo

= lim sup % log (3, (p")" f)

n—oo

1
= limsup — log(8, f) = 0.

n—oo N

Therefore,

(M) ) > (0, V) = (o L),

hence (AM)*(u) = JM(11). We turn to the converse inequality.>? Let Sz be the set of elements
x € S such that 8 ~» . Since p € AM, we have supp pu C Ss. For every V' € B(S), we define

~ 1 )
A(l)(V) = sup hmsup*lOgEx |:en(L£L),V>:| ,

z€Sg n—oo T

where E,[-] denotes the expectation with respect to the law of the Markov chain with kernel p
and initial measure §,. We will show that

T () = AD) () = (AD)* (). (4.7)

For the second inequality, it suffices to show that A (V) > AO(V) for all V € B(S). Let
V e B(S) and § > 0. There exists & € Sg such that

1 -
lim sup - logE, [e(LEP,V}} > A(l)(V) — 9.

n—oo

Since 8 ~~ x, there exists a finite sequence supp 8 3 x1, xa, ...,z = x satisfying Py (z1 ... 2x) > 0.
By the Markov property, we get

(1) )
E |:€<L" 7V>:| > ]E |:6<Ln )V>]1{X1=w1,...,Xk=%'k}:|
=E, |:6<L511_)k+17v>:| eV(r1)+-»-+V(mk-1)pk(m1 TR

Hence,

AD(V) > limsup 1 log E, {ewi}zkﬂ’w] +02= K(l)(V) — 9.

n—oo T

This holds for any § > 0, thus A (V) > A1 (V).33 We turn to the first inequality in (4.7). We
want to optimize the bracket in the definition of J() in (4.4). Since supp u C Sg, we can consider

functions of £(S3) instead of functions of £(S) in (4.4). Let V € B(S) and A > A (V). Let

Ful@) =S e MV 1), we S

k=0

n

31See the first step of the proof of Proposition 3.11, or Lemma 4.1.36 of [13] and Theorem 4.1 of [10]

32To prove the converse inequality, we wish to reproduce the proof of Proposition 3.11, i.e. to find a quantity
a such that (AM)*(u) < a < JW (k). In the proof of Proposition 3.11, this quantity was (Agi))*(u), satisfying
(A@Y* () < (Ag))*(u) < J@) (). However, due to the lack of counterpart of Lemma A.2 in P(S), the argument
here to handle measures with infinite support is slightly different. This argument is more standard; see [22]. The
same argument could be used to prove that (A(2)*(u) < J3) (1) in Proposition 3.11, but it would not provide any

equality implying (Aff)))*(#).
33Lemma 3.3 of [22] provides an alternative proof of this inequality. This inequality can be strict; see Example D.2.
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Since the sum is finite, we have f, € £(Sg), with the bound f,, > fo = 1. The sequence (f,)
converges pointwise over Sg because, for all z € Sg,

1imsup%10g(e”“(pv)’“l(a:)):limsup%10g< —RAR_ [ (L, V>D

k—o0 k— o0
< AD(V) =\
< 0.

We call f the pointwise limit of (f,,) on Sg. It is not necessarily bounded so we cannot use it in
the optimization of the bracket in (4.4). However, for every n > 1, we have

JO () > <Ha10g fn> ;ﬁu(z)logpfn@).

Moreover, we have, for all n € N,

pfn = eivpvfn = 6V7>\(fn+1 —-1).
Furthermore, for all n € N,

Frgr — fn = e AOFD(V)ntl] o= HIVIg=An(Vyng o=Vl 7

thus F F F
In v T -V n >1.
phe O 170 @+ eIV, -1
Thus, by Fatou’s lemma,
J > lim inf z)lo In(@)
> s 3 s 50
z€Sp
. fa()
> ) lim inf lo
; o) liminflog 7 05
z€Sp
fn(@)
- A+ hm logi
2t lom g -

Y= A+ >l 1og(7)><ﬂ,v>—x

€S ) -1

This holds®* for every A > AD, thus J® (1) > (1, V) — A® and ultimately J® (1) > (AD)*(p).
The proof is complete. O

Before leaving this section, let us add a corollary of Lemma 4.3 as a remark about V). Like
I® | the function 7™ can be decomposed over irreducible classes.

Corollary 4.5. Let p e A and let ity = M(Cj)flmcj for all j € J,. We have

I () = Y w(CHIM ()

JE€Iu

Proof. We use the expression of I (1) provided by (4.6) in Lemma 4.3. The set 7! (u) is
exactly the set of all v € A bl Such that J, = J, and for all j € J,, v(C?) = u(C;) and

34The equality line holds because f is never infinite. If there exists = in supp mu such that f(z) = 1, the sum is
infinite and the final inequality still holds.
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W(N(Cj)ilﬂcjz) = [i;. Therefore, by Corollary 3.3,

100 = int { 3 €1 (vler ) [ ve oo}

€T,
—int { 3 WP w) | ¥ € T vy e i) |
€T,
= Y wC)f{IP(v) | vy € 7 (f1y)}
€T,
= > wCHIM ().
€T,

5 Level-3 weak LDP

In this section, we prove Theorem 1.5. We follow the projective limit approach of Section 4.4
of [13], and of Sections 6.5.2 and 6.5.3 of [11]. Since we work with weak LDPs and without the
uniformity assumption (U) used in these books, we need to slightly adapt their propositions.
In Section 5.1, we derive the weak LDPs for the k-th empirical measures (L;’“)), and derive
convenient expressions for the associated rate functions. In Section 5.2, we turn these weak LDPs
into the weak LDP for the sequence (Lgfo)).

5.1 Weak LDP for the k-th empirical measures

In this section, we work in P(S*) with k& > 3. We use the notations of Section 2.1. For all n € N,
the k-th empirical measure of a word w € S"**~1 is defined as

n

1
L® [y = - Z S(wivrin 1)

=1

The k-th empirical measure of (X,,) at time n is denoted L") and is defined as the k-th empirical

measure of the word (Xi,...,X,1x—1). The sequence (lek)) is the object of interest in this
section.

Our goal is to translate the weak LDP for (Lg?)) of Theorem 1.3 to the weak LDP for (L%k)).
To achieve this, we consider the Markov chain (Y;,) on S*~! defined by Y,, = (X,, ..., Xpnir_2),
whose pair empirical measures carry the same information as ([/gf))7 as we will see. Using the
notation of (2.1), the initial measure of the Markov chain (Y},) is given by Sy (u) = B(u1)p(u)
and its transition kernel by

k—2

py(U,U) = p(ukflakal) H ]l{qu:v,y}a u,v € Sh=1,
=1

Notice that a word u € S¥~1 is reachable from v € S*~! for py if and only if there exists a word
W € Sgin,4+ of which w is prefix and v is suffix (v and v may overlap in w). The pair empirical
measure associated to this Markov chain is

S|

LY,n - ﬁ Zé(ymval) - Z 5((Xnv---an+k72)v(Xn+17--~7Xn+k71))'
i=1 =1

According to Theorem 1.3, (Lg,z)n) satisfies the weak LDP with an explicitly known rate function.

In Proposition 5.2 below, we will prove that this weak LDP is actually the weak LDP for (Lgﬁ)).

Before stating Proposition 5.2, let us introduce some notations. As in (1.8), let

DW= (e S* | Yu e 8%, p(u) =0 = u(u) = 0}. (5.1)
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Let o € P(S%). For any k' < k, we define a measure u*) € P(S*) by setting
pt(A) = p(Ax SFF), Ac st

We denote by 7y, s : P(S*) — P(S*¥) the continuous map v +— v*). As in (1.6), we say that the
measure g is balanced, and we write p € Pbal(Sk) if

wAxS)=pu(SxA), AcCsL (5.2)

Like previously, we denote by AI(DZ)I the set of measures of P(S¥) that are both admissible and
balanced. Note that Py, (S*) and Ag;)l are both closed. If i is balanced, by induction on (5.2),
one can show that u(k/) satisfies

kI (A) = p(SF x Ax k=), AcCS¥,

for all k', k1, ko > 0 such that ky + ko = k — k. Tt follows that x*") is balanced in P(S*") when
 is balanced in P(S*).

Before stating Proposition 5.2, we also need to define some rate functions. Like previously, we
define the k-th SCGF by

A® (V) = lim sup 1 logE [e"@gc)’v)} , V € B(Sh).
n

n—oo

Its convex conjugate (A®))* is given by Definition B.1. Let £(S*) denote the set of positive
functions on S* that are bounded away from 0 and co. We define, for all u € P(S¥),3?

J(k)(u): sup Nalogi ) P(k)fUH p(ukay)f(u a"'vukay)v
fee(sk)< P(k)f> yze;g ’

and
R (p) = H(plp* " @ p).

Note that when p € D*) | we have n <K /L(kfl) ® p and

RO = Y 3 uy)log o 0 6:3)

ueSk—1yes u(k_l)(’U’)p(ukfl?y)

In the case k = 2, the rate functions (A®)*, J? and R® are necessarily infinite outside D®;
see Remark 3.2. As one can see in Remark 5.1, in the general case, the set D*) plays the same
role for (A®))* J*) and R*).

Remark 5.1. As for the k = 2 case, it is easy to check that for all u € P(S*) that does not
belong to D*) | we have
(AW) () = JW (1) = R® () = o

We can now get to the main proposition of this section.

Proposition 5.2. The sequence (Lﬁ{”) satisfies the weak LDP with rate function I'®) given by

AEY () = J® (1) = RO (), if pe AR,
169 () = {(()O | = I00) = RO, i e ALY 5.0

The proof of this proposition is rather technical. It consists in applying a contraction principle
to a map ® that turns LS)Y into L%k). Then, it must be checked that the obtained rate function
matches the claim (5.4).3¢

35The operator P(¥) corresponds to the operator P of (3.3), but for the Markov chain ((Xn,... s Xntk—1))-
Hence J(F) is just the DV entropy relative to this Markov chain. Also notice that the quantity P(k)f(u) does not
depend on uj.

36 A brief analysis of the reducibility structure of the Markov chain (Y;,) reveals that its irreducible classes are

slightly more intricate than C’Jkil7 which complicates the definition of admissible measures for (Ys).
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Proof. Let

U Sk )
0 T U= {(uv) € (SN Juy = v 1< <k —2).
(U,U) = u1v,

The application ¢ is a one-to-one correspondence between U and S*. For all v € P(U), let
®(v) :=vop~! € P(S*). The application ® is a one-to-one correspondence between P(U) and
P(S*) (the inverse application is defined by ®~1(u) = pop € P(U) for all u € P(S*)). It is
even a homeomorphism since both the maps ® and ®~! preserve the TV distance. Moreover, if
v € 5%, we have ®(6,-1(,)) = 6,. It follows that

1 2
L’I(’Lk) ) Z¢(6W71(Xi---xi+k—l)) = ¢(L§’731)' (5.5)
i=1

By Theorem 1.3, (ngzl) satisfies the weak LDP on P((S*~1)2). Since the measure Lg)n always
belongs to the closed set P(U), this weak LDP is actually a weak LDP on P(U) equipped by the
induced weak topology. We denote by Iy the associated rate function. Therefore, by (5.5) and

since ® is a homeomorphism, (L%k)) satisfies the weak LDP with rate function I*) = Iy, o ®=1.37
It remains to identify I(*) 4.e. to establish (5.4). Let Ag{)al denote the set of admissible,

balanced measures of P((S*~1)?) relative to (Y;,), which naturally appears in the expression of
Iy given by (3.7). We must first precisely describe this set of measures. We now prove that

B(AL), N D) = AL N D®), (5.6)
PP .= (v e P(U) | Y(u,v) € U, py(u,v) =0 = v(u,v) = 0}.

For convenience, we set T_1 := Sgin.+ N S = {u € S¥71 | p(u) > 0}. Let v € P(U). The
following holds.

e vE Dg) if and only if ®(v) € D*). Indeed, for all (u,v) € U,
v(u,v) =0 2(v)(p(u,v) =0,  pu)p(v) =0 p(p(u,v)) =0.

e v is balanced in P((S*~1)2) if and only if ®(v) is balanced in P(S*).?® Indeed, for all
A g Sk*l,

B(W)(AxS) =v(p H(Ax8)) =v((Ax S )NU)=v(Ax S,
B(w)(S x A) =v(p (S x A) =v((S*' x A)NU) =v(S* ! x A).
Hence, v satisfies (1.6) if and only if ®(v) satisfies (5.2).

e Let (Cy,;)jeg, be the sequence of irreducible classes of the Markov chain (Y},), as in (1.7).
We have Jy = J and
Cy’j = C;-cil NTg_1, 7€ Jy. (57)

Indeed, let u,v € C]’-“_l N Tx_1. Then, ug_1 ~ vy, thus there exists a word £ such that
p(ug—1§v1) > 0. Since p(u) > 0 and p(v) > 0, we have w := uév € Sgy +, implying that v
is reachable from u for py. In the same way, u is reachable from v for py, thus u and v
are in the same irreducible class for py. Now let u,v € S¥~1 be in the same class for py-.
There exist w,w’ € Sapn + such that u is a prefix of w and a suffix of w’ and v is a prefix of
w’ and a suffix of w. Using these two words, we can construct a word w” € Sgy 4+ of the
form w” = uévCu&v. The fact that p(w”) > 0 implies that u,v € T_1 and that any letter
of u or v is reachable form any letter of w or v. Therefore, all the letters of u and v are in
the same irreducibility class. This proves (5.7). Therefore, v is admissible if and only if

S ov(CEYNTE) =1, (5.8)
j€Ty

where 7, satisfies the admissibility condition of Definition 1.2.

37This can be seen as a consequence of Lemma, 4.1.
38The question of whether v is balanced requires seeing v as a measure in P((S¥~1)2) with support in U instead
of a measure of P(U).
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Let € P(S*) and let v = @~ (u) € P(U). If p € Al()l;)l ND®) | then v € Pra((SF~1)2) N Dg)
and Zje@, u(C]’-“) = 1. Since v € Dg), we have suppv C T7Z_,. It follows that

Yov(CFINT ) = Y v((CFT) = Y u(Cf) =

JE€ITu J€Tu J€ITu

Since J,, satisfies the admissibility conditions of Definition 1.2, the measure v is admissible.
Reciprocally, if v € .A( baly [ D(z) then p € Ppai(S*) N DK and (5.8) holds. Since v € Dg/), we
have suppv C T7_,. It follows that

Such =Y v =Y (e nTE,) = 1.

JeTy JETY JETY

Since J,, satisfies the admissibility conditions of Definition 1.2, the measure p is admissible. This
achieves to prove (5.6).

Now we can prove (5.4). Let u € P(S*) and let v = &~ (pu). If u ¢ .Abal ND®) | then by (5.6),
ve¢ A al y N Dg,), thus I®) () = Iy (v) = co. Indeed, by Proposition 3.1 and Remark 3.2, Iy is

infinite outside of A](fa)l,y N Dg). By Remark 5.1, this proves (5.4) for p ¢ .,4](32;1 NDF). Assume
now that p € Ai;’;i N D% . Applying Proposition 3.1 to the chain (Y;,) shows that

Iy(v) = (A2 ) = AP (v) = 1P (v) = RP (v),

where the subscript Y was added to distinguish the rate functions corresponding to (V;,) instead of
(Xr). Thus, in order to complete the proof of (5.4), we need to identify (Ag)y) (v) = (A(k)) (1),

AP (v) = (AW (), S (v) = J®) () and RP (v) = B9 ().

1. We begin with (Ag))*(u) = (A®))*(p). For all V € B((S*1)?) and all v € P(U), we have

(7, V) =(2(7),Vop™). (5.9)
By definition,
(Ag))*(y) = sup <<1/ V) — hmsup logE [ n(L (2)‘”‘/)}) . (5.10)
VEB((Sk—1)2) n—oo T

Since both L Y and v belong to P(U), the quantity being optimized in (5.10) does not
depend on the values of V' outside U. Hence, the supremum can be taken over V € B(U).
Thus, since the application V + Vop~! is a bijection between B(U) and B(S*), Identity (5.9)

shows that the expressions of (Agz))*(u) and of (A®))* (1) coincide.

2. We now show J\2 (v) = J®)(1). By definition,

T2 () = sup v, log / , 5.11
v ) feg((sk_1)2)< ny> (5:11)

where3?

Pyf:(u,v)— Zp(vk_1,y)f(v,v2 e Vk—1Y).
yeS

Since v belongs to P(U), the quantity being optimized in (5.11) does not depend on the
values of f outside U. Hence, the supremum can be taken over f € £(U). Since f + fop~!
is a bijection between £(U) and £(S*), and after noticing that

(Pyfog ™ (w)=>_ plwp,z wp,wy - wgy) = PP (fop(w),  we Sk
yes

Identity (5.9) shows again that the expressions of J}(,z)(u) and of J®) (1) coincide.

39The function Py f does not depend on its first variable.

41



3. We now show Rg)(u) = R™ (). The measure v belongs to Dg), thus by (5.3),

RY ()= Y wluv)log—

WS (Wpy (u,0)

v(u,v)

For all (u,v) € U, we have py (u,v) = p(ugx_1,vx_1). Moreover, for all u € S¥~1,

y(l)(u) - Z y(uﬂ)) = Z I/(u,’LLQ .. .uk,1y) = ZN(U:’J) = N(k_l)(u)'

veSk! y€eSs y€eS
(u,v)eU

By replacing py (u,v) and v(M(u) by these values in the expression of Rg,z)(u), since
(u,v) + (u,v) is a bijection between U and S*~1 x S, we find that the expression of Rg/z)(l/)
and the expression (3.6) of R (u) coincide.

O

Let us also mention a relation between R®) and relative entropy, which will be useful in the
proof of Proposition 5.6 below. Notice that both sides in (5.12) can be oco.

Lemma 5.3. Let pu € Ppai(S*) be absolutely continuous with respect to Py. Then,
H(p|Py) = H(u* V[Pyp_1) + R (p). (5.12)

Proof. For all u € supp p*=1 | let q(u, ) be the probability measure on S defined by the relation
wluy) = p* =Y (u)q(u,y) for all y € S. Since u € D*), Equation (5.3) holds. Equation (5.12) is
the result of the following computations, which we justify below.

H(u[Py) = Zu"“ D(u) Y q(u,y)log p(uy)

; Py (uy)
_ (k=1)(y, v o pF =1 (u) o q(u,y)
Eu:u ( )Ey:q( 2 Y) (1 o +1 gp(uk—hy)) (5.13)
_ (k— 1) o p 5 () (u o q(u,y)
Z/‘ <1 &, ( +Zq W)log 1,y)) (5.14)
= Z,u (k=1 (y, log Jrz,u(k D (u Zq u,y) log a(u, ) (5.15)

uk 17y)
:HWW”WWMH+MWM-

In these computations, the sums are taken for u € suppu*~1) and y € supp q(u,-). The
transitions from (5.13) to (5.14) and from (5.14) to (5.15) must be justified. Let u € supp pu*=1).

Then, the series
) pE D ()

> qlu,y)log B () = log B (o)

y€supp q(u,)

is absolutely convergent in (—oo, +-00), since u*~1) is absolutely continuous with respect to Pj_1.
Moreover, the sum

S alwylos LY pr(g(u, ) p(uss,)

y€Esupp q(u,-) p(us-1,y)

is properly defined in [0, +00] as a relative entropy, because g(u, ) is absolutely continuous with
respect to p(ug—1,-). This justifies that the expression within brackets in (5.14) is properly
defined in (—oo, +o0] for every u, which justifies the transition from (5.13) to (5.14). In (5.15),
notice that both

pE @)t ()

u lo y u +— u, lo
Pe1(u) ° P i(u) > aluy)log
ye€supp q(u,-)

q(u,y)
p(uk—la y)

)

are bounded below; the former by inf,~ slogs = —e~!, and the latter by 0 as a relative entropy.
Hence the two sums in (5.15) are well defined in (—oo, +0o0], and the transition from (5.14)
to (5.15) is justified. O

42



5.2 Weak LDP for the empirical process

In this section, we prove Theorem 1.5. We follow the projective limit approach of Sections 6.5.2
and 6.5.3 of [11], Section 4.4 of [13], or originally Theorem 3.3 of [7]. We equip SV with the
product topology, which is metrized by the distance d(®) given by d(*)(w,w’) = 27", where
n = inf{k € N | wy, # w,}. Since S is separable, the Borel o-algebra of SV is generated by
the product of Borel o-algebras of S; see Theorem 1.10 of [25]. Let P(SY) denote the space of
probability measures on SY. Let C(SY) and C,(S") respectively denote the space of bounded
continuous functions and of bounded, uniformly continuous, functions on SN. We define the dual
pairing

(Vo> V) = [ Vi VeV, uep(sh, (5.16)

SN

where V = C(SY) or V = C,(SY). Functions V € B(S¥) for some k € N can be seen as functions
of Cy(S*) that depend only on their first k variables, satisfying (u, V') = (u™®), V') for u € P(SV).
We have

L B(S*) € cu(s™) ce(sh). (5.17)

E>2

The weak topology on P(SV) is the coarsest topology that makes each (-, V') continuous, for all
V €V (by the Portmanteau theorem, both V = C(SY) and V = C,(SY) define the same weak
topology; see Theorem D.10 of [11] or Theorem 6.1 of [25]). We equip P(S") with this topology.
By Lemma 6.5.14 of [11], the topological space P(SV) is the projective limit of (P(S*))x>2. This
means that the weak topology is generated by sets

{MGP(SN), (M’”,V}—x‘ <5}, k>2 VeBSh), zeR, ¢ > 0.

Let T denote the shift map on SV defined by T(x1,22,...) = (22,23,...), and let Ppa(SY)
denote the set of shift-invariant measures of P(SY). For u € P(SY) and k > 1, we define
pwF) € P(S*) by setting u*)(A) = u(A x SV) for all A C S¥. When p is shift-invariant, pu(®) is
balanced. Conversely, if every u*) is balanced, then p is shift-invariant because, for all A C S*,
by (5.2),

w(T7HA x SN)) = (S x Ax SN = pFFI(S x A) = p*+D (A x ) = u(A x ).

We denote by 7 : P(SN) — P(S*) the continuous map p +— u*). Notice that 7 = T k' © Tk
for all 1 < k' < k, where mj, &/ is a continuous map defined in Section 5.1. Notice that two
measures j, v are equal in Ppa1(SY) if and only if m(p) = m(v) for all k& > 2. Recall that the
empirical process (L) is defined as an element of P(SY) by (1.1). Clearly, mp(L5) = LY.
Our goal is to prove Theorem 1.5, i.e. to derive the weak LDP in P(SY) for (Lgfo)) and prove
Equation (1.11).

We shall first define the rate functions appearing in (1.11). Let u € P(SY). We define the
level-3 SCGF by

A (V) = lim sup 1 logE {6"<L51m)’v>] ) vV ec(sh).

n—oo TN

We let*0

AN (@) = s (V) =AV)),  pePsh). (5.18)
vec(sy)
Let S™No = {.. . w 9,w 1,wy | w; € 8,4 € Ng}, equipped with the product topology and the
distance d.°” given by d(fo)(w,w’) = 2" where n = sup{k € —Ny | wy # w}}. Since p is
shift invariant, Kolmogorov’s extension theorem ensures that we can define a unique measure
w* € P(SNo) satisfying

(SN x {u}) = p® (u), ue St k>1.

40Tf we equip C(SV) with the weak topology induced by (-,-) and P(SV), the function (A())* is the convex
conjugate of A(®),
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Let £(S7No) := exp(C(S70)) denote the set of continuous positive functions on S~ that are
bounded away from 0 and oco. Let

J () = sup * 1o . , 5.19
= sw (w1os 57 (5.19)

where

P®g(w) = plwo,y)glwy),  geES™).

yes

In the definition of P(°) above, wy denotes the word indexed by —Nj whose letters are (wy)i=vy
ifi = 0 and (wy); = w;y1 if i < 0. The symbol (-, -) in (5.19) denotes the same integral as in (5.16)
but indexed over S~No. The function J(>) is the level-3 DV entropy.*! We also define R(°°) like
in in Sections 4.4 of [13] and 6.5.3 of [11]. Using again Kolmogorov’s extension Theorem, we
define a measure v* € P(S™V) by

(SN0 s fud) = Y (g g ) p(ug—1, ur), ue St k=2

dup*
dv*
of p* with respect to v*. We set R("O)(,u) as the relative entropy of p* with respect to v*, that is

If p* is absolutely continuous with respect to v*, let denote the Radon-Nykodym derivative

dp”* * : * *
RO (1) = {fs—NO log E=dp*,  if p* < v, (5.20)

00, otherwise.

These three definitions of rate functions are natural extensions of (3.1), (3.2), and (3.5). The
last definition needed in the statement of Theorem 1.5 is the definition of A(>) and Ag;ol). This
definition is also a natural extension of Definition 1.2. In fact, .A](OZC;) is the projective limit of the

sequence (Ag;)l); see Appendix A.3.

Definition 5.4 (Admissibility). Let u € P(SY). We say that p is pre-admissible if there exists
a set of indices J, € J such that
n= Z /J’|C§I7

JET,

in which case we impose that J, is minimal. If p is pre-admissible, we say that p is admissible
if the order ~ is total on (C})jez, and B~ Cj for all j € J,. We denote by A the set of all

admissible measures of P(SY), and we set A](Ozol) = A APy (SY).

Now we can turn to the proof of Theorem 1.5. We first use a variant of the Dawson-Gértner
Theorem to derive the weak LDP with an abstract rate function and second compute this rate
function with Lemma 5.5 and Proposition 5.6, which are stated and proved below.

Proof of Theorem 1.5. Let (™) : P(SN) — [0, 4-0c] be defined by

19 () = sup I8 (u®), e P(SM),
k>2

where () is the rate function of Proposition 5.2. Since it is the supremum of a family of lower
semicontinuous functions, this function is lower semicontinuous. We begin by proving that (L%OO))
satisfies the weak LDP with rate function I(>), by a variant of the Dawson-Géartner Theorem.
The proof of the LDP lower bound with 1(°) is the classical proof for the lower bound of the
Dawson-Géartner Theorem, as in Theorem 4.6.1 of [11] and Exercise 2.1.21 of [13], and we do
not repeat it here. It remains to show that the weak LDP upper bound holds with 7(°). The
proof of the upper bound is similar to the one of [11] or [13], up to some adaptations required
by the fact that we only have weak LDPs and no good rate function.*> Let K be a compact
subset of P(SN), and o € R. For k € N, we set £, = {u € P(S*) | I®(u) < a}. We also
set Loo = {p € P(SN) | I®) () < a}. By definition of 1(>), a measure u € P(SV) satisfies

41This function is not common in the literature.
42By definition of the weak LDP upper bound, we do not need the compactness usually brought by the goodness
of the rate function.
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1) (1) < o if and only if it satisfies I®®) (u(®)) < « for all k. Therefore, K N L, is the projective
limit of closed sets 7 (K) N Ly, i.e.

KN Lo = () (me(E) N L)
k=2
Assume that « < inf,ex 1) (). Tt follows that K N Lo is empty. Each 7 (K) N Ly, is compact,
thus by property of the projective limit of compact sets, one of them must be empty; see
Theorem B.4 in [11] or TG 1.6.8 in [4]. There exists k > 2 such that m4(K) N Ly is empty,
implying that I(*) (1) > a for all y € 7, (K). By Proposition 5.2, the weak LDP upper bound for

(L) holds with I®). Thus,
1 1 )
lim sup — log P(L{™) € K) < limsup — log P(L¥) € m(K)) < —av.
n n

n—oo n—oo
This holds true as long as a < inf,cx 1) thus

1
limsup — log P(L{>®) € K) < — inf 10>,
n—oo T peK

Both the lower and upper bound hold with I(>) hence (L£{’°)) satisfies the weak LDP with
rate function 7(>). We now prove that I(>) satisfies (1.11) and (1.12). If u ¢ Al(;ﬁ), then by
Proposition A.9, there exists k such that u(®) ¢ Al()];)l, therefore 10 (u(>)) > 1) (1K) = oo.
Assume now that p € A](DC;). By Proposition 5.2 and Lemma 5.5, we have

IV () =sup  sup  ((p, Vi) — AB (V) = (AL))* (),
k=2 Vi, eB(S*)

I (u) =sup  su *) 1o Ji = J®) (),
() =supsup (u®log g ) = T

109 (1) = sup R®) (u™) = R (),
k>2

which establishes (1.11). Finally, the identity (1.12) is proved in Proposition 5.6 below. O

Lemma 5.5. Let u € P(SY).
1. A satisfies

AN () = sup (V)= AIV)) =sup sup ((u®, Vi) = AP (W)
VecCq(SY) k=2 V,eB(Sk)
(5.21)

2. Let E,(S7M0) 1= exp(Cy(S7M0)) denote the set of uniformly continuous positive functions
on SN0 that are bounded away from 0 and co. Then, J(*) satisfies

T = swp <”*’logi> =sup sup <M(’“),logi>. (5.22)
fe€u(S~T0) P(oo)f k>2 f,eE(SF) P(k)fk

3. The sequence (R (u®))) is nondecreasing and R(>) satisfies
R (u) = lim R (™).
k—oo

Proof. 1. By (5.17), since A (V) = A®)(V) for all k > 2 and V € B(S*), each quantity
in (5.21) is no larger that the one on its left. We show show that the rightmost quantity
in (5.21) is as large as the leftmost one. Let V € C(SY), and set, for all z € S¥,

Vi(z) =inf{V(w) |w1 =x1,...,wp =z}, k>=2.

The functions V, belongs to B(S*). When seen as an element of C(SY), it satisfies V3 <V,
thus A% (V) < A (V). Moreover, the sequence (V}) is nondecreasing, thus by monotone
convergence (p, Vi) — (u, V) as k — oo. Therefore, the rightmost term in (5.21) is bounded
below by

limsup (), Vi) = A® (V) > (u, V) = A)(V).

k—o0

Taking the supremum over V' € C(SY) yields the desired bound.
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2. For all & > 2 and all f € £(S*), define f** as a function on S~ by f*F(w) =
flwr—g,w_k,...,wo). This is an uniformly continuous function that is bounded from
above and below, hence we have

L (%) C &u(s7M) c (5.

k>2

Also notice that

(W log )y = (W™ log f),  (u*,log PO fF) = () 1og PO f).

This proves that each quantity in (5.22) is no larger than the one on its left. We now show
that the rightmost quantity in (5.22) is as large as the leftmost one. Let f € £(S™), and
set, for all z € S*,

fe(z) =inf{f(w) | w1—k = 21, Wa—f = Ta,...,wo = T, }.
The function fi, belongs to £(S*) and satisfies f,:k < f, thus

(1" log P f) > (u*,log P f°7) = (u8) 1og PX) f1).
Moreover, the sequence (log f; k) is nondecreasing, thus by monotone convergence,

(1™ log fr) = (u*,log fi") — (u*,log f),  k — oo.

Therefore, the rightmost term in (5.22) is bounded below by

timsup (™), log fi) = (1™, log P® £)) > (", log f) — (", log PO ).

k—o0
Taking the supremum over f € £(S70) yields the desired bound.

3. Property 3 is known as Pinsker’s Lemma. We refer the reader to Lemma 6.5.13 in [11] or
to [27] for a proof.

O
Proposition 5.6. Let p1 € Pyai(SY), and assume that H(u™M|B) < co. Then,
1
R (u) = lim —H(u®|By), (5.23)
k—oo k

where H(u®) [Py denotes the relative entropy of u®) with respect to Py.

Proof. Assume first that R™*) (u(*)) = oo for some k. Then, Property 3 of Lemma 5.5, R (1)) =
R (1) = oo for all I > k. Since H(u®|P;) > 0, by Lemma 5.3, H(u®D|P;) = oo for all
I >k, and (5.23) holds. Assume now that R*)(u(®) is finite for all k. Then, by Lemma 5.3,
the relative entropy H(u(k)UP’k) is either finite for all £ > 1, or infinite for all £k > 1. As we
assumed that H(p™M|P) = H(u(M|B) < oo, the second case is ruled out. Therefore R*) (1(*))
can always be expressed as the telescopic difference between H(pu®)|Py) and H(u*~D|Py_,).
Hence limy,_, oo £ H (u®)|Py) is the Cesaro limit of the sequence R*) (")), which is also its regular
limit R(>®) (1) by Property 3 of Lemma 5.5. O

A Admissible measures

A.1 Balanced measures

We call minimal cycle any word of the form v = vvy with v € Sgy,, such that every letter of v
appears exactly once in v. Denote by C the set of all minimal cycles u satisfying p(u) > 0.43
In this section, we present a construction that was mentioned by de La Fortelle and Fayolle in
Propositions 2 and 6 of [21] under the name of balanced measure decomposition. We provide here
a detailed proof, including the following crucial lemma, which seems to have been overlooked
in [21]. Notations are defined in Section 2.1.

430r equivalently, the set of all minimal cycles u satisfying L[u] € D@,
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Lemma A.1. Let v € M(S?) be a balanced non-negative measure. If v # 0, then there exists a
minimal cycle v and o > 0 such that v > aM[v] in M(S?).

Proof. Since v is finite and non-zero, we can assume that v € Pp,1(S?) without loss of generality.
Let g be a probability kernel defined by q(z,y) = v(z,y) /v (z) if z € supp ") and arbitrarily
otherwise. We have v(!) @ ¢ = v.** Let (Z,) be the Markov chain defined on S by the initial
measure vV and the kernel ¢. Since v is balanced, v(!) is stationary for the kernel ¢. Consider a
state z € supp (M) # ). Denoting by E,[] the expectation associated to the Markov chain (Z,,),

we have
Z H{Zn_z}‘| = Z l/(l)(z) = Q.
n=1 n=1

Therefore, there is a positive probability that (Z,) visits z several times. This means that there
exists a word u, whose first and last letter are z, satisfying q(u;, u;41) > 0 for all ¢ < |u| — 1. In
particular, there exists a minimal cycle v satisfying ¢(v;, v;41) > 0 for all ¢ < |v| — 1. Hence, by
definition of vV and by induction, for all i < |v| — 1,

E,

v () = vW (vis1)g(vimr,v) = .= v (v)g(vi,ve) . q(vim1,v;) > 0.
Therefore,
= i O (v (v v; 0
C T i1 (vi)q(vi, vig1) > 0,

and we have v > aM|v]. O

Lemma A.2 provides a useful way to approximate certain balanced measures.*® Recall that
D) was defined in (1.8) and R(® in (3.5). Notice that, by Property 1, each y,, is (pre-)admissible
whenever p is (pre-)admissible.

Lemma A.2. Let i € Ppa(S?) N DR, There exists a sequence (uy,) € P(S?)N satisfying the
following properties:

1. For alln € N, the measure (i, is balanced, absolutely continuous with respect to p, and of
finite support.

2. pn — p and R (u,) — R (1) as n — oo.

3. For alln € N, p, is of the form
n
Hn = Z O‘n,kM[uk]; (Al)
k=1

where uk € C and ., € [0,1] for all 1 <k < n.

Proof. We first construct the words u* and coefficients 0w, i, of Property 3. Since C is countable,
we can index its elements and write C as {u™ | n € N}. We define by induction a sequence of
nonnegative numbers (a,) and a sequence of balanced measures*® (v,),>0 by v = 0 and

n
l/n:ZakM[uk], nxl1
k=1
angr = min {p(uf, ufy ) — vn(uf,ufy ) |1 <i < Ju| =1}, n > 0.

Since minimal cycles go through each of their letters exactly once, M[u"*](z,y) < 1foralln € N
and all z,y € S. Therefore, v,1+1(z,y) is equal either to v,(x,y) or v,(x,y) + an+1, implying
by induction that 0 < v, < p in M(S?) for all n > 0. Let v € M(S?) be the limit of (v,). It
must satisfy 0 < v < p. If v # p, by Lemma A.1, there exists a minimal cycle v and a > 0
such that p — v > aM|[v]. Since then p > aM[v] and p € D®), the minimal cycle v must be

44,(1) @ g denotes the measure on S2 defined by v(1) @ q(z,y) = V(l)(ar)q(ac7 y), as in Section 3.1.

45 As mentioned by de La Fortelle and Fayolle, since measures of the form L[v], where v € C, are extreme points
of the convex set Ppa1(S), this result can also be seen as an extreme point decomposition. When S is finite, Ppa1(.S)
is compact and the decomposition is simply an application of the Krein-Milman theorem.

46Not necessarily probability measures.
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an element of C, thus v = u" for some n € N. Therefore, there exists an index i such that
ant1 = p(ui', uiyy) — vn(uff, uiyy), thus
n n n n n n
pug s uityy) — v(ud, ulyy) 2 p(ud, udg) — vegr (ud', uy )

N( i+1)"Vn(u?7“2+1)_'an+1

I
o

Since M[u™](uf,uj, ;) = 1, this contradicts p — v > aM[u™]. Thus v = p.

We now define the measures i, of the form (A.1). For technical reasons, they are obtained
from v, not by simple normalization, but by adding the “missing probability” 1 — 1,,(S?) to the
first cycle u! instead. Up to reindexing of (u™), we can assume a; > 0 without loss of generality,
which ensures that M [u!] is absolutely continuous with respect to u. Let, for all n € N,

1 —v,(5?)

1 ) Qp | = Gk, 2<k<na
lu'| =1

Qn1 = a1 +
and let u,, be the measure defined by (A.1) with these coefficients. By construction, the measure
1y, satisfies Properties 1 and 3.

We now prove Property 2. The first part of Property 2 is also a direct consequence of the
construction of (), because

1—v,(5?)

-1 Mu'] — p+0, n — 0.

HUn = Vn

For later purposes, note that if U denotes the set of letters in the word u!, then for all n € N and
all z,y € 5,

(z,y) ¢ U = pn(x,y) = vn(z,y) < plz,y),

¢ U = p(z) = v (z) < pD(x). 42

It remains to prove the convergence of R (p1,,) to R® (p). If R®) (1) = oo, by lower semicontinuity
of R® | it follows from s, — p that R®(u,) — 0o as n — oo. Now, assume that R (u) is
finite. In particular, 4 € D® and (3.6) holds. Equation (3.6) also holds for ju, for all n € N
because p, < p. For all n € N, we have

R® (/u'n) =R (Nn) - RQ(/J'TL)’

(2, y
Ry(pn) = H(pn |y @p) = > “"(“@71’)10%(1):5)

(z,y)€S52
e
X
Ro(pn) = H(p{D|uM) = > M )Exg
zeS

Since p., is finitely supported, both Ry (u,) and Ra(uy,) are finite sums, thus they are finite. Let
us next compute the limit of Ry (u,). We have

> kalmy)+ Y kalay),

(z,y)eU? (z,y)e(U?)°
fn (T, )
pM (@)p(z,y)
Since it involves a finite number of terms, the first sum converges as n — oco. Let f: s+ slogs

and g : s — max(e!,|f(s)]), defined on [0,+00).*” We have |f| < g, and the function g is
nondecreasing. Hence, for all (z,y) € (U?)¢,

in(,9)| = 1O @)p(a, )|/ (Wﬂ

< pM(@)p(z,y)g (m)

< u(l)(z)p(x,y)g(,m)'

kn(z,y) = pin(z,y)log

47We recall the convention that 0log0 = 0.
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The last line used (A.2) and the monotonicity of g. Since g coincides with f on [1, +00) and with
e~! on [0,1], we get, for all (z,y) € (U¢)?,

n(x,y) log flst— if u(z,y) > p (2, y)p(z,y),

]’Cn Z, <k €z, =
|En(z,y) (z,y) {6_1#(1)(33)]7(967y)7 otherwise.

Since u™M @ p is a probability measure, we have

> e D (@)p(a,y) <e ' < oo,
(z,y)E(U?)°
w(z,y)<p™® (@)p(w,y)

and since the negative terms in the first sum of the expression of R(?) given in (3.6) cannot get
smaller than —e~' () (z)p(z,y), we have

w(w,y) (2) -1
(z,y)E(U?)° a PRy

() >p (2)p(x,y)

Hence the sum of k(x,y) over (x,y) € (U¢)? is finite. Therefore, by dominated convergence, we
get Ry(pn) — R (1) as n — oo. Let us compute the limit of Ry(p,). We have

(

1) (1)
pn” () 1) i (2)
Ro(pn) = Y pl (x)log =2 + > i) () log .
zeU ’u( )(.’L') zeUc ILL( )($>

Since it involves a finite number of terms which vanish when n — oo, the first sum vanishes as
n — oo. By (A.2) and since f is bounded below by —e~!, we have, for all z € U¢,

(1)
—1,,(1) (1) ()
—e pt (z) < py, () log <
( (2108 0 (a)
Thus, by dominated convergence, the second sum vanishes too as n — co. Therefore, Ra(p,) — 0
as n — 0o, which completes the proof of Property 2. O

A.2 Admissible measures for finite k

This appendix is dedicated to the study of the set A*) of Definition 1.2. As mentioned in the
introduction, the cases k = 1 and k = 2 are the most important ones for the main part of this
paper. Larger values of k are only considered to obtain the level-3 weak LDP in Section 5.

Properties of pre-admissibility and admissibility of a measure p € P(S*) only depend on the
support of p. In particular, p is pre-admissible if and only if

> n(Cy) =1

JjET
If so, p is admissible if and only if for any given ji,j2 € Ju, we have § ~» C; ~ C}, or
B~ Cj, ~ Cj,. For all k > 2, we denote by Aéka)l the set of measures that are admissible and
balanced; see Section 5.1. We will also consider the set D*) defined in (1.8) and (5.1).

Remark A.3. In [21], [22] and Corollary 13.6 of [28], admissible measures are defined as elements
of A® ND® rather than simply elements of A®). Elements of A®) ND® and of A® differ in
the fact that the latter may have transitions that are not ‘allowed’ under p. This apparent conflict
between definitions of admissibility is without consequences, since R(u) = J(u) = A*(u) = oo
anyway for all 4 € A® \ D? (see Remark 3.2). In particular, the value of the right-hand side
of (1.9) and (3.7) remains unchanged when A]E)Za)l is replaced by Aéza)l NDA),

Proposition A.4. A®) and Ag;)l are closed in P(S¥).

Proof. Since Ppa1(S*) is closed in P(S¥), it suffices to show that A®) is closed. Let (u,) be
a sequence in A®) that converges to some p € P(S*) as n — oo. For all u € S* that does
not belong to C’;C for any j € J, we have u,(u) = 0 for all n, thus p(u) = 0. Therefore, u is
pre-admissible. Let ji,j2 € J,. There exists n € N, such that un(C]’»“l) > 0 and /,Ln(CJ]?;) > 0.
Since p,, is admissible, § ~» Cj, ~ C}j, or 8 ~» Cj, ~ Cj,. Therefore, u is admissible. O
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Remark A.5. Sets of the form {v € A | J, C J,} for p € A®) are convex faces of the
(possibly infinite dimensional) simplex P(S*). The set A®) | which may be nonconvex, can always
be written as a union of faces:

AW = | ) {ve AW | 7, C T}

neAk)

A visual representation of this decomposition is provided in Figure 5.

P

Figure 5: Let (X,,) be the Markov chain on S = {1,2,3,4} whose allowed transitions are given
by the graph on the right-hand side of the figure, and whose initial measure is § = §;. The
values of transition probabilities do not matter for this example as long as they are positive on
each edge of the graph and null otherwise. The set P(S) is a (finite-dimensional) simplex with
extreme points {81, 82,63, 04}. The set A1) is the hatched domain, that is the union of the faces
{ve AV | T, € T1(5, 450160} and {v € A | T, C T 515,400 )

The following two propositions are characterizations of AM) and of Al()Qa)l ND®). Recall that,
if pe Al()2a)l7 the measure ) € AW is defined by (1.6).

Proposition A.6. We have AV = {u™) | € A](fa)l}

Proof. If v € AWM, consider the measure pi € Ppa(S?) defined by p(z,y) = Lz v(z). The
measure p satisfies (1) = v. Moreover, M(Cf) = v(C}j) hence p is pre-admissible with J,, = 7.,
and therefore admissible.*® Conversely, let p € .Al(i)l. Since p™M(C;) = M(CJZ)7 the measure p(V) is
pre-admissible with J,,a) = J),, thus it is admissible. O
Proposition A.7 characterizes A,(i)l in an intuitive way. Although we prove here the full
equivalence for the sake of completeness, we will only use the simpler implication (1 = 2).

Proposition A.7. Let u € P(S?). The following properties are equivalent.

1. There exists a sequence of words (w™) with |w™| — oo such that Pp,m (w™) >0 for all m
and Llw™] = p as m — 00.4

2. p€ A,(fa)l ND®3,

Proof. Let u € P(S?) and assume Property 1. Let us show that u € D). Let (x,y) € S? be
such that p(z,y) = 0. Since P|,ym|(w™) > 0, the letters x,y cannot be consecutive letters in w™.
Therefore, L{w™](x,y) = 0, thus u(z,y) = 0. We now prove that p is balanced. First, observe
that

: m m m m 2
inf |L{w™] = v|py < |Lw™] = Liw™w]|py <

— 0, m — 00.
L EPpa(52) lw™ — 1]

By the closedness of Py (S?), i is balanced. Let us show that yu is admissible. Let 2y € S? be a
two-letter word that does not belong to CJ2 for any j € J. Since Pj,m|(w™) > 0, the subword

48Recall that the definition of admissibility of u does not require p € D@ which is why checking admissibility
is so easy. See Remark A.3.
49The notation L[w™] is introduced in (2.3)
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xy appears at most once in w™. As a result, u(x,y) = lim,_,o L[w™](z,y) = 0. It follows that
1 is pre-admissible. Let j1,72 € J,. There exists some m > 1 such that L[wm](CJZI) > 0 and
Llw™](C%,) > 0. Hence there exists a letter z; € Cj, and a letter x5 € Cj, in w™, and since
w™ has positive probability under P, we have 8 ~~ x1 ~» x5 or 8 ~» xo ~» x1. It follows that
B~ Cj, ~ Cj, or B~ Cj, ~ Cj,, hence u is admissible, so Property 2 holds.

Conversely, assume now Property 2. Consider the sequence (u,), the words u* and the
coefficients «,, ; given by Lemma A.2, and let m € N. We define the word w™ as follows.
By Properties 1 and 2 of Lemma A.2, u, € Al()za)h and there exists a certain n such that
|tn — ptlpy < 1/m. By the admissibility condition, up to reordering words u¥, we can assume
that the first letter of each word w**! is reachable from the last letter of its predecessor u*, and
we fix a word €81 such that p(uF¢*+1uk+1) > 0. Additionally, u} is reachable from 3, and we
can choose a word &' such that B(M)p(¢tut) > 0. Let N € N be such that

ANk = ok N| 21, 1<k<n.
Since each u* is a minimal cycle, we can set u* = a*Fa¥. We set
o =¢l (ﬁl)AN’lqu (ﬂ2))\N’2u% gk (ﬂ"))\N’"u?, Iy =[N - 1.
Let 7 be the maximal length of words ¢*. We have

Z )\gNJC M[uk] — W
N

N ™ n
k=1

TV

< (t+1)n
Iy

+ | — ptlpy +

(T+1)n 1 i )\N,k &
‘7;‘*Un+§:k"_%“km|_”'

N
\

When N — oo, the first term vanishes. Moreover, we have [vV| = N + o(N), thus for all
1 < k < n, the coefficient Ay /¢y converges to o, i, thus each term of the sum vanishes. It

follows that the sum vanishes because n is fixed. Consequently, there exists N(m) € N such that
for all N > N(m),
|L[o™] — ] <tilyl
™V=m o om o om
The word w™ := o™ satisfies Pj,m|(v™) > 0 and |L[w™] — p|py < 3/m. Since it is always
possible to choose N(m + 1) > N(m) + 1, the length of w™ is at least m, thus |w™| — oo as
m — 00. O

Remark A.8. Proposition A.7 is adapted from Proposition 1 of [21], which is, unfortunately, false

as formulated. Indeed, the set described in this proposition actually coincides with -’41(02;1 ND3),
which sometimes differs from the set M defined in [21]. See Example D.2 for instance. This
overlook seems to have no consequence in the proofs in [21], provided we replace the definition of

M with that of A} N D).

A.3 Admissible measures for infinite k

In this appendix, we study the set “41()?:1)) introduced in Definition 5.4. We show that Al()oaol) is the

projective limit of (Ag;)l) k>1, defined in Definition 1.2. The objects of this appendix, for instance
measures ¥, where p € P(SY), and the applications 7y, : pu p¥) | were introduced at the
beginning of Section 5.2.

Lemma A.9. The set Aéﬁ) is the projective limit of (A]()];)l) In other words, A,(;Cl) is closed and
satisfies

ALY = () 7 (AR, (A.3)
k=1
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Proof. Since every Al()];)l is closed and every my is continuous, it suffices to prove (A.3). Let
we Al(;:;) and k > 1. The measure u*) is balanced, and satisfies

p) = ﬂk( > M|c§.’> =Y ™ (M\CJN) = > 1Wlen. (A.4)

JET JET, €T,
Thus p*) is pre-admissible and Ty S Ty Moreover, for all j € J,

p® (CF) = p(CF x SN = p(Cl),

J

thus J,, is minimal in (A.4) and we have J, ) = J,. Since the order ~ is total on (Cj);ez7,
and 8 ~» Cj for all j € J,, it follows that ) ¢ Ag;)l We now prove the converse inclusion.

Let pn € Ny W;l(A]E)’;)I). Then, p is shift-invariant. It remains to prove that u € A(). More
precisely, we will show that  is pre-admissible with 7, = J,a), and therefore admissible. It

suffices to show that
S el =1. (A.5)
VISVANCH

Let k € N. For all j € J, we have

p(C;) = u(Cy x S™) = u®(Cy x S*1) = u(C)),

J

where the last equality uses that ;%) is pre-admissible. Thus, the sequence (u(k)(C]’?))k>1 is
constant for every j € J. Therefore,

Ny _ k NY _ 15 (k) ky _ (1) .
u(%)—u(kgcj x S > = lim @%(C5) = @A)

By definition of J,a), (A.5) is satisfied. O

B Convex conjugates and duality

Let k € N. We recall that B(S*) denotes the set of all bounded functions on S* and M(S*)
denotes the set of all finite signed measures on S*. In addition to the weak topology on M (S¥)
defined in the introduction, we define the weak topology on B(S*) as the coarsest topology such
that (u,-) is continuous for all u € M(S*). The sets M(S*) and B(S*) are equipped with their
respective weak topologies.’® We recall that P(S*) denotes the set of probability measures on S*.

Definition B.1. Let A : B(S¥) — (—o0,+0o0] be a function. The convex conjugate of A is
defined over M(S*) by

A(p)= sup  ((n,V) = A(V)).
VeB(Sk)

Let J : M(S*) — (=00, +00] be a function. The convex conjugate of J is defined over B(S*) by

J(V) = eiﬁf}sk) (s V) = J (1)) -

Let T : P(S*) — (—o0,+00] be a function. Let J be the extension of I to M(S¥) defined by

setting J(p) = oo for all u ¢ P(S*). The convex conjugate of I is defined over B(S*) as the
convex conjugate of J and is still denoted I'*.

The convex conjugate of a function on B(S*), M(S*), or P(S*) is always a lower semicontinuous
function because it is the supremum of a family of continuous functions. The notion of convex
conjugation is designed for vector spaces, which is the reason why we need to extend the function

50We follow the same philosophy as in Chapter 2.3 of [31]: rather than taking a Banach space and considering
its dual equipped with the operator norm, we define simultaneously two topologies on two sets that make them
the dual of each other. Beware that this weak topology on B(S*) is not the topology of uniform convergence!
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I:P(S*) — (—o0,+00] to M(S*) before defining its convex conjugate. Nevertheless, we still
have

FWV)= s (V) =1,V EBS),

as a consequence of Definition B.1.

Let I : P(S*) — (—o00,+0o0] be a function. If I is finite at one point (at least), I* is a function
from B(S*) to (—oo, +00]. The convex biconjugate of I is the function I** := (I*)* defined on
M(S*). Otherwise, I** is set to be the infinite function. The function I** is described by the
Fenchel-Moreau Theorem; see for instance Theorems 2.3.3 and 2.3.4 of [31]. In this paper, we
only use the following corollary. For a function I : P(S*) — (—oc, +00], we denote by cl I the
lower semicontinuous envelope of I and by co I the convex envelope of 1.

Corollary B.2. Let I : P(S*) — (—o0, +00] be a function. Then, for all u € P(S*),

() = el(co I) ().

Proof. If I is infinite everywhere, we have I** = oo = co I everywhere. Otherwise, let J be the
extension of I to M(S*) defined as in Definition B.1. By the Fenchel-Moreau Theorem (see
Theorem 2.3.4 of [31]), and by definition of I**, we have

I (p) = T (1) = clpyqesry(co peseyd) (1), € P(SF),

where cly;(gr)(-) denotes the lower semicontinuous envelope taken on M(S*) and co Mmst) ()
denotes the convex envelope taken on M(S¥). Since P(S*) is convex in M(S*¥), by definition of
J, we have, for all u € M(SF),

col(p), if ue P(SH),

00, otherwise.

o m(sk)d (1) = {

Since P(S*) is closed in M(S¥), it follows that for all u € P(S¥),

cLy(sky (o pmesryd) (1) = cl(co I)(p),

which concludes the proof. O

C The finite case

In this section, we consider the case of a finite state space S. This assumption, as it implies
that P(S) is compact, provides tightness and goodness of rate functions. By doing so, it greatly
simplifies many proofs in the paper. Nevertheless, we stress that finiteness does not imply any
kind of irreducibility. In the following theorem, functions (AM)*, JM R (A))*  j() and
R(>) and sets A1) and A](;:j) are as in Theorems 1.4 and 1.5.

Theorem C.1. Assume that S is finite. Then, the following hold:

1. (Level-1 full LDP) For all f : S — R?, the sequence (A, f) satisfies the full LDP with good
rate function Iy, which satisfies

Ir(a) = inf{IW () | p e P(S), (u, f) =a},  aeRY
where I is the function of Property 2;

2. (Level-2 full LDP) The sequence (Lgf)) satisfies the full LDP with good rate function IV,
which satisfies, for all u € P(S),

ﬂ%m{mmmm:ﬂWm=me, e AV,

00, otherwise;
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3.

(Level-3 full LDP) The sequence (L51°°)) satisfies the full LDP with good rate function I(>),
which satisfies, for all p € P(SY),

1) () = (AC)* () = T () = R (), if pe A,
0, otherwise.

Moreover, assuming that u € Al(;:f) and H(,u(l)|6) < 00, we have the additional expression

109 () = lim —H (4 |Py,).

Theorem C.1 could be obtained as a corollary of Theorems 1.4 and 1.5. However, in order to
highlight how the finiteness assumption simplifies many proofs, we propose a sketch of a direct
proof by going through the paper again with this assumption in mind.

Sketch of proof. Here are the main steps of the proof, and how much simpler they are.

The slicing, stitching, coupling and decoupling maps defined in Sections 2.4 and 2.5 have
the same definition as in the infinite case. However, their properties are simpler to prove.
Indeed, since S is now finite, we do not need to introduce a finite set K C S to be able
to bound probabilities and lengths of words (that is, we can simply take K = S; = S
throughout). Moreover, the sums that appear, for example in (2.23), can be bounded by
simply counting the number of terms and crudely replacing the probabilities being summed
by 1; see Example 2.20 of [6].

We then use the RL method of Section 2.2 to show that (Lg)) has a RL function. By

Lemma 2.3, (LS?)) satisfies the weak LDP with rate function I®). But since P(S?) is
compact, the LDP is full and the rate function good.

We derive Proposition 3.4 using convexity properties of 1) as in Section 3.2.

By Varadhan’s Lemma (the standard version for full LDPs; see Section II1.3 in [12] or

Theorem 4.3.1 of [11]), we have (I?)* = A®) = AD everywhere. Section 3.3 can be
skipped entirely.

The content of Section 3.4 is standard in the finite case. To derive J2) = R one can
reproduce the proof of theorem 13.1 of [28], as we did in Section 3.4, but an alternative
proof, that gets simpler in finite dimension, consists in explicitly optimizing (3.2).51 We
then have to prove that (A®)* = J(2) on Ag)l. We outline here a proof of this standard
equality, following the same approach as in the proof of Proposition 4.4.52 Let pu € A](a?l.
We deduce the inequality J) (1) < (A®)*(u) like in step 1 of the proof of Proposition 3.11.

The proof of the converse inequality is simplified in the following way. Since the set
Sg:={x €S| B~ x} is finite, for all V € B(S?),

1 ~
A®(V) = max (hmsup ~logE, {e"(L&z),w}) — AO(V).

z€Sp n—oo N

Here, E,[-] denotes the expectation associated with the Markov chain conditioned to
(X; = ). For all A > A®)(V), the expression
un(z) = e M(PV)1(x), =z€S,

k=0

defines a function u,, € £(S?). After observing that Pu,, = ¢V ~*(u,4+1 — 1) and that (u,)
converges pointwise to a function u satisfying u(x) > 1 for all z € Sz, we obtain

TP () = (u, V) = A+ Z p(z) lim inf logM

n—o0 U —1
r€Sp n+l1

> (u, V) — A +0.

51The supremizer is the function (z,y) — Lp(e,yy>on(, y)/pV (z)p(x, y), though it does not belong to £(S?),

and should be approximated to get J(

2)

52Since A(?) and AEE) are equal, there is no need to reproduce the full proof of Proposition 3.11 for comparing
J?) with (A2)*.
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This shows J®) (1) > (A®)*(u). Notice that we did not use Lemma A.2 in this reasoning.

e Since the LDP is full, the content of Section 4 can be entirely replaced by the simple use
of the standard contraction principle (see Section IIL.5 in [12] or Theorem 4.2.1 of [11]) to

obtain the full LDP for (L&P). Recall also that, in the infinite case, Remark 4.2 prevented
us from using Lemma 4.1 to obtain the LDP for (A, f). In the finite case, the standard
contraction principle yields the full LDP for (A, f).

e We use the same proofs as in Section 5 to get the level-3 full LDP. In the proof of Theorem 1.5,
we can use the Dawson-Gértner Theorem.

O

Remark C.2. An even shorter route to the level-2 full LDP of Theorem C.1 is to perform

the same steps while replacing Lg) by LS) everywhere. This makes the formulation of certain

statements simpler and skips the use of a contraction principle. This approach would not have
worked in the infinite S case, because we needed measures on S? in Section 3.4. More precisely,
Step 3 of the proof of Proposition 3.11 used the decomposition of balanced measures given in
Lemma A.2.

D Examples and counterexamples

1

)
3D

Figure 6: The 3-state Markov chain of Example D.1.

Example D.1. Let S = {1,2,3}, § = 1, and

L—p p2 p3
p= 0 1 0],
0 0 1

where pa, p3 € [0, 1] are such that p = ps + p3 < 1. Although very simple and easily solvable by
hand, the problem in this example does not fit into the irreducibility framework. We get

AN = {06 + (1= N2 | A€ 0,1} U {6 + (1 —\)ds | A € [0,1]},

and Lq(ll) satisfies the full LDP with rate function I, where

—p(D)log(1—p), ifpe AW,
I(p) = ,
00, otherwise.
I is not convex, since I(165 + 1d3) = oo and I(d2) = I(53) = 0. The same argument holds for
1),

Example D.2 (The right-only one-dimensional random walk). Let S = Z be equipped with the
stochastic kernel defined by p(x, ) = pdz11+(1—p)d,, where p € [0, 1] is a parameter. This kernel
is shown in Figure 7. Let 8 € P(S) satisfy inf supp 8 = —oo. If p = 1, there are no irreducible
classes. In this case A1) = @ and LS) satisfies the weak LDP with rate function I; = oco. If
p € (0,1), all singletons are irreducible classes, and A®) = P(S). Then, LSP satisfies the weak
LDP with rate function I, defined as the constant function —log(1 — p). If p = 0, all singletons
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Figure 7: The right-only one-dimensional random walk on Z.

are irreducible classes, but none is reachable from another. Thus A1) = {6 | © € supp 8} and
(LS)) satsfies the weak LDP with rate function Iy defined by

0, if dx € supp B, u =9, ,
Io(p) = { :

o, otherwise.

This example illustrates several interesting facts:

1.

When p = 1, the functions A®) and AD of the proof of Proposition 4.4 may not coincide.
Let V(z) = lz50 and let 8 =3,5,27%6_4. Then, AW(V) =1—1log2 > 0= AD(V).

. When p € (0,1), no state is recurrent, yet the rate function is not everywhere infinite.

. When p € (0,1), AD = P(S) and I, is convex, but the Markov chain is not irreducible.

Although the convexity of the rate function is closely related to the irreducibility of the
Markov chain, it is not a sufficient condition.

. When p € (0,1), the set M defined in [21] and mentioned in Remark A.8 is the set

of balanced measures whose support is bounded from below. It does not coincide with
A](fa)l ND®). As a consequence, the statement provided in Theorem 7 of [21] is false. For
instance, the measure =3 _2%0(, ) is admissible, thus I,(x) = —log(1 — p) < oo, but
¢ M. As mentioned in Remark A.8, Theorem 7 of [21] holds if the definition of M is
replaced by that of Agl ND3,

When p € (0,1), one can compute that Ay (0) = logp < 0 = A(0), showing that the
inequality Ao < A is not an equality in general.

. When p € (0,1), A is not lower semicontinuous in the weak topology on B(S52).53 If it were,

since it is also convex, the Fenchel-Moreau Theorem would cause A** = A on B(S?) (see
Theorem 2.3.3 of [31] for instance). Yet this equality is false because A**(0) = [;(0) =
log(1 — p) < 0 = A(0).

When p = 0, let co Iy denote the convex envelope of Iy. One can compute that co Io(u) is
zero if the support of p is finite and co otherwise. This function is not lower semicontinuous.
Moreover, both I§* and the o-convex envelope of I are the zero function. Hence, co Iy
does agree with I;* on AM) but not on P(S).

Figure 8: The Markov chain of Example D.3. The state 0 is reachable from every other state in
one step and the state x is reachable from 0 in z steps, thus the Markov chain is matrix-irreducible.

53Yet it is 1-Lipschitz, thus continuous with respect to the uniform convergence topology. The weak topology is
defined in Appendix B.
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Example D.3. Let S =Ny = {0,1,2,...}, and p(z,-) = pdyy1 + (1 — p)do for all z, where p
is a parameter in (0,1). The kernel p is represented in Figure 8. This Markov chain is matrix-
irreducible. As mentioned in the introduction, this example shows that, in absence of exponential
tightness, it is a very subtle question to determine whether the LDP is full or not. For every
initial measure 3, the empirical measure satisfies the weak LDP. If 8 = g, one can show that
this LDP is actually full. If 8 # §p, the empirical measure fails to satisfy the full LDP, as proved
in detail in Example 10.3 of [10] and in [3].

Example D.4. Let S = N and p be defined by p(n, ) = e "6, + (1 — e ™)d,41 for all n € N.
Let 8 = d;. Then, we have

AP D@ = AR = P({(n,n) | n € N}).

Let -
= Zl %%,n) €AY NDA.
n—=
By Theorem 1.3, pu satisfies
@) = RO () = S8, _
1@ () = R® () —;W%Qn—oo-

In this example, the inclusion of the domain of I(?) — that is the set {1 € P(S?) | I (1) < 00} —in
A](f;l ND®3 is strict.
In the following example, from [5], the Markov chain satisfies a level-2 weak LDP but fails

to satisfy a level-1 weak LDP. By doing so, it disproves any general statement of a contraction
principle from a weak level-2 LDP to a weak level-1 LDP.

Example D.5. Let ny = 3¥if k > 1 and ng = 1/2, and let S = {(k,7) € N2 | 1 < j < 2ny}. Let p
be defined by Figure 9, with the following parameters: p € (0,1) such that @ := 1—4log(1—p) > 0,

and g, = Cre~ " where C is such that ¢1 + g2+ ... =1 —p. Let B(k,5) = C2(1 — p)? g

L [

| SL=p
P | |
D I
©0,1) P (k1 1-p
r qdk

Figure 9: Visual representation of the Markov chain of example D.5. There is one ‘tower’ as
represented on the right of the picture per value of k£ € N.

where Cy is a normalizing constant. This is a matrix-irreducible Markov chain. We consider the

following observable:
. +1, jznp+1,
k,j)=
[k, 3) {_1’ i<
Suppose that the Markov chain satisfies a level-1 weak LDP. Denote A,, = A, f = % Yo F(X0).

Since (A,) takes its values in the compact set [—1, 1], it must satisfy the full LDP. Therefore, by
Varadhan’s lemma, the limit

lim L logE [P ]

n—o00 N,
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exists. But [5] provided a proof that it actually does not converge. Eventually, this shows by
contradiction that the level-1 weak LDP is not valid. The level-2 weak LDP remains valid by
Theorem 1.4.

E Glossary
Markov chain (AU)* 26, 34, 39, 43, 52
. (2)
S, countable state space, 2 é\oo’ short for A’ 26
(X,), Markov chain, 2 (AD)*, 26, 52
[, initial measure, 2
p, transition kernel, 2, 7 Measures

P, law of the Markov chain, 2

P;, induced law on S, 7

E, expectation, 26

~~, reachability relation, 4
(Cj), irreducible classes, 4

|t y, total variation norm of 1, 4
B(u, p), ball around p, 4

supp u, support of p, 4
p®) | marginal of u, 4, 39, 43

J, 4 p®q, 27
L,,, short for L%Q), 4 #la, 23
(k) .. Tk,
Ly, empirical measure, 2, 4, 38 oy 35,39
Sets . .
Words and operations on words, slicing
B(-), bounded measurable functions, 4 and stitching
E(+), 26, 35, 39, 44 ‘ 47
C(-), continuous functions, 43 & imp ¥y word,
Cu(+), uniformly continuous functions, 43 p(u),
gu(')a 45 M[U]’ 7
M(-), finite signed measures, 4 Lu], 7
P(-), probability measures, 4, 43 |ul, length of u, 7
Poal(+), balanced probability measures, 4, 43 |uf, total length of u, 14

A®) | admissible measures, 5, 44 ky, number of items in u, 14

A](a’;)l, admissible balanced measures, 5, 44 Sfin, set of words, 7

D) 5 38 Stin,+, set of words, 7
Wy, set of words, 7
Functions and rate functions Wi s, set of words, 7

Jo, finite set of indices, 13
, number of classes, 13

I, short for 1?8 -
K, finite subset of S, 13
K

I®) | rate function, 8, 35, 40, 44

: j ;L function, 8 ;j, finite subset of a class, 13
(+,+), dual pairing, 4, 43 r, 13

Eays £, transition words, 15

supremum norm, 26

*. convex conjugate, 43, 52 7, minimal transition probability, 15
H(-|-), relative entropy, 27 7, maximal transition length, 15
J, short for J@). 26 A® | stitchable lists, 15
J®) | DV entropy, 26, 35, 39, 44 o, reordering map, 18
R, short for R, 27 Fq, F, F,, slicing map, 13, 14
R(k): 27, 35, 39, 44 G}, stitching map, 15
A, short for A, 26 VU, ¢+, coupling map, 18
A®) | SCGF, 26, 34, 39, 43 \Tln, decoupling map, 23
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